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1. INTRODUCTION

In the present paper, we study the solvability of spatially nonlocal boundary value problems for
one-dimensional linear pseudoparabolic equations with integral boundary conditions. Our methods
are based on the passage from a problem for a “good” equation with “bad” boundary conditions
to a problem with “good” boundary conditions but for a “bad” equation, known as a loaded
equation [1, pp. 13, 27], and on the proof of the solvability of the resulting problem by the method
of continuation with respect to a parameter and a priori estimates. Earlier, similar methods in
a close situation were efficiently used in [2-4].

2. STATEMENT OF THE PROBLEM

Let Q be the interval (0,1) of the axis Ox, and let @ be the rectangle Q x (0,7), 0 < T < +oc.
In the domain @), consider the equation

Up — (T, ) Uy + (T, 0)U — Uy = f(2,1), (z,t) € Q, (1)

with the nonlocal integral conditions
1
/Hi(a:,t)u(m,t) dx =0, i=1,2, (2)
0

where a(z,t), c(z,t), f(x,t), and Hy(x,t) (i = 1,2) are given functions defined for = € Q = [0, 1]
and t € [0, 7.

Boundary value problem. Find a function u(x,t) that is a solution of Eq. (1) in the rectangle
@ and satisfies condition (2) and the initial condition

u(z,0) =0, x € . (3)
Note that the solvability of the initial-boundary value problem for the heat equation
up — a(x, t)uy, + c(z, t)u = f(z,1) (4)
was studied in [2] by the method of regularization and continuation with respect to a parameter.

362



SOLVABILITY OF A BOUNDARY VALUE PROBLEM 363

In the present paper, we prove the solvability of boundary value problems with the nonlocal
boundary conditions (2) by the methods used in the study of Eq. (4). In the case of local boundary
conditions, solvability theorems for Eq. (1), which is called a pseudoparabolic equation, or the Aller
equation, were proved in [5, p. 140; 6, p. 29].

Note also that problems for the heat equation (4) with constant coefficients and with general
nonlocal Samarskii conditions with constant coefficients were studied in [7] by the Fourier method.

A preliminary study of boundary value problems with nonlocal Samarskii boundary conditions
with variable coefficients was carried out in [8-10].

3. MAIN THEOREM

If we multiply the original equation (1) by H;(z,t) and integrate the resulting relation over the
domain €2, then, by using condition (2), we obtain the system of two equations

Hi (0, )ug (0,8) — Hy(1, )ug (1,1)
= —H;(0,t)a(0,t)u, (0,t) + H;(1,t)a(1,t)u, (1,1) + Hip (0, )1, (0,1) — Hip(1,8)u,(1,1)

+ (H; - a),(0,6)u(0,t) — (H; - a).(1,t)u(l,t) +/[(Hia)m($,t) — (Hie)(z,t) + Hy(x, t)]u(x, t) de

+/Him(a:,t)ut(x,t) da:—i—/Hi(a:,t)f(a;,t) dx, i=1,2. (5)

Q
Suppose that the determinant of the matrix A on the left-hand side in system (5) is nonzero

for t € 0,77,
|A| = _H1(07t)H2(17t) + Hl(lvt)HZ(Ovt) # 0.

Then, instead of the nonlocal boundary conditions (5), we obtain conditions of the form

Uyt (0,8) = g (H)us(0,1) + ao(t)uy (1,1) + az(t)u(0,t) + ay(t)u(1,t)
+ a5 (t)u(0,t) + ag(t)u(l,t) + / Ky (z,t)u(z,t)de + /N1 (x,t)us(x,t)dz,  (6)
Uzt(17 t) = Bl (t)um (07 t) + 62 (t)uw(l, t) + 53@)“15(07 t) + 54(t)ut(17 t)

+ B5(t)u(0,t) + Be(t)u(l,t) + /Kg(.’E,t)U(.T,t) dx + /Ng(m,t)ut(az,t) dx, (7)

where oy (t), Br(t) (k = 1,...,6), Ki(z,t), and N,(z,t) (I = 1,2) are given functions defined for
r € Qandt € [0,T]. Without loss of generality, we assume that

/Hi(m,t)f(m,t)dm:O, i=1,2.

