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We study nonlocal boundary value problems with the Samarkii and integral conditions
for pseudoparabolic equations uy — a(x,t)ugy + c(x,t)u — ugy = f(x,t). The existence
and uniqueness of a reqular solution are established. Bibliography: 9 titles.

Introduction

We study spatial-nonlocal boundary value problems for one-dimensional linear pseudoparabolic
equations with the boundary condition combined from the nonlocal Samarskii boundary condi-
tion with variable coefficients and integral type boundary conditions. Such nonlocal problems
for pseudoparabolic equations were earlier studied only in special cases (cf. [1, 2]). The method
consists of 1) the passage from a problem for a “good” equation with “bad” boundary condi-
tions to a problem with “good” boundary conditions, but for a “bad” equation,” the so-called
loaded equation [3, 4], 2) the proof of the solvability of the obtained problem by the parameter
continuation method and a priori estimates, and 3) the construction of a solution to the original
problem. Similar methods have been effectively used in close situations [5, 6].

1 Statement of the Problems

Suppose that €2 is the interval (0, 1) on the Oz-axis, @ is a rectangle Qx (0,7"), 0 < T' < o0,
a(x,t), c(z,t), Ki(x), Ko(x), f(z,t), ar(t), aa(t), Bi(t), B2(t) are functions of x € Q, t € [0, 7.
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Problem I. Find a solution u(z,t) to the equation
Lu=u — a(z, t)ugy + c(x, t)u — ugy = f(z,t) in Q (1)

satisfying the conditions

u(z,0) =0, zeq, (2)
1
uz(0,8) = a1 (t)u(0,t) + ag(t)u(l,t) + /K1 ()u(z,t)de, 0<t<T, (3)
0
1
ug(1,t) = B1(t)u(0,t) + B2(t)u(l,t) + /Kg(x)u(x,t) dr, 0<t<T. (4)
0

Problem II. Find a solution u(z,t) to Equation (1) in @ satisfying (2) and the conditions

1
ux(O,t):al() (0 t)—i—Oég u;,; 1 t —|—/K1 de, 0<t<T, (5)
0
1
u(1,t) = B1(8)u(0,8) + falt um1t+/K2 de, 0<t<T. (6)
0

Problem III. Find a solution u(z,t) to Equation (1) in @ satisfying (2) and the conditions

u(0,8) = oy (H)ug(0,) + as()ue(1,1) + | Ky(z)ulz,t)dz, 0<t<T, (7)

u(1,t) = B1(t)uz(0,t) + Bo(t)us(1,t) + | Ko(x)u(z,t)dz, 0<t<T. (8)

/
/

Note that the function oy (t)f2(t) — aa(t)F1(t) can vanish (in particular, identically) on [0, 7.

2 Solvability of Problem 1

Introduce the space
V = {v(x,t) s v(z,t) € Loo(0,T;W(Q)), ve(2,t) € La(0,T; W3 (Q)), vawt (2, 1) € La(Q)}
equipped with the norm

[vllv = vl oo, w2 + Vel Lo mwac) + vaatllzo @)

Suppose that necessary smoothness conditions (specified below) are satisfied. We set
Ar(t) = aa(t) + Ba(t) —
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Assume that

AL(t) #0, telo,T), (9)
and set

1= 05(t) _ Ba(t) -2
Yo(t) = OB T(t) = NG

o« (t)—1 o« (t)
"= TRe e MO A
Nl(x, t) = Vo(t)Kl(.’E) + 50(t)K2(IE),
Na(z,t) = 71 (t) K1 () + 61(t) K2(x),

K(:l:a yvt) = :L‘QNl(yat) + $N2(y7t)

We define the operator B by the formula

(Bu) (1) = 1) — / K (,y, uly, 1) dy.
Q

For the sake of convenience, we preserve the notation w(z,t) for the action of the operator B
on a function u(x,t). Since the operator B is a Fredholm integral operator of the second kind
with degenerate kernel, it is easy to write the invertibility conditions (the invertibility of B will
be used below). We set

21(t)=1— /ngl(x,t) dr, 2z(t) = —/a:Nl(x,t) dzx,

Q Q
s1(t) = — [ 22Ny(z,t)dz, so(t) =1— [ xNo(z,t)de,
/ /
All(t) = Zl(t)SQ(t) — Zg(t)sl(t),
Ko(e.9.0) = 5o asa(t) = 21 (D106 — 22(8) = 221 (0] Ma(0. 1)
In the case
A11(75) 7é O’ te [O7T]v (10)

we have the equality

u(z,t) =u(z,t) + /Ko(ﬂz,y,t)ﬂ(y,t) dy
Q

which defines the inverse operator B~ 1.

