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Abstract. In this work, we consider wave propagation in fractured
media. The mathematical model is described by Helmholtz problem
related to wave propagation with specific interface conditions on the frac-
ture in the frequency domain. We use a discontinuous Galerkin method
for the approximation by space that help to weakly impose interface
conditions on fractures. Such approximations lead to the large system of
equations and computationally expensive. In this work, we construct a
coarse grid approximation for effective solution using Generalized Mul-
tiscale Discontinuous Galerkin Method (GMsDGM). In this method, we
construct a multiscale space using solution of the local spectral prob-
lems in each coarse elements. The results of the numerical solution for
the two-dimensional problem are presented for model problems of the
wave propagation in fractured media.
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1 Problem Formulation

We consider the Helmholtz equation for the elastic waves propagation in the
computational domain Ω [1,2]

− divσ − ω2ρu = f, x ∈ Ω (1.1)
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where ω is frequency, ρ is density and f is the source function.
Equation (1.1) is supplemented by the relation between the stress tensor σ

and strain tensor ε

ε(u) =
1
2
(∇u + (∇u)T ), σ(u) = 2με(u) + λ div uE (1.2)

where E is unit tensor, λ and μ are Lame parameters.
The problem is considered in fractured media. For numerical simulations of

the elastic wave equation in the fractured media, we apply the linear-slip model
(LSM) [3,4]. Specifically, we assume that the fractures have a vanishing width
across which the tractions are taken to be continuous. Following the linear-slip
model, we have a linear relation between traction vector and the magnitude of
the discontinuity in the displacement field as follows

[u] = Zσ · n, (1.3)

where [u] is the jump of the displacement field at the fracture, σ ·n is the traction
vector at the surface of the fracture and Z is the fracture compliance matrix.

The compliance matrix is characterized in terms of two parameters. For the
fracture with up-down symmetry and rotational symmetry about the normal,
the fracture compliance matrix is diagonal

Z =
[
z1 0
0 z2

]

where z1 = k−1
1 and z2 = k−1

2 are the normal and tangential compliances,
respectively.

In the computations, the energy of waves needs to be absorbed in artificial
boundaries in order to avoid spurious reflections caused by the finite computa-
tional domain [5]. We use a first order absorbing boundary condition

iρωAu = −σ(u)n, x ∈ ∂Ω, (1.4)

where

A =
[

n1 n2

−n2 n1

] [
cp 0
0 cs

] [
n1 −n2

n2 n1

]
.

Here n = (n1, n2) is the outward normal to the boundary and

cp =

√
λ + 2μ

ρ
, cs =

√
μ

ρ
(1.5)

where cs, cp are the S- and P-wave velocities.

2 Fine Grid Approximation

For the fine-grid approximation, we use the Interior Penalty Discontinuous
Galerkin (IPDG) finite element method that allows for discontinuities in the
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displacement field to simulate fractures with the linear-slip model [6–8]. Let E
be the edge between the elements K1 and K2, then the average and jump of a
vector function u on E are given by

{u} =
u |K1

+ u |K2

2
, [u] = u |K1

− u |K2
.

Let Th denote a finite element partition of the domain Ω and Γh the set of
all the interior faces between the elements Th. Let Γc ⊂ Γh be the subset of all
faces where the displacement field is continuous and Γf ⊂ Γh be the subset of
facet that represent fractures.

The weak formulation of the elastic wave equation for the interior penalty
discontinuous Galerkin method in fractured media is given by

∑
K∈Th

∫
K

(σ(u), ε(v))dx −
∑

K∈Th

∫
K

ρω2uvdx +
∑

E∈Γb

∫
E

iρωAuvds

−
∑

E∈Γc

∫
E

{τ(u)} [v] ds −
∑

E∈Γc

∫
E

{τ(v)} [u] ds + i
∑

E∈Γc

ω

h

∫
E

(λ + 2μ) [u] [v] ds

+
∑

E∈Γf

∫
E

Z−1 [u] [v] ds =
∑

K∈Th

∫
K

fvdx,

where ω is the penalty parameter, τ(u) = σ(u)n is the traction vector, Γb is a
subset of faces on the boundary. Here

u = Re(u) + iIm(u),

and u =
∑

j ujφj , φj are linear basis functions for the fine scale approximation.
We can write the complex valued problem of 2.1 in matrix form

(Kh + Bh − ω2Mh)U = Fh, (2.1)

where U = Re(U) + iIm(U).

