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Abstract
In this work, we consider a single-phase flow and heat transfer problem in fractured geothermal reservoirs. Mixed
dimensional problems are considered, where the temperature and pressure equations are solved for porous matrix and
fracture networks with transfer term between them. For the fine-grid approximation, a finite volume method with embedded
fracture model is employed. To reduce size of the fine-grid system, an upscaled coarse-grid model is constructed using
the nonlocal multicontinuum (NLMC) method. We present numerical results for two-dimensional problems with complex
fracture distributions and investigate an accuracy of the proposed method. The simulations using upscaled model provide
very accurate solutions with significant reduction in the dimension of problem.

Keywords Geothermal heat recovery · Multiscale modeling · Fractured media · Nonlocal multicontinuum method

1 Introduction

An abundant source of geothermal energy that can be found
almost everywhere deep beneath the earth’s surface, hot
dry rock (HDR), can offer sustainable energy to reduce
dependence on fossil fuels. These heat sources, however,
are contained within hot but essentially dry, impervious
crystalline basement rocks that are not naturally fractured
[22]. As such, there are numerous challenges in producing
heat from HDR. Firstly, the exploitable resources occur
at depths of more than 2 km. Secondly, to recover heat
from such systems, unlike hot sedimentary aquifers with
sufficiently large permeabilities [4, 14, 57], operations
are needed to develop permeable and connected fractures
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first [38]. Finally, mining heat from such rocks is by
introducing cold water into the hot rocks to be heated,
and then producing hot water or steam in doublet well
configurations. The resultant geothermal system is referred
to as Enhanced Geothermal Systems (EGS). The potential
of EGS as a future means of providing green energy has
been suggested by number of authors [19]. However, the
main technical difficulty has been pointed out to stem from
the challenges in prediction of fully coupled thermal-hydro-
mechanical processes during and after creation of fractures
and permeable conduits.

In order to efficiently produce from HDR, a good under-
standing of coupled processes through created networks
of fractures are critically needed. This understanding can
be achieved through the employment of powerful com-
putational resources to set up and solve computationally
demanding models with sufficient temporal and spatial res-
olutions. However, due to the uncertain nature of subsurface
systems, a deterministic model of EGS-induced fracture net-
works cannot be constructed and multiple realizations and
stochastic modeling are needed. This means that the compu-
tations are multiplied by a number of realizations, thereby
leading to even more excessive computations. To this end, it
has now been a decades-long research objective to develop
efficient computational methods to solve coupled thermo-
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hydraulic, as well as chemical-hydraulic processes in sub-
surface systems. In the following paragraphs, we briefly
review the background and literature of multiscale methods
for fractured geothermal media and EGS applications.

Fracture networks have complex geometries. Fractures
have very small thickness compared to typical reservoir
sizes and have a significant impact on the flow processes.
A common approach to model fracture media is to consider
discrete fractures as lower dimensional objects [15, 20, 34].
This results in a coupled mixed dimensional mathematical
models, where we have a d - dimensional equation for flow
in porous matrix and a (d − 1)-dimensional equation for
fracture networks. The cross-flow equilibrium between the
flow in fracture and matrix is described by transfer terms.

1.1 Fine-grid approximation

Whereas in reservoir simulations the finite volume method
is widely used, for numerical simulation of the fractured
porous media various numerical approaches have been
developed that can be classified by the types of meshing
techniques. For the unstructured meshes where fractures are
gridded explicitly, the discrete fracture models are used.
In another approach, called the embedded fracture model
(EFM) [21, 24, 45], the fractures are not resolved by grid
but are considered as overlaying continua. In EFM, matrix
and fracture are viewed as two porosity types co-existing
at the same spatial location, thus simple structured meshes
can be used for the domain discretization. The transfer term
between matrix and fracture appears as an additional source
or sink term and is assumed to exist in entire simulation
domain. This concept can be classified in the class of
dual-continuum or multicontinuum models [3, 5, 23, 55].

1.2 Multiscale methods

The fine-grid simulation of the processes in fractured porous
media is very expensive for complex fracture distribution,
where accuracy depends on honoring high-resolution
discrete fractures. In general subsurface problems, to reduce
the dimension of fine-scale system, multiscale methods or
upscaling techniques are used [16, 27, 28, 33, 56]. Also
recently, the multiscale methods have been adapted for
geothermal and EGS problems [25, 26, 29, 30, 35, 39, 43].

Vasilyeva et al. [48] presented the multiscale model
reduction techniques based on the generalized multiscale
finite element method (GMsFEM) for geothermal fractured
reservoir simulation. The general idea of GMsFEM is to
first solve some local problems to get snapshot spaces, then
design suitable spectral problems to obtain important modes
which can be used to construct multiscale basis [9, 10, 17].

