
AIP Conference Proceedings 2025, 100009 (2018); https://doi.org/10.1063/1.5064938 2025, 100009

© 2018 Author(s).

Mathematical modeling of the fluid flow
and geo-mechanics in the fractured porous
media using generalized multiscale finite
element method
Cite as: AIP Conference Proceedings 2025, 100009 (2018); https://doi.org/10.1063/1.5064938
Published Online: 25 October 2018

A. Tyrylgin, M. Vasilyeva, Q. Zhang, D. Spiridonov, and V. Alekseev

ARTICLES YOU MAY BE INTERESTED IN

Numerical simulation of the transport and flow problems in perforated domains using
generalized multiscale finite element method
AIP Conference Proceedings 2025, 100001 (2018); https://doi.org/10.1063/1.5064930

Multiscale model reduction of the flow problem in fractured porous media using mixed
generalized multiscale finite element method
AIP Conference Proceedings 2025, 100008 (2018); https://doi.org/10.1063/1.5064937

Numerical homogenization for wave propagation in fractured media
AIP Conference Proceedings 2025, 100002 (2018); https://doi.org/10.1063/1.5064931

https://images.scitation.org/redirect.spark?MID=176720&plid=1085724&setID=379066&channelID=0&CID=358604&banID=519992848&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=c774c814891bac4cceab651b98e304445d9abb9f&location=
https://doi.org/10.1063/1.5064938
https://doi.org/10.1063/1.5064938
https://aip.scitation.org/author/Tyrylgin%2C+A
https://aip.scitation.org/author/Vasilyeva%2C+M
https://aip.scitation.org/author/Zhang%2C+Q
https://aip.scitation.org/author/Spiridonov%2C+D
https://aip.scitation.org/author/Alekseev%2C+V
https://doi.org/10.1063/1.5064938
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5064938
https://aip.scitation.org/doi/10.1063/1.5064930
https://aip.scitation.org/doi/10.1063/1.5064930
https://doi.org/10.1063/1.5064930
https://aip.scitation.org/doi/10.1063/1.5064937
https://aip.scitation.org/doi/10.1063/1.5064937
https://doi.org/10.1063/1.5064937
https://aip.scitation.org/doi/10.1063/1.5064931
https://doi.org/10.1063/1.5064931


Mathematical Modeling of the Fluid Flow and
Geo-mechanics in the Fractured Porous Media using

Generalized Multiscale Finite Element Method

A. Tyrylgin1,a), M. Vasilyeva1,2, Q. Zhang3, D. Spiridonov1 and V. Alekseev1

1MMR Laboratory, North-Eastern Federal University, Yakutsk, Russia
2ISC, Texas A&M University, College Station, TX, USA and MMR Laboratory, North-Eastern Federal University,

Yakutsk, Russia
3China University of Petroleum (East China), Qingdao, China

a)Corresponding author: koc9tk@mail.ru

Abstract. In the reservoir simulation, mathematical modeling of the fluid flow and geo - mechanics in the fractured porous media
plays an important role. Fracture networks have complex geometries, exist in the multiple scales and typically have very small
thickness compared to typical reservoir sizes. Due to high permeability, fractures have a significant impact on the flow processes. In
this work, we consider a discrete fracture model for coupled flow and mechanics problems. We construct coarse grid approximation
using Generalized Multiscale Finite Element method (GMsFEM). In this method, we solve local spectral problems for construction
to the multiscale basis functions for pressure and displacements. We present numerical results for two - dimensional model problem.

MATHEMATICAL MODEL

We consider a mathematical model of coupled flow and mechanics in fractured poroelastic medium. The model
contains a mass balance equation for the flow and a linear momentum balance equation for the mechanics [1, 3, 9].

The balance of a linear momentum in the solid is given as

− divσT (u, p) = 0, σT (u, p) = σ(u) − αpI, x ∈ Ω, (1)

where u is the displacement, α is Biot’s coefficient, p is the fluid pressure, σT is the total stress tensor, σ is the linear
stress.

Relation between the stress σ and strain ε tensors is given as

σ(u) = λεvI + 2µε(u), ε(u) = 0.5(∇u + (∇u)T ),

where εv is the volumetric strain, and λ and µ are the Lame’s coefficients.
The fluid mass conservation is given as follows:

∂m
∂t

+ div(ρq) = ρ f , q = −
k
ν f

grad p, x ∈ Ω, (2)

where m is the fluid mass, q is Darcy velocity, ν f is the viscosity, ρ is the fluid density, and f is the source term. Here,
for simplicity, we neglect the gravitational forces [6, 7].

Due to the motion of the solid skeleton, we have the following relationship

δm = ρδφ + φδρ + ρδεv = ρ

(
1
M
δp + αδεv

)
,
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where
1
M

= φc f +
α − φ

K
, c f =

1
ρ

dρ
dp
,

and c f is the fluid compressibility, M is Biot’s modulus, φ is the porosity and K is the solid grain stiffness.
For the highly permeable fracture, we should add equation for flow on the fracture. We use the reduced dimension

model for the fluid flow on γ ∈ R(d−1)

∂(m f b)
∂t

+ div(ρq f ) = ρ[q · n], q f = −b
k f

ν f
grad p f , x ∈ γ, (3)

where b is the fracture aperture (b > 0), m f is the fluid mass in fracture, q f and p f are the mass flux and fluid pressure
in the fracture. Here, as source term, we have jump in the matrix mass flux in the normal direction [q · n] and suppose
linear relationship between flux and pressure difference [q · n] = σ f m(p − p f ).