3 Multiscale Method

In this section, we describe construction of the multiscale basis functions and
coarse grid approximation [9–14]. In the GMsFEM, we have following compu-
tational algorithm: (i) the construction of the multiscale basis functions by the
solution of the local eigenvalue problem in local domain K and (ii) the construc-
tion and solution of the coarse grid approximation on multiscale space.

We define coarse grid TH in domain Ω, TH = ∪Nc
i=1Ki with mesh sizes H �

h > 0 where Ki is coarse cell (local domain), Nc is number of coarse cells. Let
VH be a finite dimensional function space, which consists of functions that are
smooth on each local domain related to the coarse mesh cell. We construct two
local multiscale spaces V K

H = V K,b
H + V K,i

H (boundary and interior) by solution
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of the local eigenvalue problems on each coarse grid cell K ∈ TH . Furthermore,
eigenfunctions corresponding to the dominant eigenvalues are used as the final
multiscale basis functions. The resulting space is called the multiscale (offline)
space for the coarse-grid block K. The global multiscale space VH is then defined
as the linear span of all these V K

H , K ∈ TH and will be used as the approximation
space of IPDG coupling, which can be formulated as follows: find uH ∈ VH :

aDG(uH , v) − ω2m(uH , v) + ib(uH , v) = l(v), v ∈ VH (3.1)

where

aDG(u, v)=
∑

K∈TH

∫
K

(σ(u), ε(v))dx−
∑

E∈Γc

∫
E

{τ(u)} [v] ds −
∑

E∈Γc

∫
E

{τ(v)} [u] ds

+ i
∑

E∈Γc

ω

h

∫
E

(λ + 2μ) [u] [v] ds +
∑

E∈Γf

∫
E

Z−1 [u] [v] ds,

m(u, v) =
∑

K∈TH

∫
K

ρuvdx, b(u, v) =
∑

E∈Γb

∫
E

ρωAuvds

l(v) =
∑

K∈TH

∫
K

fvdx

and u = Re(u) + iIm(u).
For the construction of the boundary space, we solve following spectral prob-

lem in K
aDG(φK,b, v) = λbs(φK,b, v), v ∈ Vh(K), (3.2)

where
s(φK,b, v) =

∫
∂K

ρφK,bvds

To construct a multiscale space V K,b
H , we select the first M b eigenvectors φK,b

1 ,
φK,b
2 , ... , φK,b

Mb corresponding to the first M b smallest eigenvalues λb
1 ≤ λb

2 ≤
... ≤ λb

Mb , and define the space V K,H
b by

V K,b
H = span

{
φK,b
1 , φK,b

2 , ..., φK,b
Mb

}
. (3.3)

Interior space V K,i
H is defined to capture interior eigenmodes for K and use

following spectral problem with homogeneous Dirichlet boundary conditions to
identify the important modes

aDG(φK,i, v) = λis(φK,i, v), v ∈ Vh(K),

φi = 0, x ∈ ∂K.
(3.4)

We select the first M i eigenvectors φK,i
1 , φK,i

2 , ..., φK,i
Mi corresponding to the

first M i smallest eigenvalues λi
1 ≤ λi

2 ≤ ... ≤ λi
Mi . The space V K,i

H is spanned
by the functions

V K,i
H = span

{
φK,i
1 , φK,i

2 , ..., φK,i
Mi

}
. (3.5)
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The coarse-scale system can be calculated by projecting the fine-scale matri-
ces onto the coarse grid with the global projection matrix assembled from the
calculated multiscale basis functions

R = (R1, R2, ..., RN )T , Rj =
[
φK,i
1 , φK,i

2 , ..., φK,i
Mi , φ

K,b
1 , φK,b

2 , ..., φK,b
Mb

]
. (3.6)

where Rj is the local projection matrix in a coarse element Kj and N is the num-
ber of coarse grid elements. In the numerical implementation, we first assemble
the global matrices Mh, Kh, and vector Fh in (2.1). Then using the global pro-
jection matrix R, we can define the coarse-scale system

(KH + BH − ω2MH)VH = FH , (3.7)

where VH = Re(VH)+ iIm(VH), MH and KH are the coarse-scale mass stiffness
matrices and BH is the coarse-scale boundary mass matrix

MH = RMhRT , KH = RKhRT , BH = RBhRT , FH = RFh. (3.8)

After calculation of the coarse-scale solution, we can recover the fine-scale solu-
tion, Vms = RT VH .