We introduce the function ®(x,t,u) (v = u(z,t)) by the formula

B, t,u) = / Ko, . t)ur(y, ) dy — / K (2, g, gy, ) dy — / ale, K (@, y, D)y (5, £) dy
(9] 9] Q

+ /{a(x, O Ky (2,y,t) — Ki(2,y,t) + Kpat (2, y,t) — c(z, t) K (2, y,t) + c(y, t) K (z, y, t) buly, t) dy.
Q
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Denote by g(x,t) the function f(z,t). We consider the boundary value problem: find a solution
v(x,t) to the equation
Lv—®(2,t, B~ ') = g(2,t) inQ (11)

satisfying (2) and the conditions

v2(0,t) = a1 (t)v(0,t) + aa(t)v(1,t), 0<t<T, (12)
ve(1,t) = B1(t)v(0,¢) + Ba(t)v(1,t), 0<t<T. (13)

Proposition 1. Assume that the conditions (9) and (10) hold. Then if v(z,t) is a solution
in 'V to the boundary value problem (11), (2), (12), (13), then u = B~ v is a solution in V to
Problem 1.

Proof. If v(x,t) belongs to the space V' then u(x,t) belongs to the same space. The converse
assertion is also valid. It is obvious that the conditions (2)—(4) are satisfied. We have the equality

B(Lu—f)=0

from which, together with the condition (10) providing the one-to-one invertibility of the operator
B, it follows that u(z,t) is a solution to Equation (1). O

From Proposition 1 it is obvious that for proving the solvability of Problem I in V' it suffices
to establish the solvability of the boundary value problem (11), (2), (12), (13) in the same space.

Let A be a number in [0, 1]. We set

PV

ai(x,t, /\) = T[,Bz(t) - (Xi(t)] + /\xai(t), 1=1,2,

a?(x7 l, A)al(la t, )‘)

b t,\) = t, A
l(xa 5 ) (11(1’, 5 )+ l—ag(l,t,/\) )

(12(5!7, ta )‘)
by(a,t, ) = — 2002
228N = T T

Ai(z,t,\) = bigz(z, t,\) — bi(z,t, ), 1=1,2,
Bi(z,t,\) = bigat(z, t, \) + a(z, t)bige (x, 6, N) — c(x, t)bi(z, t, \) — bie(z,t, ), 1=1,2,
F(J}, t, A, §) = Al(:c, t, )\)fl + As (1’, t, )\)52 + B (HT, t, )\)53 + By (HT, t, )\)54,
E(t) = (wt(()? t)7 'lUt(l, t): U)(O, t)a U)(l, t))
Theorem 1. Assume that (9) and the following conditions hold:

Ki(r) = Ka(2) =0, ze€, (14)
a(z,t) € C1(Q), c(z,t) € CHQ), (15)
ai(t) € CH([0,T]), Bi(t) e CH([0,T)), i=1,2 (16)
c(z,t) = co >0, (x,t)€Q, (17)
[1+ 8 (t)]&F + 8laa(t) — Bu(t)]érée + [1 — 8B2(1)]63 > 0,t € [0, 7], (€1,6) €R?, (18)
fz,t) € Ly(Q). (19)
Then there exists a unique solution u(z,t) in V to Equation (1) in Q satisfying (2), (12), (13).
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Proof. We consider the auxiliary boundary value problem: find a solution w(z,t) to the
equation
LNw = wp — awgy + cw — Wegy — Fx, t, \,W) = f (20)

in the rectangle @) that satisfies (2) and

wy(0,t) = wy(1,6) =0, 0<t<T. (21)

By the theorem about the parameter continuation method [7], for the solvability of the
problem in the space V for all A in [0, 1] and any function f(z,t) in Lao(Q), it suffices to prove

1) the continuity of the family of operators {L(\)} with respect to A,

2) the solvability of the boundary value problem (20) (2), (21) in the space V for A = 0,

3) an a priori estimate for all possible solutions w(z,t) to the boundary value problem (20),
(2), (21). in the space V, uniformly with respect to .