The resulting multiscale space contains basis functions
that take into account the subgrid-scale heterogeneity. The
multiscale scale solution found in this space provides an
accurate approximation of flow and transport [1, 2, 11, 18].

Nissen et al. [35] presented an upscaling methodology for
geothermal heat transport in fractured porous media, where
upscaling is based on different strategies for advective
and conductive terms. The coarse-scale advective term
is constructed from sums of fine-scale fluxes, whereas
the coarse-scale conductive term is constructed based on
numerically computed basis functions. Praditia et al. [39]
obtained a nonlinear time-dependent (transient) multiscale
coarse-scale system for both pressure and temperature
unknowns based on locally solved elliptic basis functions.

1.3 This work

In contrast to the above-mentioned techniques, in this
work, we develop an accurate upscaled coarse-grid model
for single-phase fluid flow and heat transfer problems in
fractured porous media. We use the recently developed
nonlocal multicontinuum (NLMC) upscaling method [13,
49, 50]. In this paper, NLMC is expanded to geothermal
systems as well where there are coupled flow and heat
transport. The method is originally developed for Darcy
flow in fractured media without heat transfer. The main
idea is to use one macroscopic variable for each fracture
network and the matrix within each coarse region (hence
multicontinuum). This is very important for fractures as
one single macroscopic variable for each coarse region is
not enough to give reasonable accuracy. For example, the
flow within each fracture network or matrix can move with
highly disparate velocities. Another important motivation of
NLMC method is localization. It is clear that the fractures
can give long-range global effects. By using the proposed
energy minimization principle, the resulting basis functions
have exponential decay away from an oversampled region
of a target coarse element. This allows a systematic coupling
of nonlocal macroscopic variables and therefore enhances
the accuracy of the method.

Construction of the upscaled model is based on the
solution of local elliptic problems for flow, and on the
local convection-diffusion problem for heat transport. The
multiscale basis functions for transport problem account for
the fine-grid flow characteristics in both matrix and fractures
media that lead to more accurate coarse-grid approximation.
Compared to Nissen et al. [35], Praditia et al. [39], and
Vasilyeva et al. [48] where local elliptic problems are
solved to construct transport multiscale basis functions,
NLMC provides coarse-grid approximation whose degrees
of freedoms have physical meanings. As a result, we have
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an accurate general multiscale framework for both flow and
transport problems in fractured porous media, where we
model fractures embedded into the coarse mesh cell. The
upscaled model has only one additional coarse degree of
freedom for each fracture network and is directly related
to the well-known dual-continuum approaches, which have
been commonly used in approximating subgrid effects for
flow and transport in fractured media.

1.4 Outline

This paper is organized as follows. In Section 2, we consider
mathematical model for coupled fluid flow and heat transfer
in fractured porous media. Next in Section 3, we present
finite volume fine-grid approximation with the embedded
fracture model. In Section 4, we propose an upscaled
coarse-grid model for flow and transport in fractured porous
media. We present numerical examples for two model

geometries in Section 5, and show that the proposed method
can achieve a good accuracy with a very few degrees of
freedom (DoF). This is followed by Section 6 in which
conclusions and future works are presented.

2 Problem formulation

We consider single-phase coupled fluid flow and heat trans-
fer in fractured porous media with highly porous and per-
meable fractures criss-crossing an otherwise homogeneous
matrix continuum (Fig. 1).

Let � ⊂ R2 be the computational domain for the porous
matrix and γ ⊂ R1 be the lower dimensional domain for
fractures. The mathematical model of the coupled process
is described by the coupled mixed dimensional system of
equations for temperature and pressure in the porous matrix
in � and in the fracture network in γ . The change of density
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Fig. 1 A schematic of EGS doublet systems, a representation of the study area, and fracture–matrix flow and heat transfer terms of Eqs. 2 and 3.
The figure is modified from Tester et al. [47] and Vasilyeva et al. [48]
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ρ in both matrix and fracture media is related to the changes
in temperature and pressure

ρ(p, T ) = ρ0(1 − cT (T − T0) + cp(p − p0)), (1)

where cT is the fluid thermal expansion coefficient [1/◦C],
and cp [1/Pa] is the coefficient of fluid isothermal
compressibility [44].