Boundary value problem 1. Find a function u(zx,t) that is a solution of Eq. (1) in the
rectangle () and satisfies the nonlocal boundary conditions (6) and (7) and the initial condition (3).

We introduce the following notation:

1 1
1

Pa(t) = §/$2N2($,t) dzx, Py(t) = /a:Nz(x,t) dx.
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364 POPOV

Note that the numbering of the functions ¢, and 1, is introduced for convenience and will be
explained below.
Let the norm on the space

V ={v(z,t) : v(x,t),v(2,t), V00 (2, 1), Vane(x,1) € La(Q), vo(z,t) € Loo(0,T; W5 (0,1))}
be defined by the formula

[ollv = [1vllwz (@) + vawellLa@) + [0l Lo 0wz @)

Theorem. Let the following conditions be satisfied :

a(z,t) € CY(Q), c(z,t) € CHQ), a(z,t) > ay >0,
c(z,t) >7¢ >0, (x,t) € Q;
a;(t) € CH([0,T]),  Bi(t) e CH([0,T]),  i=1,....,6 (8)
Ky(z,t) €CHQ),  Ny(a,t) €CHQ), p=1%
au(t) + Ba(t) # 2, aa(®)[L + Ya(t) — dpa(t)] + La()[L — Ya(t)] # 2 — 24u(t) — 4pa(t), t €[0,TT;
(&1, &2, t) = as(t)E] + (a(t) — Bs(t))616a — Ba(t)E5 > 0, t€[0,7], (&1,&) €R?, - (9)
f(z,t) € Ly(Q). (10)

Then there exists a unique solution u(x,t) € V' of the boundary value problem 1 in the rectangle Q.

Remark 1. Obviously, the conditions oy (t) + 34(t) # 2 and
ag(O)[1 +1a(t) — 4pa(t)] + Ba(t)[1 — ha(t)] # 2 — 2ha(t) — dpu(t)

are satisfied if the given functions ay(t), B4(t), and Ny(z,t) are small in absolute value.

4. SOLVABILITY OF THE AUXILIARY BOUNDARY VALUE PROBLEM

Consider an auxiliary boundary value problem for Eq. (1).
Boundary value problem 2. Find a function u(z,t) that is a solution of Eq. (1) in the
rectangle ) and satisfies the nonlocal boundary conditions

Uzt (0,1) = aq () u,(0,1) + ao(t)u, (1,t) + as(t)u(0,t)

+au(t)un(1,8) + as(£)u(0, ) + ag(t)u(L, b), (11)
Umt(L t) = ﬁl (t)uz (07 t) + ﬁQ (t)ur(lv t) + ﬁB(t)ut(Ov t)
+ Ba(t)ue(1,8) + B5(t)u(0,1) 4 Bs(t)u(l,t) (12)

and the initial condition (3).

Lemma. Let conditions (9) and (10) be satisfied, and let
a(x,t) € CHQ), c(z,t) € CH(Q), a(xz,t) >ay >0,
) 20> 0, (50 €T i~
ai(t) € C'([0,T)), Bi(t) € C'([0,TY), i=1,...,6;
a4(t) + ﬁ4(t) 7& 27 te [07T]

Then there exists a unique solution u(x,t) € V' of the boundary value problem 2 in the rectangle Q.

Proof. For (z,t) € Q and X € [0, 1], we set

et ) = 22080 — 0] + dran(®), b =1....6,
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SOLVABILITY OF A BOUNDARY VALUE PROBLEM 365