The continuity of {L(A)} with respect to A is obvious. It is known [8, 9] that the problem
(20), (2), (21) is solvable in the space V' for A = 0 under the conditions (15), (17), (19). Let us
show that for all possible solutions w(z,t) to the boundary value problem (20), (2), (21) an a
priori estimate, uniform with respect to A, holds in the space V.

Let w(z,t) be a solution in V' to the boundary value problem (20), (2), (21). We set
u(z,t) = w(z,t) + bi(x, t, \)w(0,t) + ba(z,t, N)w(1,1).

By the elementary inequalities

/ x,7)dxdr + 2 v*(x,7) dzx dr,
Q

O—

v2(1,7)dr < v2(z, ) dxdr + 2 v (x, ) d dr,

o . o\&
O\_,W ca\W

D
o O~

O

it is easy to show that u(z,t) belongs to the space V. A simple calculation shows that u(z,t) is
a solution to the equation
Ut — QUgg + CU — Uggy = f (23)

and satisfies (2) and the conditions

We consider the equality

¢
1
//(uT — Upgr + CU) [uT + (93 - §>um- - uxm—] dx dr
0 Q

= //(f + QUyy) [uf + (x — %)um - U:m] dx dr, (26)
0 Q
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which follows from Equation (23). Integrating by parts and using (2), (24), and (25), we obtain

//[ us +2UzT+usz:| dxd¢+%/c(x,t)[uQ(x,t)+u§(x,t)] dx+i/t{u3(077)+u3(1,7)
0

+8Ala1 (1) (0, 7) + [aa (1) — Bu(7)]ur (0, T)ur (1, 7) = Bao(7)u(1,7)]} dr

t 1 t
1
= // <fc - —) UprUggrdx dT + // [+ auge) |ur + (:c - —)um - u;m} drdr
2
0 0

0

t ¢ t
1
// u +u |dxdr — //(1:§)cuumd:cd7'//cxuumdxd7
0 Q 0 Q 0 Q

t

—2A /{UT(Q e (M)u(0,7) + ap(r)u(l, 7)] = ur (1, 7) [B1 (T)u(0, 7) + By (T)u(l, 7)]} dr
0

+
N —

+A /{0(1, T)u(L, 7)[B1(T)ur(0,7) + Ba(m)ur (1, 7) + B1(T)u(0,7) + By(T)u(l, )]
0

—¢(0,7)u(0,7) [e1 (T)ur (0,7) + ca(T)ur (1,7) + & (T)u(0,7) + o5 (T)u(l,7)] } dr.
Using the conditions (15)—(18), the inequality (22), the Young inequality, and the obvious in-

equality

1 t T
/ / wl dedt <T / / / e da dé dr, (27)
0 Q 0 0 Q

we obtain the inequality

/t/u +um+um7)dazd¢+/[ (z,1) + u2(z,t)] da
0

Q

¢
(5//u +ul i, )dxdr
0 Q

t t T t
//u + u? dach+///uixgdxd§d7+//f2dxd7 ,
0 0 0 Q 0 Q

where 0 is an arbitrary positive number, Cy is determined by a(z,t), c(x,t), «;(t), Bi, i = 1,2,
and the constants 7" and J. We fix a small § and, using the Gronwall lemma, find that the
solution u(x,t) to the problem (23), (2), (24), (25) satisfies the a priori estimate

t
//(uZ +ul 4 ul,)dedr + /[uz(x, t) 4+ ul(x,t)] de < M,
0 Q Q
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where the constant M; depends only of the functions a(z,t), c(x,t), a;(t), Bi(t), i = 1,2, and the
number 7. Combining this estimate with the inequality (26), we obtain the obvious estimate

[ullv < Mo, (28)

where the constant My depends only on the functions a(x,t), c(x,t), a;(t), Bi(t), i = 1,2, and
the number T'. Further, the representation

w(z,t) = u(z,t) — ar(x, t, \)u(0,t) — ag(z, t, \)u(l,t)

and the estimate (28) imply a similar estimate for the solution w(z,t) to the problem (20), (2),
(21). As was already mentioned, this estimate, the continuity of {L(\)} with respect to A, and
the solvability of the boundary value problem (20), (2), (21) in the space V for A = 0, imply the
solvability of the boundary value problem (20), (2), (21) in the same space for A = 1. Denote
by w;(x,t) the solution to the last problem. It is obvious that the function

U(:L‘, t) = w1 (ZL‘, t) + bl (SL’, tv 1)101 (07 t) + b2(m7 ta 1)w1(1a t)7

is a required solution to the boundary value problem (1), (2), (12), (13).