For fluid flow in the porous matrix and fracture networks,
we have the following system of equations

am
∂pm

∂t
−sm

∂Tm

∂t
− div (km grad pm) + rmf = g

p
m, x ∈ �,

af
∂pf

∂t
−sf

∂Tf

∂t
− div

(
kf grad pf

) − rf m = g
p
f , x ∈ γ,

(2)

where

km = κm

μ
, kf = κf

μ
, am =φcp, af =cp, sm =φcT , sf = cT

and

rmf = σηm(pm − pf ), rf m = σηf (pm − pf ).

where φ is the porosity of matrix (assumed constant),
fractures are highly porous (φf = 1) and assumed planar,
pm and pf are the matrix and fracture pressures, qm and
qf are Darcy velocities in matrix and fractures, κm and
κf are the matrix and fracture permeability, μ is the fluid
viscosity, σ ≈ CI κm

μ
with ηm = 1/Vm, ηf = 1/(hAf ),

where Vm is the volume of matrix of grididblock, Af is the
fracture interface with in a matrix gridblock, and h is the
thickness of gridblock. Also, CI is the gridblock-specific
connectivity index (with the unit of m) that is calculated
similar to the method defined by Hajibeygi et al. [24].
Finally in Eq. 2, gp

m and g
p
m refer to pressure source and sink

terms contributing to the pressure variation in the matrix and
fracture, respectively. They have a unit of [1/s] as they refer
to source/sink mass rate ∂ρ/∂t divided by ρ0.

For heat transfer in fractured porous media, we have the
following equations

(cρ)m
∂Tm

∂t
+(cρ)w div(qmTm)

− div (λm grad Tm)+Lmf =(cρ)wgT
m, x ∈ �,

(cρ)f
∂Tf

∂t
+(cρ)w div(qf Tf )

− div
(
λf grad Tf

)−Lf m =(cρ)wgT
f , x ∈ γ,

(3)

where qm and qf are the fluid velocity in the porous matrix
and fracture network, respectively

qm = −km grad pm and qf = −kf grad pf .

For porous matrix and fractures, we have also the
following relations

(cρ)m = (1 − φ)crρr + φcwρw, (cρ)f = cwρw,

λm = (1 − φ)λr + φλw, λf = λw,

where ρr , cr , ρw, cw denote density and specific heat of
the solid and fluid phases, respectively, and λr and λw

are the thermal conductivity of the solid and fluid phases,
respectively [37, 40, 53, 54]. Underlying assumptions in
Eq. 3 are that: (a) the volumetric heat capacity (cρ)m and
(cρ)f are constant and can be taken out outside the partial
derivatives, and (b) the differential internal energy can be
written as dU = cρdT . Furthermore, in Eq. 3, gT

m = g
p
mTm

and gT
f = g

p
f Tf [◦] C/s refer to temperature source and sink

terms contributing to the temperature variation in the matrix
and fracture, respectively.

For heat transfer between matrix and fractures, we have

Lmf = βηm(Tm − Tf ) + (cρ)wσηm(pm − pf )Tmf ,

Lf m = βηf (Tm − Tf ) + (cρ)wσηf (pm − pf )Tmf ,

where β ≈ CI λm and in the upwind scheme, we set
Tmf = Tm if rmf > 0 and Tmf = Tf else [39]. The
first term is responsible for conductive heat transfer between
fracture and matrix, while the second term is responsible
for convective (pressure difference driven) heat transfer
between fracture and matrix [39].

3 Fine-grid approximation

In this section, we present the fine-grid approximations of
the above models. Based on these fine-grid methods, we will
then in the next section develop our new upscaling schemes.
For the fine-grid approximations, we will use the finite
volume method that is widely used for reservoir simulations.
Specifically, we employ the cell-centered finite-volume
method with two-point flux approximation together with the
use of the embedded fracture model [8, 24, 45, 46].

Let Th = ∪iKi be a structured fine grid with rectangular
cells of the domain � and Eγ = ∪lγl be the fracture

mesh. We let Nm
f be the number of cells in Th and N

f
f be

the number of cells related to fracture mesh Eγ (Fig. 2).
Using the embedded fracture model, we have the following
discrete systems for the heat transfer equation and the flow
equation:

– Fluid flow:

am,i

pm,i − p̌m,i

τ
|ξi | − sm,i

Tm,i − Ťm,i

τ
|ξi |

+
∑

j

(qm · n)ij + σil(pm,i − pf,l) = g
p
m,i |ξi |, ∀i = 1, Nm

f

af,l

pf,l − p̌f,l

τ
|ιl | − sf,l

Tf,l − Ťf,l

τ
|ιl |

+
∑

n

(qf · n)ln − σil(pm,l − pf,i ) = g
p
f,l |ιl |, ∀l = 1, N

f
f

(4)
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– Heat transfer:

(cρ)m,i

Tm,i − Ťm,i

τ
|ξi | + (cρ)w,i

∑

j

(qm · n)ij Tm,ij + (cρ)w,iTmf,ilσil(pm,i − pf,l)

+
∑

j

Dm
ij (Tm,i − Tm,j ) + βil(Tm,i − Tf,l) = (cρ)w,ig

T
m,i |ξi |, ∀i = 1, Nm

f

(cρ)f,l

Tf,l − Ťf,l

τ
|ιl | + (cρ)w,l

∑

n

(qf · n)lnTf,ln − (cρ)w,iTmf,ilσil(pm,i − pf,l)