and introduce the function
t
'U({L’, ta )‘) = /‘[’Yluw(()? T) + 72u1(17 T) + 73ut(07 T) + 74”15(17 T) + fYSU(O? T) + fyﬁu(L T)] dr.
0
Note that the function v(z,t) satisfies the relations
U44(0,8) = Alovg (8)u,(0,8) + ao(t)u, (1,t) + as(t)u(0,t)
+ ay(t)ue (1, ) + as(t)u(0,t) + ag(t)u(l,t)],
Vet (1, 8) = A[Br(8)us(0,8) + Ba(t)us(1,t) + Bs(t)ue(0,) + Ba(t)us (1, ) + Bs(t)u(0,t) + Bs(t)u(l,t)].
Consider the function w(z,t) = u(x,t) —v(x,t), where u(x,t) is a solution of the boundary value
problem (1), (11), (12), (3). By substituting the function u(x,t) = w(z,t)+v(z,t) into the original
equation (1), we obtain
Wy — a(z, ) Wey + (T, )W — Wepy = f(x,8) — v + a(x, )V — (X, 1)V + Vg (14)

We express the function v(z,t) via the newly introduced function w(z,t) from the system of equa-

tions

t g

W, (0,1) = u,(0,1) — / Zai(f)ui(f) dr,  wy(1,t) = / > Bir)ui(r) dr,

0 =1

wy(0,t) = 1, (0,), wy(1,t) = uy(1,t) — Z(ai(t) + Bi(t))u;(t), (15)

1 6
w(0,t) = u(0,1), w(l,t) =u(l,7) — 5/ Z(ai(T) + 5;(7))u; () dr,
where (uq, ug, us, ug, us, ug) = (u;(0,1), u,(1,1), u:(0,1), us (1,¢), u(0,t), u(1,t)).
From the fourth equation in system (15), we find w;(1,¢). If the condition ay4(t) + B4(t) # 2 is
satisfied, then from (8), we obtain

uy(1,t) = 5_ 044(15:; ~ A 2w (1,) + (e (t) + Br(t))us(0,7) + (a2 (t) + Ba(t))ua (1, t)

+ (a3(t) + Ba(t))ur(0,2) + (as(t) + B5(t))u(0,t) + (as(t) + Bs(t))u(l, 1)]. (16)
By eliminating the function u;(1,t) given by (16) from system (15), we obtain the system of five
equations

wz(07t) = uz(07t) - m /{20&4’[1)7(1,7—) + [(2 - ﬁ4)0‘1 + O‘4ﬁl]uz(077)

+[(2 = Ba)ag + aufo]us(1,7) + [(2 — Ba)as + aufBs]u-(0,7)
+[(2 = Ba)as + auBs]u(0,7) + [(2 — Ba)as + aufBslu(l, 7)} dr,

t

1
Cp—, / (2830 (1,7) (2 — )y + Buonua(0,7) .
(2 — a4)fs + Broou, (1, 7) + [(2 — aa) B3 + Paas|u(0,7)
[(2 = au)Bs + Bacs|u(0,7) + [(2 — ) Bs + Pacs]u(1,7)} dr,
we(0,t) = u(0,t), w(0,t) = u(0,t),

wz(Lt) = Uz(l,t) -
+
+

w(Lt) = ull,t) = 5 [+ B (1) + (a1 + B 0,7)

+ (a2 + Bo)u, (1,7) + (s + B3)u, (0,7) + (a5 + B5)u(0,7) + (g + Bs)u(l, 1)} dr.
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One can rewrite system (17) in the form

t

t
/BﬁodT—/é’wT(l,T) dT],
0 0

Wy (t) = (w4 (0,t), w, (1,t),w(0,t),w(0,t),w(1,t)) = (wy, W, w3, ws, we),
o (t) = (uyp(0,t), us(1,8),us (0,8), u(0,t),u(l,t)) = (uy, us, us, us, ug),