The uniqueness of a solution is obvious. O

Consider the general case, i.e., the functions K;(z) and K3(z) do not vanish identically.
Introduce the notation

k1 = max_ /Kgx(:c,y,t)dy , ko= max_ /K2(m‘,y,t)dy ,
(z,1)eQ L5 (z,t)eQ 5

k3 = max /Kg(ac,y,t) dy]7 k4 = max [/Kgm(a;,y,t) dy].
- Q Q

(z,t)€Q (z,t)eQ

Theorem 2. Assume that the conditions (9), (15)—(19) are satisfied. Let
VT 1 1 1 1
dv € <0,—) : max< k(1 + ks <6+—>+k2k4(6+—),k‘2<6+—> < -. 29)
2 R0+ 2 % % .

Then there exists a unique solution u(x,t) in V to Equation (1) in Q satisfying (2)—(4).

Proof. By Proposition 1, it suffices to establish the solvability of the problem (11), (2),
(12), (13) in the space V. We again use the parameter continuation method: for A € [0, 1] and
a given function g(z,t) in the space Lo(Q) we consider the following family of boundary value
problems: find a solution v(z,t) to the equation

Lv — \®(z,t, B~1v) = g(x,1) (30)
in the rectangle @ that satisfies the conditions (2), (12), (13). By Theorem 1, under the condi-

tions (9), (15)—(19), the problem (30), (2), (12), (13) with A = 0 is solvable in V. Consequently,
for the solvability of the problem (11), (2), (12), (13) in V' it suffices to prove that all possible
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solutions to the problem (30), (2), (12), (13) satisfy an a priori estimate uniformly with respect
to A. We consider the equality

t
1

//(UT — Uggr + CV) [UT + (3: — §>vm — vxm] dx dt

0 Q

= /t/[g + Uy + AP (z, 7, B~ u)] [UT + (x - %)U:m— - Ux:m—:| dx dr (31)
0 Q

which follows from Equation (30). In this equality, all the terms , except for the terms with
®(x, 7, B~tu), are transformed in the same way as in the equality (26). Further,

t t t
2(1+ k3)

//uzda:dT . +523 //dede—i—ml//dexdT, (32)

0 0 0 Q

t

¢
2
v, dxdr + . 1&32 //de:pdT+m2//v2 dxdr, (33)
0 0 Q 0 Q

t
//(/Km(x,y,T)uT(y,T)dy)UT(:L‘,T)d:L‘dT
0 Q Q
62 1(1+ k3) / 9 / 2
[2 1—62 //de:z:dT+m3//v dx dt, (34)
0 0 Q
t
//(/Km(x,y,T)uT(y,T)dy>( %)vm—(:c T)dxdr
00 VQ
2 k1(1+ k3) / /
\Z2//v‘,%Td:/ch—i—%l2 1_532 //vzd:cd7+m4//v2da;d7', (35)
0 0 0 Q
t
//</Km(x,y,T)uT(y,T)dy)va(:L“,T)d:L“dT
00 Y
t t
/v drdr+ i’;’ //vidxd7+m5//v2dxd7, (36)
Q 0 0 Q
t
// (/K(:c,y,T)uny(y,T)dy>vT(x,T) dx dt
0 Q Q
2 kb | [ [ [l [
5 +(52 5 ]//v,rdxd7-+52 7 //vmﬂ.dxdT—i—mg//v dxdr, (37)
0 0 0 Q
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t
1 52 2
K(x,y,T)uny(y,T) dy <a; - i)vm—(l'ﬂ') dx dr| < ) vy, dx dr
0 0 Q
. t ¢ t
52 12_452 //1272_ dx dT + 52 T 52 //U:%:m- dx dT+m7//v2 dx dr, (38)
0 0 w 0 Q