+
∑

n

D
f
ln(Tm,l − Tm,n) − βil(Tm,i − Tf,l) = (cρ)w,lg

T
f,l |ιl |, ∀l = 1, N

f
f . (5)

In the above systems,

(qm·n)ij = Wm
ij (pm,i−pm,j ), (qf ·n)ln = W

f
ln(pf,l−pf,n),

where n is the normal vector, Wm
ij = km|Eij |/dij (|Eij | is

the length of facet between cells ξi and ξj , dij is the distance

between midpoint of cells ξi and ξj ), and W
f
ln = kf /�ln

(�ln is the distance between points l and n). Similarly,
for the heat equation, we have Dm

ij = λm|Eij |/dij and

D
f
ln = λf /�ln. We set σil = CIilkm and βil = CIilλm,

if γl ⊂ Ki and zero else, where we take ηm = 1/|ξi |
and ηf = 1/(h|ιl |). As previously mentioned for transfer
terms between matrix and fracture, the connectivity index is
CIil = A

f m
il / < d

f m
il >, where A

f m
il is the area fraction

of fracture element ιl with the matrix element ξi , and d
f m
il

is the average distance of the fracture and matrix elements
[24]. For the time discretization, we use the standard
backward Euler implicit scheme, where Ťm, Ťf , p̌m, p̌f are
the solutions from previous time step and τ is the given time
step size.

We split the coupled system of pressure and temperature
(Eqs. 4 and 5), by first assuming that we know temperature
in the pressure equation, and then solve the temperature
equation. The size of fine-grid system is DoFf = Nm

f +N
f
f .

Details of fine-scale solution are given in the Appendix.

4 Coarse-grid nonlocal multicontinuum
upscaling

We derive an upscaling technique based on the nonlocal
multicontinuum method for the following general fine-scale
problem:

M
u − ǔ

τ
+ Au = F, (6)

where

A =
(

Am Amf

Af m Af

)
, M =

(
Mm 0

0 Mf

)
, F =

(
Fm

Ff

)
.

and u = (um, uf )T . We remark that the system of Eq. 6
is motivated by the fine-scale systems detailed in the
Appendix). In the above system of Eq. 6, um denotes the
solution on the matrix part and uf denotes the solution on
the fractures in the current time step. Moreover, τ > 0
represents the time step size, and ǔ represents the solution
in the previous time step. The matrices M, A and the source
F are defined for the pressure equation and the temperature
equation as follows:

– For the pressure equation, u = p:

M = M flow, F = Gflow + Sflow T − Ť

τ
, A = Aflow.

– For the temperature equation, u = T :

M = Mheat, F = Gheat + Sheat p − p̌

τ
, A = Aheat,

where we remark that Aheat contains both the diffusive
and convective parts.

The main idea of the NLMC method is the use of
multiple upscaled variables per coarse element and local
multiscale basis functions to form the upscaled system [13,
49–51]. First of all, for each coarse element, the upscaled
variables are the average values of the solution on separate
fracture networks as well as the matrix part. This leads to a
multicontinuum approach. Next, for each continuum within
a coarse element, we solve a constrained local problem on
an oversampling domain, which is obtained by enlarging the
coarse element by a few coarse-grid layers. More precisely,
we solve the given PDE on an oversampled region subject
to the conditions that the solution has mean value zero
on all continua except the one that is specified. Based
on the mathematical foundation in Chung et al. [12], this
localized computation is motivated on an exponential decay
property. Namely, the solution of this constrained problem
has exponential decay outside an oversampled region, even
for the case when the domain contains long fractures.
Moreover, the local basis functions defined in this way give
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Fig. 2 Illustration of a 2D fine
grid, Th and Eγ

a systematic coupling of the upscaled variables in a nonlocal
way. This is crucial for our NLMC method for fractured
media as the solution typically contains nonlocal and long
range effects.

Next, we define some notations. Let T H be a coarse
partition of the domain �, Ki ∈ T H be the i-th coarse
block (i = 1, 2, ..., Nc, where Nc is the number of coarse
grid cells), and let K+

i be the corresponding oversampled
region obtained by expanding the coarse block Ki by several
coarse-grid layers. We denote the fractures by γ . We write
γ = ∪L

l=1γ
(l), where γ (l) denotes the l-th fracture network

and L is the total number of fracture networks. In addition,
we write γ

(l)
j = Kj ∩ γ (l) to be the fracture inside coarse

cell Kj and Lj is the number of fractures in Kj . For a
given coarse element Ki and a given continuum (either
the matrix part in Ki or a fracture network γ

(l)
i , we will

solve a local problem in the oversampled domain K+
i

with some constraints (later explained) to find a multiscale
basis function ψi

l corresponding to this coarse element and
this continuum. We remark that this basis function has
exponential decay outside K+

i .
We construct a set of local multiscale basis functions

ψi
0 and ψi

l (l = 1, 2, · · · , Li , Li is the number of
fracture networks in Ki) by solving a local problem on
an oversampled region. Here, we use the subscript zero to
represent the matrix part. The basis functions are required to
satisfy some constraints in each coarse element Kj ⊂ K+

i .
These constraints are described as follows.