S
2—as— 54 (18)

where
(2—LBa)ar +auf1 (2—Pa)az+ asfe (2 —Pa)as+asfs (2—Ba)as +aufs (2 — Ba)as + afs
(2—ou)f1+0asar (2—as)B2+ Bace (2 —au)Bs+ Pacs (2—0u)fBs + Pacs (2 — cau)fBs + Pacs
B = 0 0 0 0 0 )
0 0 0 0 0
o1+ B a2 + B2 a3+ 33 as + G5 a6 + s

and ¢ = (2ay,204,0,0, a4 + B4).
The integral equation (18) is a Volterra integral equation of the second kind [11, p. 102; 12, p. 110]
and has a unique solution, which has the form

t
z_Zo(t) = wo(t) + /ﬁo(Ta wr(l,T)awo)dT, ﬁo = (F01,F0270,07F05)-

0

By substituting the function %, in (18) and w;(1,¢) in (16) into system (17), we obtain

v@mt)::J/FKx,T,&QEUﬂ)dT, (19)

where W(t) = (w,(0,t), w,(1,t),w:(0,t),w;(1,t),w(0,t),w(1,t)). Now, by substituting the function
v(x,t) in (19) into Eq. (14), we finally obtain

Wy — (T, 1) Wey + (X, E)W — Wepy
— flet) - Fla,t, A @(0)) + a(a, 0 / Fyo(,7 A () dr — e(a, 1) / Fla,m (7)) dr

+ Fop(z, t, \,0(t) = f(,t) + ®(x,t, A, W(t)). (20)

Consider the following auxiliary boundary value problem: find a function w(z,t) that is a solu-
tion of Eq. (20) in the rectangle @) and satisfies the conditions

w(z,0) =0, r €, (21)
wee (0,8) = way(1,8) =0, € (0,7). (22)

Note that if A = 1, then the boundary value problem (20)—(22) is equivalent to the original boundary
value problem (1), (11), (12), (3).

Let us show that, under conditions (9), (10), and (13), this boundary value problem has a solution
in the space V.

By A we denote the set of numbers \ in the interval [0, 1] for which the boundary value prob-
lem (20)-(22) has a solution w(x,t) in the space V under conditions (9), (10), and (13). If we
show that the set A is nonempty, is open and closed, then it coincides with the entire interval [0, 1]
13, p. 153].
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SOLVABILITY OF A BOUNDARY VALUE PROBLEM 367

If A = 0, then, under conditions (9), (10), and (13), the boundary value problem (20)—(22) is
solvable in the space V' (see [4, p. 140; 6, p. 29]). Hence it follows that zero belongs to the set V;
consequently, the set A is nonempty.

The fact that the set A is open and closed can be proved with the use of a priori estimates. Let
us derive the corresponding a priori estimate.

Let w(z,t) be a solution of the boundary value problem (20)—(22) in the space V. By using

relation (19), we set
t

u(z,t) = w(z,t) + /F(:E,T,)\,ib’(T))dT.

By using the inequality

j[vZ(O,T) +0%(1,7)]dr < 5]/2)3(%7') dx dr + C(9) /t/vg(a;,r) dx dr, (23)

where 0 is an arbitrary positive number, one can readily show that the function u(z,t) belongs to
the space V. Note that the function u(z,t) is a solution of the following initial-boundary value
problem: find a function u(z,t) that is a solution of Eq. (1) in the rectangle @ and satisfies the
conditions

U (0,1) = Aoy (£)uy (0, 1) + ao(t)ug (1,t) + as(t)u.(0,t)
+ ay(t)uy(1,t) + as(t)u(0,t) + ag(t)u(l, )], (24)
Uz (1,1) = A[BL(t)us(0,) + Ba(t)us (1)
+ B3(t)ue (0,8) + Ba(t)ur(1,2) + G5 (£)u(0, £) + Bs(t)u(l, )] (25)
u(z,0) = 0. (26)

Consider the relation

t
//(uT — AQUgy + CU — Uy ) (Uy — Uy, ) dx dT = // fluy — upyr) dx dr;
0 Q

0 Q

by integrating by parts, we obtain the relation

Q Q
t

+ % /C(:L‘,t)uz(l‘,t) dr + 2 /[UM-(O,T)UT(O,T) — Upr (1, T)u, (1, 7)] dr

//{ [a,u, + (ar + c;)u? + c,u?] — azuzu, — czuum} dx dt

t

/ / Ftr — ) dz dr / ta(1, 7y (1, ) (1, 7) — a(0, 7)ua (0, 7). (0, 7)] dr

0

j/u ot b+ ) [t s [l oo d

+ /[c(l,r)um(l,r)u(lm) —¢(0, 7))ty (0, 7)u(0, 7)] dr. (27)