4 Numerical Results

We present the results for the fine-scale solution and the coarse-scale solution
using GMsDGM. The basis functions of the offline space are constructed by
the procedure described above. For numerical simulations, we use the following
parameters. Computational domains with different length of fracture are pre-
sented in Fig. 1 and have dimensions Ω = [0, Lx]×[0, Ly] with Lx = Ly = 500[m].
On the left of Fig. 1, we have a fracture length of 10[m] (Case 1), and on the right
of Fig. 1, we have a fracture length of 20[m] (Case 2). In all cases, we consider
the fracture orientations to be the same.

Fig. 1. Computational grids with different length of fractures (10[m] and 20[m]). Left:
Case 1. Right: Case 2.
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We set the source term f(x) = G(x)P (θ), where P (θ) = (cosθ, sinθ) is the
polar angle of the source force vector with θ = 0 and the spatial function G(x)
is defined as point source, G(x) = δ(x−x0) with x0 = (250, 250) assigned as the
center of the computational domain. We take penalty parameters ω = 4 and run
simulations for ω = 2πf0 with f0 = 15.
For numerical simulation, we set following parameters

K =
E

3(1 − 2ν)
, μ =

E

2(1 + ν)
, (4.1)

with E = 40 · 109[Pa], ν = 0.3, ρ = 2300[kg/m3]. For fracture compliance
matrix Z in (1.3), we use z1 = z2 = 107[m/Pa].

For the numerical solution, we construct structured coarse grids with 400
cells. The fine grids are unstructured grids that resolve the fractures.

Fig. 2. Fine-scale (top) and coarse-scale (bottom) solution for magnitude, X and Y
(from left to right) for Case 1.

For the Case 1, fine grid contains 16077 vertices and 31752 triangle elements.
Fine grid for Case 2 contains 16509 vertices and 32616 triangle elements (see
Fig. 1). Coarse grid contains 441 vertices and 400 rectangular elements are the
same for Case 1 and Case 2.

In Fig. 2, we present fine-scale and multiscale solutions for Case 1. Calcula-
tions was performed using 25 boundary and 25 interior multiscale basis functions.
Size of coarse grid system is DOF = 40000. In Fig. 3, we present fine-scale and
multiscale solutions for Case 2. Calculations was performed in the same way as
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Fig. 3. Fine-scale (top) and coarse-scale (bottom) solution for magnitude, X and Y
(from left to right) for Case 2.

Table 1. Relative errors for different number of multiscale basis. Case 1

Mi +Mb L2 (%)

5+ 5 92.4309
10+10 20.0548
15+15 7.58553
20+20 4.06103
25+25 3.48032

Mi = 0,Mb L2 (%)

5 92.0936
10 22.5863
15 10.1345
20 5.94387
25 4.15289

Table 2. Relative errors for different number of multiscale basis. Case 2

Mi +Mb L2 (%)

5+ 5 98.481
10+10 26.5191
15+15 9.20703
20+20 7.42222
25+25 6.32786

Mi = 0,Mb L2 (%)

5 98.4668
10 26.7304
15 8.55055
20 8.68984
25 9.39684

in Case 1 using 25 boundary and 25 interior multiscale basis functions. Size of
coarse grid system is DOF = 40000. We obtain good solution for reduced order
model using GMsDGM.
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Relative L2 errors are shown in Table 1 and 2, where Mi and Mb are the
numbers of the multiscale interior and boundary basis functions. When we have
zero interior bases Mi = 0 (in Table 1 and 2, right table) the errors increase.
From the both tables we observe that the interior multiscale basis functions can
reduce errors.

We present numerical results for two geometries with different size of frac-
tures (10 m and 20 m). We construct reduced order model using Generalized
Multiscale Discontinuous Galerkin Finite Element Method. Our results show
that the presented method give good approximation of the solution and reduce
size of system.
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