For the matrix part, we require the basis function ψi
0 to

satisfy the following on each Kj ⊂ K+
i :

∫

Kj

ψi
0 dx = δi,j ,

∫

γ
(l)
j

ψi
0 ds = 0, l = 1, Lj . (7)

For the n-th fracture network in Ki , we require the basis
function ψi

n to satisfy the following on each Kj ⊂ K+
i :

∫

Kj

ψi
n dx = 0,

∫

γ
(l)
j

ψi
n ds = δi,j δn,l, l = 1, Lj . (8)

We remark that for a fixed coarse element Ki and a fixed
continuum l = 0, 1, · · · , Li , the above constraints state that
the corresponding basis function ψi

l has mean value zero on
all continua within K+

i and has mean value one on the fixed
continuum.

In Fig. 3, we present pressure multiscale basis functions
for matrix and fracture for some local domain with 3
oversampling layers. In this figure, the coarse grid is shown.
The oversampling region is the larger square region marked
red and the target coarse element is the smaller square
marked red. We note that the oversampling region is defined
as the union of 7 × 7 coarse elements.

The local problem we will solve is the original problem,
but restricted to the oversampled domain K+

i . In matrix
form, the local problem can be written as

⎛

⎜⎜⎜⎜
⎝

A
K+

i
m A

K+
i

mf BT
m 0

A
K+

i

f m A
K+

i

f 0 BT
f

Bm 0 0 0
0 Bf 0 0

⎞

⎟⎟⎟⎟
⎠

⎛

⎜⎜
⎝

ψm

ψf

μm

μf

⎞

⎟⎟
⎠ =

⎛

⎜⎜
⎝

0
0

Fm

Ff

⎞

⎟⎟
⎠ . (9)

In Eq. 9, the solution is denoted by ψ = (ψm, ψf ), where
ψm and ψf represent the solution on the matrix part and
the fracture part, respectively, which is solved on the fine

grid. The matrix A
K+

i
m is the restriction of the matrix Am to

the degrees of freedoms in the interior of the oversampling
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Fig. 3 Illustration of a 2D
coarse-grid TH (40 × 40) and
multiscale basis functions in
local domain K+ with three
oversampling layers

region K+
i . The definitions for the matrices A

K+
i

mf , A
K+

i

f m

and A
K+

i

f are similar. We remark that the zero Dirichlet

boundary condition is imposed on the boundary of K+
i .

Furthermore, the variable μ = (μm, μf ) plays the role of
Lagrange multipliers for the constraints in Eqs. 7 and 8. The
matrix Bm corresponds to the mean value operators defined
on matrix part and the matrix Bf corresponds to the mean
value operators defined on fracture networks. The right-
hand side vectors Fm and Ff are defined by the right-hand
sides of Eqs. 7 and 8. We remark that Eq. 9 is the resulting
variational form of an energy minimization idea originated
from Chung et al. [12].

We write the basis functions as ψi
l = (ψi

m,l, ψ
i
f,l),

l = 0, 1, · · · , Li , where the subscripts m and f denote
the matrix and the fracture parts, respectively. Combining
these multiscale basis functions, we obtain the following
multiscale space

Vms = span{ψi
l = (ψi

m,l, ψ
i
f,l), i = 1, Nc, l = 0, Li}

and the projection operator

R =
(

Rm Rmf

Rf m Rf

)
,

where

RT
m =

[
ψ0

m,0, ψ
1
m,0 . . . ψ

Nc

m,0

]
,

RT
f =

[
ψ0

f,1 . . . ψ0
f,L0

, ψ1
f,1 . . . ψ1

f,L1
, . . . , ψ

Nc

f,1 . . . ψ
Nc

f,LNc

]
,

RT
mf =

[
ψ0

f,0, ψ
1
f,0 . . . ψ

Nc

f,0

]
,

RT
f m =

[
ψ0

m,1 . . . ψ0
m,L0

, ψ1
m,1 . . . ψ1

m,L1
, . . . , ψ

Nc

m,1 . . . ψ
Nc

m,LNc

]
.

We notice that the matrix R gives a projection from the fine-
scale space to the multiscale space Vms and the matrix RT

provides the mapping from the multiscale space back to the
fine-scale space. In the above definition of the matrices, we
assume that each multiscale basis function is represented
in terms of the fine-scale basis and the coefficients of
expansion are put as column vectors.

Using the local multiscale basis functions, we can define
the required upscaled coarse-grid approximation as follows

M̄
ūn+1 − ūn

τ
+ Āūn+1 = F̄ , (10)

where

– for the pressure equation, ū = p̄:

M̄ = RM flowRT , Ā = RAflowRT , F̄ = R

(

Gflow + Sflow T − Ť

τ

)

.