0
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By taking into account the expressions for u,. (1, 7) and u,, (0, 7) in the boundary conditions (24)
and (25) and by using (9), we represent the fifth term on the left-hand side in relation (27) in the
form

t

2/['&17(0,7')’&7(0,7') — Uy (1, 7)u, (1, 7)) dr

0
t

= 2)\/[041%(0,7') + asu, (1, 7) + azu, (0,7) + aqu, (1, 7) + asu(0,7) + agu(l, 7)]u, (0,7) dr

0
t

— 2)\/[61%(0,7') + Bou, (1,7) + Bau, (0,7) + Bau, (1, 7) + B5u(0,7) + Beu(l, 7)]u, (1, 7) dr

0
t

= 2)\/[a3u3(0,7) + (g — Bs)ur (0, 7)ur (1,7) — ByuZ (1, 7)) dr + J

0
t

= 2)\/q(uT(O,T),uT(1,T),T) dr +J > J, (28)

where
t

J = 2)\/[041%(0,7') + apu,(1,7) + asu(0,7) + agu(l, 7)]u, (0,7) dr

0
t

o /[51%(0, )+ Botia(1,7) + Bsu(0,7) + Beu(l, Pus (1, 7) dr.

Note that the nonnegativity of the quadratic form (9) takes place, for example, if either az(¢) > 0
or fu(t) <0 and az(t)Ba(t) — (au(t) — B3(t))* > 0

By using conditions (9), (10), and (13), the Young inequality, and inequality (23), and by
applying the Gronwall lemma, from (28), we finally obtain the a priori estimate

t
// u? 4 2u +ul,, | dedr + /[uim(az,t) + uZ(z,t) + u’(x,t)] dz
0 Q

+ /t ¢(ur(0,7), ur(1,7) <K / f* d dr, (29)

where K is a constant depending on the number 7" and the functions a(x,t), ¢(x,t), o;(t), and G;(t).
Let us show that the estimate (29) implies that A is a closed set.

Let {\,} be a sequence of points of A converging to a number A, let {w, (x,t)} be the sequence
of solutions of the boundary value problem (20)-(22) with A = A, in the space V, and let

t

Up(z,t) = w,(x,t) + /F(az,T, An, Wi (7)) dr.

0
Set vy (x,t) = uy(x,t) — ug(z,t). The functions v, (x,t) satisfy the relations
Unkt — QUnkzx + CUnk — Unkzat — 07 vnkwt(oa t) - Akagnk(07 t) + ()‘n - Ak)&ﬁ
Vnke(1,8) = MBuk(1,8) + (A = )i,
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SOLVABILITY OF A BOUNDARY VALUE PROBLEM 369

where
z_[n = (unr(oa t)v unz(17 t)7 unt(oy t)7 unt(ly t)7 un(ov t)v un(17 t))

By reproducing the derivation of the estimate (29) for the functions v,;(z,t) and by taking into
account the fact that the estimate (29) holds for the functions u, (z,t) themselves, one can readily
show that

”vnkHV S Cl‘)\n - )‘k‘7

where (' is a constant depending on the functions a(z,t), c(z,t), o;(t), B;(t), and f(z,t) and the
number 7. It follows from this inequality that {u,(z,t)} is a Cauchy sequence in the space V.
In turn, the Cauchy property implies that there exists a function ug(z,t) such that wug(x,t) €
W3 (Q)NLoo (0, T; W2(Q)) and ugeas (2, 1) € Lo(Q); in addition, the functions ug(x, t) and ugze: (x, t)
are the limits of the sequences {u, (x,t)} and {un..¢(x,t)} in the corresponding spaces. Obviously,
the function ug(z,t) is a solution of the boundary value problem (1), (24)—(26) for A = X. Set

t

wo(@, 1) = uo(x, 1) — / oyt (0, £) + Ytion (1, £) + Ystto (0, 1)
0
+ Yauor (1, ) + Y5u0(0, 1) + Yeuo(1,t)] dr,

where
)\0332

2

Ye(z,t, Ng) = [Br(t) — ag(t)] + Aozay(t), kE=1,...,6.