/t/(/K(ﬂf,y,T)Uny(y,T)dy)vmm_(x’T)dwdT
0

Q

52 koks
2+521_52]// i //U dmd¢+m8//v I

where dg—dg are arbitrary positive numbers, mj—mg are determined by the functions «;(t), 5;(t),
K;(z), i = 1,2, and the number dp—d¢ (the inequalities (32) and (33) are proved with the help of
the representation of u(z,t) via v(x,t) and the Holder and Young inequalities. The inequalities
(34)-(39) are obtained by using the Holder and Young inequalities and the inequalities (32) and
(33). By the obtained inequality, the Holder and Young inequalities, the inequalities (22), (27),
and the conditions (2), (12), (13), (15)—(19), it is easy to obtain from (31) to the inequality

t
// —vZ —|—2vm—|—vxm]dxd7+—/ (z,t) + v2(z,t)] dx
0

<[ﬁ ki (1+ ks3) k1(1+k3) ki(1+ks) | 6F Kok

2 63(1—03) 203(1—63) 83(1—63) 2 43(1-63)

t t
kaky koka 2 5 // 2
+5§(1—5§)+521—62 ]//UdedT+{4+ +9 vy, dx dr
0 Q 0
62 k k 52 k /
+ _3_|_ 2 + 2 _|__6_|_72 —{—5:|//U§m_dl‘d7'
Staam et /)

t t T t
+ mg //(v2+v§)dxdr+///vg$§dxd§dr+//92d:cdr : (40)
0 Q 0 0 Q 0 Q

where ¢ is an arbitrary positive number and myg is determined by the functions a(z,t), c¢(x,t),
a;(t), Bi(t), Ki(z), i = 1,2, and the numbers T, §, dp—ds. We fix d;-6 by setting 6; = 04 = 1/2,

82 = V270, 05 = Yo, 03 = 06 = l/f Now, for sufficiently small fixed § and &g, using the
condition (29), we get

t
//(vz + vl 40k, ) drdr + /[vz(:c,t) +v2(x,t)] da
0 Q Q

T

t ¢ ¢
<myg //(UQ—i-vi)dxdT—l—///v§x§d$d§d7+//g2dxd7'
0 Q 00 Q 0 Q
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This inequality and the Gronwall lemma imply that the solution to the boundary value problem
(30), (2), (12), (13) satisfies the a priori estimate

[olly < M,

where the constant M is defined by the functions a(z,t), c(z,t), a;(t), Bi(t), Ki(x), i = 1,2, and
the number T'. As was already mentioned, this estimate implies the solvability of the problem
(11), (2), (12), (13) in V. As above, taking into account Proposition 1, we obtain the solvability
of Problem I in the space V. The uniqueness of a solution is obvious. O

3 Solvability of Problem II
As above, we assume that the required smoothness conditions are satisfied. We set

Ap(t) = [1 = ag@][1 = Sr(t)] + ca(B)[1 = B2(t)].

Assume that

We set

Ry(z,t) = po(t) K1 (x) + vo(x)Ka(x), Ro(x,t) = p () K1 (z) + v1 () Ka(x),
R(xa y7t) =xR (yv t) + RQ(yv t):

zZi(t) =1— /le(a:,t) dr, Za(t) = —/Rl(:c,t) dx,
Q

|
—
=
~—
Il
|
8
=)
[\
s
=
I
ﬁ
|
[\
—~
=
Il

1 —/Rg(:c,t) dr,

We again introduce the integral operator B by the formula

(Bu)(z. ) = ul, ) — / Rz, tyu(y. t) dy
Q

under the condition
Aoy (t) 7é 0, te [O7T] (42)

This operator is invertible, and the operator B~! is defined by the formula

(B7')(z,t) = v(z,t) + /Ro(ar,y,t)v(y,t) dy.
Q
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We introduce the function ¥(z,t,u) by the formula

\I/(xvt7u) :/Rl‘aﬁ(xvyut)ut(yvt) dy—/R(x7y7t)uyyt(y7t> dy

Q Q
— /a(az,t)R(m,y,t)uyy(y,t) dy + /{a(az,y)Rm(x,y,t) — Ry(z,y,t)
Q

+ Rt (2, 1) — c(a, ) R(z, y,t) + c(y, ) R(z, y,t) buly, 1) dy.
We consider the boundary value problem: find a solution v(z,t) to the equation
Lv —U(z,t, B~ ') = f(z,t) inQ (43)
that satisfies (2) and the conditions
v2(0,t) = a1 (t)v(0,t) + aa(t)vz(1,t), 0<t<T, (44)
v(1,t) = B1(t)v(0,t) + B2(t)ve(1,1), 0<t<T. (45)

Proposition 2. Suppose that (41) and (42) hold. Then if function v(x,t) is a solution in
V to the boundary value problem (43), (2), (44), (45), then the function u = B~ v is a solution
to Problem 11 in V.

The proof is similar to that of Proposition 1.