– for the temperature equation, ū = T̄ :

M̄ = IMheatRT , Ā = IAheatRT , F̄ = R

(

Gheat + Sheat T − Ť

τ

)

.

We note that ū = (ūm, ūf ) and ūm and ūf are the average
cell solution on coarse-grid element for porous matrix and
for fracture. We can reconstruct the downscale solution on
the fine grid using the projection matrix u = RT ū.

In the above definitions of the coarse-scale matrices, the
operator I is the restriction operator

I =
(
Im 0
0 If

)
,
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Fig. 4 Coarse mesh and fracture distributions. From left to right:
40×40 coarse mesh, Geometry 1 with 170 fracture lines, and Geometry
2 with 1000 fracture lines. Fine grid is 120 × 120 mesh with quadratic

cells. The fine grid for fracture domain for Geometry 1 and Geometry
2 contains 3285 cells and 12,535 cells

which is defined by

Im = {Im
ij }, Im

ij =
{

1, ξj ∈ Ki,

0 otherwise , If = {If
ln}, If

ln =
{

1, ιn ∈ γ i
l ,

0 otherwise
.

Lastly, we will use the following definitions for the mass
matrices and the right-hand side vectors:

M̄ =
(

M̄m 0
0 M̄f

)
, F̄ =

(
F̄m

F̄f

)
,

where

M̄ flow
m = diag{am|Ki |}, M̄ flow

f = diag{af |γl |},

M̄heat
m = diag{(cρ)m|Ki |}, M̄heat

f = diag{(cρ)f |γl |},
and for the right-hand side vector F̄ α

m = {f α
m |Ki |}, F̄ α

f =
{f α

f |γl |} for α = heat or flow.
In NLMC method, we have offline and online stages. In

the offline stage: (1) we calculate multiscale basis functions;
and (2) construct projection and prolongation operators. In
the online stage: (1) we load the projection and prolongation
operators; and (2) construct and solve the coarse-grid
system; Therefore, for the heat and mass transfer problem,
we have following computational algorithm for each time
step:

– Solve pressure equation, p̄,
– Update pressure dependent properties,
– Solve temperature equation, T̄ ,
– Update temperature dependent properties.

Here, we took nonlinear coefficients from the previous
time step, in general, iterative nonlinear solvers should be
used. The main computational advantage of the multiscale
approach is that the solution of the coarse-grid system is
faster than solving the fine-grid system.

The implementation is constructed using C++ program-
ming language and is based on the open-source library
FEniCS, where we use geometry objects and the FEniCS

interface to the linear solvers [31, 32]. We use a direct
solver for solution of the linear system of equations; how-
ever, an iterative method could be used with an appropriate
preconditioner for this type of problems. Furthermore, the
constructed projection and prolongation matrices can be
used in the iterative multiscale solver.

5 Numerical results

In this section, we present several numerical results for the
flow and heat transfer problem in two-dimensional fractured
domain � = [0, 1] × [0, 1] m2, and h the domain thickness
is set to 1 m.

We consider two test problems with two types of geome-
tries:

– Geometry 1 with 170 fracture lines.
– Geometry 2 with 1000 fracture lines.

The coarse and fine grids are uniform with rectangular cells.
In Fig. 4, the computational coarse grid with 1600 cells,
fracture distribution for Geometry 1 and Geometry 2, is
shown. Fine grid is 120 × 120 mesh with quadratic cells.
We use DoFc and DoFf to denote, respectively, the problem
size of the upscaled model and the fine-grid system:

– Geometry 1. DoFf = 17, 685 and DoFc = 2437.
– Geometry 2. DoFf = 26, 935 and DoFc = 5104.

The fine grid for fractures domain for Geometry 1
and Geometry 2 contain 3285 cells and 12,535 cells,
respectively.

We consider following forms of Eqs. 2 and 3 scaled with
respect to p∗ = 107 Pa

ãm
∂p̃m

∂t
− sm

∂Tm

∂t
− div

(
k̃m grad p̃m

)
+ σ̃ ηm(p̃m − p̃f ) = g

p
m, x ∈ �,

ãf
∂p̃f

∂t
− sf

∂Tf

∂t
− div

(
k̃f grad p̃f

)
− σ̃ ηf (p̃m − p̃f ) = g

p
f , x ∈ γ,

(11)
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Fig. 5 Numerical results distribution for reference fine-grid solution and coarse-grid upscaled solution for three time steps tm, m = 5, 25, and 50.
Geometry 1 with 170 fracture lines

and

(cρ)m
∂Tm

∂t
+(cρ)w div(qmTm) + (cρ)wσ̃ηm(p̃m − p̃f )Tmf

− div (λm grad Tm) + βηm(Tm − Tf ) = (cρ)wgT
m, x ∈ �,

(cρ)f
∂Tf

∂t
+(cρ)w div(qf Tf ) + (cρ)wσ̃ηf (p̃m − p̃f )Tmf

− div
(
λf grad Tf

) − βηf (Tm − Tf ) = (cρ)wgT
f , x ∈ γ,

(12)

where ãn = an · p∗, k̃n = kn · p∗, σ̃ = σ · p∗, p̃n = pn/p
∗

for n = m, f and p∗ = 107 Pa.