For pororelastic media, we have

∂(m f b)
∂t

=
∂(ρφ f b)
∂t

= ρ

(
φ f
∂b
∂t

+ b
1

M f

∂p f

∂t

)
,

where M f is the Biot modulus for fracture.
We suppose that ρ = const and b = const. Therefore, we have the following coupled system of equations for

displacements, pressure in porous matrix and fractures

− divσ(u) + α grad p = 0, x ∈ Ω,

cm
∂p
∂t

+ α
∂εv

∂t
− div

(
am grad p

)
+ σm f (p − p f ) = f , x ∈ Ω,

c f
∂p f

∂t
− div(a f grad p f ) − σ f m(p − p f ) = f f , x ∈ γ,

(4)

where

cm =
1
M
, c f =

b
M f

, am =
k
ν f
, a f = b

k f

ν f
.

DISCRETE SYSTEM ON THE FINE GRID

Let T h denote a finite element partition of the domain Ω and Γh be the set of all the interior faces between the elements
T h [10, 11]. We suppose that ∪ jγ j ⊂ Γh is the subset of faces that represent fractures, where j = 1,Nfrac and Nfrac is
the number of discrete fractures.

The weak formulation of the elasticity equation for the finite element method is given by∫
Ω

(σ(u, p), ε(v))dx +

∫
Ω

α grad p · v dx = 0. (5)

For the pressure equations, we suppose the continuity of the matrix and fracture pressures on the fracture surface
and using superposition principles, we obtain the following finite element approximation using discrete fracture model
(DFM) [2, 8] ∫

Ω

cm
∂p
∂t

zdx +

∫
Ω

α
∂εv

∂t
zdx +

∫
Ω

am grad p · grad z dx

+
∑

j


∫
γ j

c f
∂p
∂t

z f ds +

∫
γ j

a f grad p · grad z f ds

 =

∫
Ω

f zdx +
∑

j

∫
γ j

f f z f dx.

(6)
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The standard implicit finite difference scheme is used for the time approximation of the pressure equation (6) and
we solve following coupled system in the matrix form on the fine grid

1
τ

(
M D
0 0

) (
p − p̌
u − ǔ

)
+

(
A 0
B K

) (
p
u

)
=

(
F
0

)
, (7)

where M = Mm + M f , A = Am + A f

M = [mi j], mi j =

∫
Ω

cmφi φ j dx +
∑

l

∫
γl

c fψi ψ j dx,

A = [ai j], ai j =

∫
Ω

am grad φi · grad φ j dx +
∑

l

∫
γl

a f gradψi · gradψ j dx,

K = [ki j], ki j =

∫
Ω

σ(Φi) : ε(Φ j) dx,

D = [di j], di j =

∫
Ω

α grad φi Φ j dx, B = [bi j], bi j =

∫
Ω

α div Φi φ j dx,

F = [ f j], f j =

∫
Ω

f φ j dx +
∑

l

∫
γl

f f ψ j dx,

and Φi, φi, are the two-dimensional linear basis functions for displacements and pressure, ψi is the one-dimensional
linear basis functions.

COARSE GRID APPROXIMATION USING GMsFEM

Let TH be the coarse grid and TH =
⋃

i Ki, where Ki is the coarse cell. We start with discussion of the multiscale space
construction. In this work, we construct multiscale basis functions for displacements and pressure separately in each
local domain ωi (see Figure 1 for illustration) [4, 5].

FIGURE 1. Illustration of the coarse grid TH , local domain ωi and coarse cell K

Multiscale space. For construction of the multiscale basis functions, we solve a local spectral problems in domain
ωi for displacement and pressure separately. The local spectral problems on ωi:
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• Displacement: KωΦ = λuQωΦ

• Pressure: Aωφ = λpS ωφ

Here Kω, Aω are the stiffness matrices for displacements and pressure in local domain ωi and Qω, S ω are the mass
matrices for displacements and pressure

Qω = [qi j], qi j =

∫
Ω

amφi φ j dx +
∑

l

∫
γl

a fψi ψ j dx,

S ω = [si j], si j =

∫
Ω

(λ + 2µ)ΦiΦ j dx.

We choose an eigenvectors φ1, φ2, ..., φLl and Φ1, Φ2,...,ΦLl corresponding to the first smallest Ll eigenvalues, where
λ1 ≤ λ2 ≤ ... ≤ λLl (l = u, p).