Obviously, the function wy(z,t) belongs to the space V' and is a solution of the boundary value
problem (20)—(22) corresponding to the value A = Ag. It follows that Ao is a point of the set A.
The fact that a limit point of this set also belongs to it implies that the set is closed.

Now let us show that A is open. Let Ay be a point of A, and let A = Ay + X. Let us show that,
for small |A|, the number X belongs to A as well.

Set

B(x,t,\,€) = Ba,t,\, &) — B(x, 1, Ao, &).

Let v(z,t) be a function in the space V. Consider the following boundary value problem: find
a function w(z,t) that is a solution of the equation

Lw = f 4 ®(z,t, X, @) + D(z,1, A, 7) (30)

in the rectangle @) and satisfies conditions (21) and (22). We have the inequality
1@z, 8, A 0)[La@) < MIA[ [|vllv (31)

with a constant M depending only on the functions a(z,t), ¢(z,t), o;(t), and 8;(t). [One can readily
prove this inequality by using condition (13), the finite increment theorem, and inequality (23).]
Inequality (31), together with the assumption that the number )\, belongs to the set A, implies that
the boundary value problem (30), (21), (22) has a solution w(z, t) in the space V. Consequently, the
boundary value problem (30), (21), (22) generates an operator G mapping the space V' into itself,
G(v) = w. By reproducing the derivation of the estimate (29) for this boundary value problem
for the case in which f(z,t) = 0 and by taking into account inequality (31), we find that if the
condition CoM|\| < 1 is satisfied, then G is a contraction operator. Obviously, the fixed point of
the operator G is a solution of the equation

Lw = f+ ®(x,t, A\, W).

Consequently, for small |X| (more precisely, if the above-represented inequality Co M |X| < 1 holds),
the number A belongs to the set A. It follows that A is an open set.
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Thus, the set A thus defined is nonempty, open, and closed. Consequently, it coincides with the
entire interval [0, 1]. In other words, if conditions (9), (10), and (13) hold, then the boundary value
problem (20)—(22) has a solution w(z,t) in the space V for all A, including A = 1.

Set
u(z,t) = w(x,t) +/ F(z,r,1,%(r))dr.

0

In other words, under conditions (9), (10), and (13), the boundary value problem (1), (11), (12),
(3) has a solution u(z,t) that belongs to the space V for all values of A including A = 1.

The uniqueness of solutions of the boundary value problem (1), (11), (12), (3) in the space V'
follows from the estimate (29).

The proof of the lemma is complete. Note that the above-proved lemma is of interest in itself.

5. PROOF OF THE THEOREM

Let us return to the original problem (1)—(3). We introduce the notation

1 1
1
,(t) = E/a;ZKp(a:,t) dz, Pp(t) = /a;Kp(m,t) dzx,
0 0
1 1 1
Ppealt) = 5 / N, (,t)dz,  yea(t) = / N (@) de,  p=1,2.
0 0

Just as above, for (z,t) € Q, we set

w8 = S10(0) — an(0)] + zenlt), k=106

and for A € [0, 1] we introduce the functions

t

U(Ib,t) = )‘/ [f}/luw(()?T) + fYZUw(l?T) + fYBUt(Oa T) + 7411’75(17 T) + 7511’(07 T) + fYﬁu(L T)
0

+ <x — %2> jKl(x,T)u(a:,T) dx + %2 ng((L’,T)U(IL’,T) dx
+(z— v | Ny (z, 7)us(x, 7) doe + v | No(x, m)u(z, 7) da | dr. (32)
2 2

Note that the function v(z,t) thus defined obviously satisfies the boundary conditions of the
form (6), (7).