We set the following parameters:

– the pressure equation:
am = af = 10−6 [1/Pa] (ãm = ãf = 10), cT = 0

(sm = sf = 0), km = 10−13, kf = 10−7 [m2/Pa.s],
(k̃m = 10−6, k̃f = 1), and σ̃ = CI · k̃m,

– the temperature equation:
λm = 0.1, λf = 1 [W/◦C.m], (cρ)m = (cρ)f =

(cρ)w = 106 [J/◦C.m3], cT = 0, and β = CI · λm.

We set solution of the steady-state problem for pressure
as initial condition and zero flux on boundaries for pressure
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Fig. 6 Numerical results
distribution for reference
fine-grid solution (the first row),
coarse-grid upscaled solution
(the second row), and
reconstructed fine-grid solution
(the third row) for three time
steps tm, m = 5, 25, and 50.
Geometry 2 with 1000 fracture
lines

and temperature. Initial condition for temperature is T0 =
200 [◦C] and we inject cold fluid with temperature T1 = 20
[◦C]. We set a source term on the cells �inj = [0.0 −
0.025] m×[0.0 − 0.025] m and �prd = [0.975 − 1.0]

m×[0.975 − 1.0] m with g
p
m = 1 [1/sec] for �inj, g

p
m = −1

[1/sec] for �prd and g
p
f = 0. For the temperature equation

source/sink terms: gT
m,f = T1g

p
m,f for �inj, and gT

m,f =
Tm,f g

p
m,f for �prd,m,f , where T�prd,m,f

is the matrix or
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Table 1 Numerical results of
relative errors (%) for heat (left
table) and flow (right table) at
the final time

KM eC
heat eF

heat KM eC
f low eF

f low

Geometry 1

1 – – 1 0.183 14.419

2 46.370 60.557 2 0.258 3.082

3 25.879 33.197 3 0.333 0.664

4 8.109 10.568 4 0.360 0.380

6 1.222 1.629 6 0.357 0.361

Geometry 2

1 – – 1 – –

2 43.955 60.192 2 0.134 2.066

3 22.208 33.411 3 0.034 0.206

4 1.257 1.717 4 0.031 0.041

6 0.088 0.113 5 0.031 0.031

Coarse grid 40 × 40 is used. Geometry 1 and 2

fracture temperature of production region. Simulation time
is set to tmax = 10, 000 s for Geometry 1 and tmax =
30, 000 s for Geometry 2 both with 50 time steps.

In Fig. 5, we present the fine-scale and upscaled solutions
for Geometry 1 and in Fig. 6 for Geometry 2 at different
time steps tm with m = 5, 25, and 50, corresponding to

Fig. 7 Relative errors for temperature vs. time with different number of oversampling layers
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Fig. 8 Relative errors vs. time for temperature and pressure

t = 1000, 5000, and 10,000 s for Geometry 1, and t =
3000, 15,000, and 30,000 s for Geometry 2. The first row
presents solutions on the fine grid. The second row shows
the coarse-grid upscaled solution. The pressure is shown at
the final time. For basis calculations, we use oversampled
domain KM , with 6 oversampling layers for temperature
and 3 oversampling layers for pressure. We observe a good
agreement between the fine-scale solution and the computed
upscaled solution for Geometry 1 and Geometry 2.

To quantitatively compare the results, we use the relative
L2 error between reference fine-grid solution and upscaled
coarse-grid solution. We calculate errors on coarse grid (eC)
and on fine grid (eF ):

eC
α = ||uC − ū||L2

||uC ||L2
, eF

α = ||u − ūF ||L2

||u||L2
,

where u = T for α = heat, and u = p for α = flow,
ū is the upscaled coarse-grid solution, ūF = RT ū is the
reconstructed fine-grid solution from ū, u is the reference

fine-grid solution, uC is the coarse-grid cell average for
reference fine-grid solution u, and

||uC−ū||2
L2 = 1

Nc

Nc∑

i=1

(u
Ki

C −ūKi )2, u
Ki

C = 1

|Ki |
∫

Ki

u dx.