In the fact that the spectral problem must be solved many times. Therefore, it is possible to reduce the dimension
of the problem. For solution of the local spectral problem, we use a snapshot space Vsnap for displacement and Qsnap
for pressure. We define projection matrices for displacements and for pressure (Ru

snap = (φsnap
1 , ..., φ

snap
Li

) and Rp
snap =

(Φsnap
1 , ...,Φ

snap
Li

)) and solve following eigenvalue problem on the snapshot space

• Displacement:
KωΦ = λuQωΦ, Kω = Ru

snapKω(Ru
snap)T , Qω = Ru

snapQω(Ru
snap)T ,

where Φω
j = (Ru

snap)T Φ j.
• Pressure:

Aωφ = λpS ωφ, Aω = Rp
snapAω(Rp

snap)T , S ω = Rp
snapS ω(Rp

snap)T ,

where φωj = (Rp
snap)Tφ j.

For obtaining conforming basis functions we use linear partition of unity functions. We construct projection
matrices Ru and Rp from a fine grid to a coarse grid and use it for reducing the dimension of the problem

Ru = (χ1Φ1
1, χ

1Φ1
2, ..., χ

1Φ1
L, ..., χ

NcΦ
Nc
1 , χ

NcΦ
Nc
2 , ..., χ

NcΦ
Nc
L )T ,

Rp = (χ1φ1
1, χ

1φ1
2, ..., χ

1φ1
L, ...χ

NcφNc
1 , χ

NcφNc
2 , ..., χ

NcφNc
L )T ,

where χi is linear partition of unity functions, L = Lp = Lu is the number of basis functions and Nc is the number of
vertices of a coarse grid.

Then the system of equations can be translated into a coarse grid

1
τ

(
Mc Dc
0 0

) (
pc − p̌c
uc − ǔc

)
+

(
Ac 0
Bc Kc

) (
pc
uc

)
=

(
Fc
0

)
, (8)

where Kc = RuKRT
u , Ac = RpART

p , Mc = RpMRT
p , Bc = RuBRT

p , Dc = RpDRT
u Fc = RpF. After obtaining of a

coarse-scale solution, we can reconstruct fine-scale solution ums = RT
u uc and pms = RT

p pc.

NUMERICAL RESULTS

Calculations performed on a computation domain, which is shown in Figure 2. We set Ω = [0, 50]2. Fine grid consists
12944 vertices, 25486 cells and 38429 facets and coarse grid contains 121 vertices.

The numerical solution is presented for the following boundary conditions

ux = 0, σy = 0, x ∈ Γ3 ∪ Γ1 uy = 0, σx = 0, x ∈ Γ4 ∪ Γ2 p = 1, x ∈ Γ1.

The calculation is performed by Tmax = 0.1 with step in time τ = 0.01.
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FIGURE 2. Computation meshes. Left: coarse grid. Right: fine grid

FIGURE 3. Distribution of pressure, displacement along X and Y directions at the last moment of time in homogeneous fractured
porous media

TABLE 1. Relative errors for displacement and pressure
with different numbers of multiscale basis functions for
GMsFEM in homogeneous fractured porous media

L Lu
2 (%) Hu

1 (%) Lp
2 (%) Hp

1 (%)

1 81.7277 77.8344 51.7067 127.035
2 30.8361 49.2153 29.7308 93.3461
4 7.31921 14.7866 6.71832 39.985
8 2.3319 5.65635 0.985431 12.5086
12 1.69256 5.59024 0.339608 7.26006

Homogeneous Fractured Porous Media
In this section, we present numerical results of coupled flow and mechanics in fractured poroelastic medium with
homogeneous background media properties. We set E = 10 and k = 0.01. We set Biot modulus β = 0.1, Biot
coefficient α = 0.1.

In Figure 3, we present the distribution of pressure and displacement along the X and Y directions at the last
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moment of time for the fine grid solution in homogeneous media. In Table 1, we present the weighted L2 and H1

errors for multiscale solver.

Heterogeneous Fractured Porous Media

Let us perform a numerical simulation of the considered problem of poroelasticity in heterogeneous media. We set
Biot modulus β = 0.01, Biot coefficient α = 1. Elasticity parameter and heterogeneous permeability are presented in
Figure 4.

FIGURE 4. Elasticity parameter E(left) and heterogeneous permeability k(right)

FIGURE 5. Distribution of pressure, displacement along X and Y directions at the last moment of time in heterogeneous fractured
porous media

In Figure 5, we present the distribution of pressure and displacement along the X and Y directions at the last
moment of time for the fine grid solution in heterogeneous media. In Table 2, we present the weighted L2 and H1

errors for multiscale solver.
We obtain accurate solution using a small number of the multiscale basis functions for both cases. In future

works, we will consider dual continuum backround media and consider three-dimensional test cases.
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TABLE 2. Relative errors for displacement and pressure
with different numbers of multiscale basis functions for
GMsFEM in heterogeneous fractured porous media

L Lu
2 (%) Hu

1 (%) Lp
2 (%) Hp

1 (%)

1 80.9641 69.2054 14.951 141.648
2 23.159 41.3603 11.5642 102.523
4 11.1475 14.2097 2.71181 34.5921
8 5.63175 10.4813 3.60061 29.3502
12 1.14291 5.16293 0.460655 6.42927
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