Consider the function w(z,t) = u(z,t) — v(z,t), where u(x,t) is the solution of the bound-
ary value problem (1), (6), (7), (3). By substituting u(x,t) = w(z,t) + v(z,t) into the original
equation (1), we obtain

Wy — (T, ) Wey + (T, )W — Wepy = f(x,8) — v + a(x, )V — (X, )V + Vg (33)

DIFFERENTIAL EQUATIONS Vol. 51 No.3 2015



SOLVABILITY OF A BOUNDARY VALUE PROBLEM 371

We introduce the notation
(uy(t), ua(t), uz(t), ug(t), us(t), ue(t), ur(t), us(t), ug(t), uio(t))

= (ur(O, t), u. (1,6),us (0, 1), ue(1,8), u(0, ), u(1,t),

1 1 1 1
[ Katwutatdo, [ Ko utot)do, [ Nato, (e t)da, [ Nata, e, dz),
0 0 0 0
(wb Wa, W3, Wy, Ws, We, Wy, W, Wy, wlO)

= (wz(O,t),wr(l,t),wt(O,t),wt(l,t),w(O,t),w(l,t),

/lKl(m,t)w(m,t) dm,/lKg(m,t)w(m,t) dx,/lNl(a:,t)wt(a:,t)dx,/lNg(m,t)wt(m,t) dm).

We determine the function v(x,t) via the newly introduced function w(z,t) from the system of
equations

w,(0,t) = u,(0,t) /Zal T)u; (T dT—/ (K (z, T)u(z, 7) + Ny(x, 7)u, (z,7)| dedr,

we(1,t) = u,(1,t) — /ZﬁZ(T)UZ(T) dr — //[Kz(a:,T)u(a:,T) + Ny(z, 7)u, (x,7)] dx dT,

(1t—u17'——/z 7) + Bi(7))ui(7) dr

t 1

_ %//[Iﬁ (x, T)u(z,7) + Ni(z, T)u, (2, 7) + Ko(z, 7)u(x, 7) + Nao(z, 7)u, (z,7)] de dT,

00

/Kl(m,t)w(m,t) dr = /Kl(m,t)u(a:,t) dx — gol(t)/Z[ﬂi(T) — a;(1)]ui (1) dr
it / Za Pdr — [ (t) — o (1) / Ky (2, 7)u(w, 7) + N (2, 7Y (2, 7)] da dr

— @1 (t) //[KQ(ZE,T)U(ZE,T) + Ny(z, 7)u, (x,7)] dx dT,
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/Kg(m,t)w(m,t) dr = /Kg(m,t)u(a:,t) dx — gog(t)/ Z[ﬂl(T) — a;(7)]u; (1) dr
— y(t) /Zai(T)ui(T) dr — [ha(t) — pa(t)] //[Kl(m,v')u(m,v') + Ni(z, 7)u, (x,7)] dx dr

— (1) //[KQ(IE,T)U(IE,T) + No(z, 7)u, (x,7)] dz dr,

6

/ N, (&, tyw (x, £) der = / Ny, a0 o = () D I5:(0) — ()t

() 3 eult)unlt) = [a(®) — (0] [ 1 ule 1) + NG s, 1)) o

0
1

— @3(t) /[Kg(a:,t)u(m,t) + No(z, t)us(z, t)] de,

/Ng(m,t)wt(m,t) dx = /Ng(m,t)ut(az,t) dx — @q4(t) Z [B:(t) — a;(t)]u;(t)

1

— ¥a(t) Z ai(t)ui(t) — [Pa(t) — @a(t)] /[K1 (@, u(z,t) + Ni(x, t)u, (z, 1)) de

0
1

— @4(t) /[Kg(w,t)u(a:,t) + No(z, t)us(z, t)] de. (34)

0

From the fourth equation in system (34), we find uy(t) = us(1,¢). If the condition p,(t) =
2 — ay(t) — Bu(t) # 0 is satisfied, then from (8), we obtain

1 6
ua(t) = m{%t(l, t) + ;(O‘i(t) + 0i(1))ui(?)
=i

1

+ /[K1 (z,t)u(x,t) + Ny(z, t)u(x, t) + Koz, t)u(z,t) + No(x, t)us(z,t)] daz}.