Theorem 3. Suppose that (14)-(17), (19), (41), and the following conditions hold:

Bay (1)&F + 8laa(t) — Bi(t)]€182 + [1 — 8B2(1)]&5 = 0

te [OvTL (61752) S RQ; (46)
fz,t) € La(Q). (47)

Then there ezists a unique function u(xz,t) in'V that is a solution to Equation (1) in Q satisfying
the conditions (2), (44), and (45).

Proof. We again use the parameter continuation method. Let A € [0,1]. We set

ai(x, t, N) = Nzoy(t) + Bi(t) — as(t)], i=1,2,
At,A) =[1—a1(0,t, \)][1 — a2z (1,8, \)] — a1x(1, ¢, N)az(0,¢,N),

Bu(a,t ) = ﬁ{al(x,t, ML = ase (1,4, N)] + as(e, £, Nar (1, £, A},
bo(,t,\) = A(i N {a1(z,t,\)a2(0,t,\) + az(z, t, \)[1 — a1(0, ¢, \)]},
Ai(z,t,N) = bige (2,8, \) — bz, 1, M), i=1,2,

ol 3

(2,6, N) = bigat (2,6, N) + a(@, )bige (2, t, N) — c(z, )i (z, 6, \) — by (z, 1, N), i=1,2,
($7t7 )\75) = Zl(xvta )‘)El + ZQ($>ta )\)52 + El(x7t7 )‘)63 + EQ(xata )‘)’547
(t) = (we(0,t), wee(1,8), w(0, 1), wy(1,1)).

!

gl
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We consider the following family of auxiliary boundary value problems: find a function w(z,t)
that is a solution to the equation

LW = wi — aWgy + W — Wagt — F(x,t,\, W) = f (48)
in the rectangle @ and satisfies (2) and the conditions
w,(0,t) =w(l,t) =0, 0<t<T. (49)

For this family of problems, the continuity of the operator L(\) with respect to A is obvious.
The solvability of the problem (48), (2), (49) in the space V for A = 0 is known [8, 9]. It remains
to prove an a priori uniform estimate A for the solution in the space V.

We introduce the function w(z,t) = w(z,t) + by(x,t, Nw(0,t) + bo(z,t, Nwy(1,t). It is
obvious that if w(x,t) belongs to V, then u(z,t) belongs to the same space and the function
u(z,t) is a solution to the equation

Up — QUi + CU— Ugyy = [ (50)

satisfying (2) and the condition
(0, 1) = Mo (H)u(0,) + ag(t)uy(1,8)], 0<t<T, (51)
u(1,t) = A[B1(t)u(0,t) + Ba(t)ug(1,¢)], 0<t<T. (52)

We consider the equality

1
/ — Uggr + cu)ur — (:1: — 5)“” — Ugzr| dx dT
Q

o _

t
1
/ (f + augy)|ur — (a; — §>um — Ugyr) dx dT (53)

\

0

following from (50). Integrating by parts and using (2), (51), (52), it is easy to transform this
equality to the form

t t
1 1
//u + uzT+uzIT]d:UdT—|—2/c(x,t)[u( t) +ul(x d$—|—1/u:26707'
0 0
t

Q

41 / (821 (1)u2(0, 7) + 8\ [as(r) — B ()]un (0, T)tar (1, 7) + [1 — 8ABo()e2. (1,7)} dr
t
fHaugg)ur — (x — = )ugpr — Uggr| drdr — CaUlUgr dx dT
I /1
t t
cr(u 24 u ) dxdT + uTum dx dr
/] [
t

/(a:—%)cuumdxdT—Q)\/uT Yu(0,7) + ab(T)uz (1, 7)]
Q 0

NN

O\“

+
DO | =

_l’_

o —
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— Uy (1, 7)[B1(T)u(0, 7) + B5(T)ur(1,7)] dT + A / (L, m)u(l, Tuer (1, 7) dr
0

¢
- )\/C(O,T)'LL(O,T)[Oél(T)uT(O,T) + ao(T)ugr (1, 7) + o (7)u(0, 7) + oy (7)uy (1, 7)] dr.
0
By (15)—(17), (19), (46), (22), (27), the Young inequality, and the Gronwall lemma, the solution
u(x,t) to the boundary value problem (50), (2), (51), (52) satisfies the required a priori estimate
[ullvy < Ms,

where the constant Mj is determined by the functions a(z,t), c(z,t), «;(t), Bi(t), i = 1,2, and
the number 7". This estimate implies the solvability of the problem (54), (2), (51), (52) in the
space V for A = 1. The function

u(z,t) = wi(z,t) + by (z,t, Dw(0,) + b, t, wiL(1,1).