In Table 1, we present relative errors in heat (tempera-
ture) and flow (pressure) for two geometries and different
number of oversampling layers KM with M = 1, 2, 3, 4,
and 6. We observe a good convergence behavior when a suf-
ficient number of oversampled layers is used. For example,
there is less than a 1.2% of relative error for temperature
using 6 oversampling layers for Geometry 1 and 0.09% for
Geometry 2 at the final time. It is evident that for flow prob-
lem, a smaller number of oversampling layers can be used,
compared to heat problem, to obtain small error margins.

Finally, Figs. 7 and 8 demonstrate the temporal evolution
of error. Very small error is observed for the final times
of simulations using M = 6. The error of flow is much
smaller than the error of temperature because of the fact
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that the pressure equation is a parabolic equation, and
the proposed method works extremely well in this case.
For temperature, the convection term is a challenging
part, and the performance of the method can be reduced.
Furthermore, the rapid decay of error for Geometry 2
compared to Geometry 1 can be attributed to the fracture
density and distribution. Although Geometry 1 has sparser
fracture density but it has longer range fractures that span
larger extent across the domain than those of Geometry
2. The longer range extent of fractures in Geometry 1 is
responsible for slower decay of error compared to Geometry 2.

6 Conclusions and future works

The application of a new multiscale method for coupled heat
and flow problem showed a good agreement between the
fine-grid solution and upscaled coarse-grid solution.

In the current work, we assumed a small diffusion
dominated heat transfer processes. However, the diffusion
process may impact the hydrodynamics of mass exchange
between fractures and matrix. In future, we will add
mechanical effects and consider coupled thermoporoelas-
tic processes in fractured media. Such numerical applica-
tions have been discussed in existing literature studies [52],
but not in a computationally efficient multiscale frame-
work. Moreover, in the context of coupled thermo-hydro-
mechanical-chemical (THMC) processes, fracture alteration
is an area of research for the geothermal heat recovery [6,
7, 36, 41, 42]. Computational expenses are always an issue
even for modern computers. In future, we explore extending
multiscale modeling to these areas of research as well.
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Appendix

In this Appendix, we present the detailed definitions of the
fine-scale matrices introduced in Section 3. Our solution
strategy includes:

– Solve the pressure equation and find p = (pm, pf )T

M flow p − p̌

τ
+ Aflowp = Gflow + Sflow T − Ť

τ
,

where

M flow =
(

M flow
m 0
0 M flow

f

)
, Sflow =

(
Sflow

m 0
0 Sflow

f

)
, Gflow =

(
Gflow

m

Gflow
f

)
,

Aflow =
(

Aflow
m + Q −Q

−Q Aflow
f + Q

)
,

– Solve the temperature equation and find T = (Tm, Tf )T

Mheat T − Ť

τ
+ Aheat(p)T = Gheat + Sheat p − p̌

τ
,

where

Mheat =
(

Mheat
m 0
0 Mheat

f

)
, Sheat =

(
Sheat

m 0
0 Sheat

f

)
, Gheat =

(
Gheat

m

Gheat
f

)
,

Aheat =
(

Aheat
m + CUP

m (pm) + LUP (pm, pf ) + � −� + LUP (pm, pf )

−� − LUP (pm, pf ) Aheat
f + CUP

f (pf ) − LUP (pm, pf ) + �

)
,

.
where

M flow
m = {mflow,m

ij }, m
flow,m
ij =

{
am,i |ξi | i = j,

0 i 
= j
,

M flow
f = {mflow,f

ln }, m
flow,f
ln =

{
af,l |ιl | l = n,

0 l 
= n
,

Mheat
m = {mheat,m

ij }, m
heat,m
ij =

{
(cρ)m,i |ξi | i = j,

0 i 
= j
,

Mheat
f = {mheat,f

ln }, m
heat,f
ln =

{
(cρ)f,l |ιl | l = n,

0 l 
= n
,

Sflow
m = {sflow,m

ij }, s
flow,m
ij =

{
sm,i |ξi | i = j,

0 i 
= j
,

Sflow
f = {sflow,f

ln }, s
flow,f
ln =

{
sf,l |ιl | l = n,

0 l 
= n
,

Sheat
m = {sheat,m

ij }, s
heat,m
ij =

{
cT ,i Ťm,i |ξi | i = j,

0 i 
= j
,

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Sheat
f = {sheat,f

ln }, s
heat,f
ln =

{
cT ,l Ťf,l |ιl | l = n,

0 l 
= n
,

Q = {qil}, qil =
{

σ i = l,

0 i 
= l
, � = {θil}, θil =

{
β i = l,

0 i 
= l
,

and Aflow
m = {Wm

ij }, Aflow
f = {Wf

ln}, Aheat
m = {Dm

ij },
Aheat

f = {Df
ln}, Gα

m = {gα
m,i |ξi |}, Gα

f = {gα
f,l |ιl |}, where

α = heat or f low. For convection terms CUP
m and

CUP
f , we use upwind scheme and LUP is the convective

mass transfer between matrix and fracture with upwind
approximation.
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