From the ninth and tenth equations in system (34), we find

ug(t) = /Nl(a:,t)ut(m,t) dx, ui(t) = /Ng(m,t)ut(a;,t) dx.

Under the condition

P2(t) =2 — au(t) — Ba(t) — dpa(t)(1 — au(t)) — Pa(t)(2 — Ba(t) + au(t)) # 0,
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from (8), we have

ug(t) = pgl(t) [wop1 (t) + 23(t) (Ba(t) — aua(t) + 2903(t)ua(t)))wy
+ (23 (1) (1 — au(t))(do + 50) +3(t)((2 — Ba(t))do + 04450))’%]7 (35)
uyo(t) = ! [wops (t) 4 204 (1) (Ba(t) — ca(t) + 2904(t)us(t))wy

2(t)
+ (24 (1) (1 — au(?))(do + 50) + 4 (t)((2 — Ba(t))do + a450))ﬁo]7

3

Qg = (04170427043704570467 1,0), Eo = (51752753755756707 1)7
ﬁo(t) = (ul(t)vu2(t)vuB(t)7u5(t)vuﬁ(t)7u7(t)7u8(t))

= <um(0,t),um(l,t),ut(O,t),u(O,t),u(l,t),/Kl(a;,t)u(m,t) dx,/Kg(m,t)u(a:,t) da:).

By eliminating the functions u4(t), ug(t), and wu;o(t) found above from system (34), we obtain
the system of equations

Wo(t) = to(t) — [ Go(T)dr, éo(t) = (Go1(t), Goa(1),0,0,Gos (), Gos (1), Gor(t)), (36)
where
Wo(t) = (wi(t), we(t), ws(t), ws(t), we(t), wr(t), ws(t))

_ (wz(O,t),wr(l,t),wt(o,t),w(O,t),w(l,t),/Kl(:r,t)w(:r,t)dx,/KZ(ﬂc,t)w(a:,t) dm),

bt
p1(t)pa(t)

We rewrite system (36) in the form

Gox(t) = Gor(wa(t), wo(t), wio(t), uo(t)) (k=1,2,5,6,7).

Bolt) = o (t) — / C(r)ito () dr — / (s () + Bywo(7) + Eswio (7)) dr, (37)
where
pi(t)p2(t)

is a seventh-order matrix whose row vectors are defined in closed form just as above and a;; =
a;j(ou, Ba, ¢3, P, V3,04, 0o, Bo), ¢ are seven-dimensional vectors; moreover,

gk = gk(a47547@37¢47¢37¢47&0750) (k = 17273)

The integral equation (37) is a Volterra integral equation of the second kind [11, p. 102; 12, p. 110]
and has a unique solution, which can be represented in the form

t

ﬁo(t) = on(t) + /ﬁo(T, w4(7_)7wQ(T)awlﬂ(T)ywO(T)) dr, ﬁo = (F017F0270707F057F067FO7)'
0
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By substituting the functions uy(t), us(t), ug(t), and uo(t) found above from (35) into the repre-
sentation (32), we obtain

v(z,t) = /F(ac,r, A, W(T)) dr.

By substituting this expression for v(x,t) into Eq. (33), we finally derive the identity

wy — a(x, ) Wey + (T, 0)W — Wy

= f(z,t) — F(x,t,\,w(t)) + a(x,t) /Fm(az,T, N\, (7)) dr

— ¢(x,t) / F(x, 7, A\, W(7)) dr + Fyp(w,t, A\, 1(t))

0

= f(z,t) + ®(z,t, A\, 0(1)). (38)

Consider the following auxiliary boundary value problem: find a function w(z,t) that is a solu-
tion of Eq. (38) in the rectangle @) and satisfies the conditions

w(z,0) =0, x €9, (39)
wee(0,8) = way(1,8) =0,  t€(0,7). (40)

Note that for A = 1 the boundary value problem (38)-(40) is equivalent to the original boundary
value problem (1), (6), (7), (3).

Next, just as in the proof of the auxiliary boundary value problem 2, under conditions (8)—(10),
this boundary value problem has a solution in the space V', which completes the proof.
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