is the required solution to Problem III. The uniqueness of a solution is obvious. ]
We set
= max /R x,y,t) ] ro = max_ /R2(:c,y,t) dy],
(z,1)eQ (z,t)eQ
Q
r3 = max /R%(x,y,t) dy|, 7r4= max /R%m(x,y,t) dy|.
(z,t)eQ 2 (z,t)€Q 2

Theorem 4. Suppose that (9), (15), (16), (47)-(49), and the following condition hold:

5 1 1
o) e (0.5 14 <4+ >+2r2r4 (6+—2> <
2 4% Y5

Then there exists a unique solution u(x,t) in V to Problem II.

1 1
,  T9 4+—> < —=. (%4
< %) 2 54

PN

The proof of this theorem is similar to that of Theorem 2 differs by only the choice of §1—dg
(51:53:54::56:\/57 = V270, 05 = 0).

4 Solvability of Problem III
The scheme of the proof of Problem III is the same as that for Problems I and II. We set
Ag(t) = Bl(t) + BQ(t) - Oll(t) — Oég(t) — 1.

Assume that
As(t) #0, te][0,T]. (55)
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We set

oot = oy (D) =~ () = IRy - 0l

)
Si(x,t) = @o(t) K1(z) + Yo(t) Ko(x), Sa(w,t) = p1(t) Ki(x) + P1(t) Ka(w),

S(z,y,t) = xS1(y,t) + Sa(y,t), Zzi(t)=1-— /xSl(x,t) dz, Z(t) = —/Sl(a:,t) dz,
Q Q

5(t) = — / wS(z,t) dr, Fo(t)=1— / So(w,t)dz,  Agi(t) = 51(£)5a(t) — Za(t)5 (1),

Q Q

So(w.y,t) = A?j(t){[ﬂ@(t) —51(1)]51(y, ) — [z22(t) — 21(1))S2(y, 1)}

We introduce the operator B by the formula
(Bu)(z,t) = u(z,1) fS z,y, thu(y, t) dy.

In the case
A31 (t) 75 O) te [O7T]7 (56)

this operator is invertible and B~! is defined by the equality
(B71)(x,t) = v(z,t) + [ So(z,y,t)v(y,t) dy.
Q

Theorem 5. Suppose that (14)-(19), (55), and (56) hold. Then there exists a unique solu-
tion u(x,t) in V to Problem III.

%1: max / Lz, y,t ] = max [/S (z,y,t dy]
(x,t)EQ (z,t)€Q
/S(]x:r Z,Y, )dy]

Theorem 6. Suppose that (15)—(17), (19), (55), (56), and the following condition hold:

NGRS ~ 1 ~ ~ 1 1 -~ 1 1

Then there exists a unique solution u(x,t) in 'V to Problem III.

We set

(m)EQ (z,t)eQ

Eg = max /SO z,y,t dy] k4 = max

The proof of Theorems 5 and 6 is similar to that of Theorems 1 and 3, 2 and 4 respectively.
The main a priori estimate is obtained by analyzing an equality of the form (53).

Remarks. 1. Using the parameter continuation method and estimates obtained in the proof
of Theorems 1-6, it is easy to establish the solvability in V' of Problems I-III for loaded equations

Lu = f(z,t) + G(z,t,u) + F(z,t,u(t)),

where G(z,t,u) is the sum of integrals over  of the functions wu(x,t), u(x,t), uz(x,t), uy(z,t),
Ugz (T, 1), Ugge(w,t) (With weights) and F(x,t,w) that is a linear form of traces of the function
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u(x,t) and its derivatives at = 0 and = 1. Further, the operator L in these equations can
be replaced with a more general operator of the form

up — AT, ) Uger — a1 (T, t)Ugy + a2(x, t)uy + b(x, t)us + c(z, t)u

such that A(z,t) > ag > 0 for (z,t) € Q, under some natural smoothness conditions.

2. From the proof of Theorems 2, 4, and 6 it immediately follows that the conditions (29),
(54), and (57) can be slightly changed due to some other choice of the parameters ;0.

3. The conditions (29), (54), and (57) are smallness conditions. It is obvious that the set of
data of Problems I-III satisfying these conditions is not empty.
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