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Abstract. In this work, we consider a homogenization methods to solve the Helmholtz problem related to elastic wave propagation
in fractured media in the frequency domain. We solve local problems for calculation of the effective elastic properties and use
them for coarse grid approximation. In the local problems, we use a symmetric interior penalty discontinuous Galerkin (IPDG)
method with linear-slip model to represent the fractures. The results of the numerical solution for the two-dimensional problem are
presented for model problems.

INTRODUCTION

Wave propagation through fractured porous media plays an important role in seismology. Knowledge of the orientation
and spatial distribution of fractures in rocks is highly important in simulations. For small scale fractures whose sizes
are much smaller that the seismic wavelength, the effective medium approach can be applied and leads to seismic
anisotropy [1, 2, 3].

Numerical simulation of the wave equation in the fractured media is complex problem because there is a need to
resolve the wavelength and fracture distribution by mesh. This leads to the problems with a very large dimension and
high computational complexity. For numerical solution of the such problems multiscale methods or homogenization
techniques are usually used [4].

The effects of fractures on the seismic propagation can be obtained by writing the effective properties as the
sum of the compliance tensor of the unfractured background rock and the compliance tensors for each set of parallel
fractures or aligned fractures. When considering multidimensional wave equations in fractured media, it is neces-
sary to use numerical methods to capture complex fracture distribution. The numerical homogenization procedure is
based on the corresponding discretization techniques and solves local problems that are further coupled in the global
formulation.

In this paper, we consider the numerical homogenization to solve the Helmholtz problem related to elastic wave
propagation in fractured media in the frequency domain. The obtained effective coefficients are used to solve the
complete problem on a coarse grid. The numerical implementation of the problem is based on the finite element
approximation using the FEniCS computational platform [5]. We present numerical results and effective elasticity
tensors from the analytical formula and for numerical homogenization method. We consider several two-dimensional
test cases with different fracture orientation.

PROBLEM FORMULATION AND FINITE ELEMENTS APPROXIMATION

We consider the Helmholtz equation for the elastic waves propagation in the computational domain Ω [1, 2]

− divσ − ω2ρu = f , x ∈ Ω (1)
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where ω is frequency, ρ is density, f is the source function and u = Re(u) + iIm(u). For the stress-strain relation, we
have

σ(u) = C : ε(u),

where C is the coefficients of the elasticity tensor.
In the computations, the energy of waves needs to be absorbed at artificial boundaries in order to avoid spurious

reflections caused by the finite computational domain [12]. We use a first order absorbing boundary condition

iρωAu = −σ(u)n, x ∈ ∂Ω. (2)

For numerical solution, we use a finite element method. The weak formulation of the Helmholtz equation for the
classical continuous Galerkin method is given by∫

Ω

(σ(u), ε(v))dx −
∫
Ω

ρω2uvdx =

∫
Ω

f v dx, (3)

where u =
∑

j u jφ j, φ j are linear basis functions for the fine scale approximation.

ANALYTICAL EFFECTIVE MEDIA PROPERTIES

The effective compliance tensor of the fractured rock can be written as the sum of the compliance tensor of the
background medium and that of each set of fractures [9]. The stiffness tensor is obtained by inversion of the compliance
tensor.

For the stress-strain relations for the background medium, we have σ = C : ε and ε = S : σ, where C and S are
the coefficients of the elasticity and compliance tensor of the unfractured background rock.

For a fractured medium, the compliance matrix can be written as

εi j = S ∗i jklσkl, S ∗ = S +

N f∑
i=1

S f ,i, (4)

where N f the number of fracture sets and possible effects of any fracture intersections can be neglected [11]. Here S f ,i

is the fracture compliance tensor of the ith set of fractures, S is the compliance tensor of the unfractured host medium,
and S ∗ is the compliance matrix of the equivalent medium.

In the long-wavelength limit, i.e., when the applied stress is assumed to be constant over the representative
volume, we have the following fracture compliance matrix

S f ,i =


S f ,i

11 S f ,i
12 S f ,i

13
S f ,i

12 S f ,i
22 S f ,i

23
S f ,i

13 S f ,i
23 S f ,i

33

 (5)

where

S f ,i
11 =

3zi
1 + zi

2

8
+

zi
1

2
cos 2βi +

zi
1 − zi

2

8
cos 4βi, S f ,i

12 =
zi

1 − zi
2

8
(1 − cos 4βi),

S f ,i
22 =

3zi
1 + zi

2

8
−

zi
1

2
cos 2βi +

zi
1 − zi

2

8
cos 4βi,

S f ,i
13 =

zi
1

2
sin 2βi +

zi
1 − zi

2

4
sin 4βi, S f ,i

33 =
zi

1 + zi
2

2
−

zi
1 − zi

2

2
cos 4βi,

S f ,i
23 =

zi
1

2
sin 2βi −

zi
1 − zi

2

4
sin 4βi,

where the ith set of fractures makes an angle βi with respect to the x2 axis [9].
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Then, for the elasticity matrix of the equivalent medium, we have

C∗ = [S +
∑

i

S f ,i]−1 = [C−1 +
∑

i

S f ,i]−1. (6)

After calculation of the effective medium properties, we solve the Helmholtz equation with effective elasticity
matrix C∗. This technique is widely used for the calculation of the anisotropic effective medium properties and is
similar to the harmonic average of the coefficients. Another way for calculation of the effective properties is using
homogenization methods by solution of the local problem.

NUMERICAL CALCULATION OF THE EFFECTIVE PROPERTIES

The main idea of numerical homogenization is to identify effective coefficients in coarse cell, C?. The fractures are
captured in the effective elasticity tensor and calculated by solution of the local problem in the representative volume

− divσ(u) = 0, x ∈ K, (7)

with Dirichlet boundary conditions
u(rs) = Λ(rs)x on ∂K. (8)

where

Λ
(rs)
i j =

1
2

(
δirδ js + δisδ jr

)
, r, s = 1, 2. (9)

Fractures are modeled by an interface condition, where displacements have discontinuity across a fracture but
stress is continuous. These interface conditions (the linear slip interface model, LSM [6]) can describe complex inter-
actions between seismic waves and fractures.

We assume that the fractures have a vanishing width and following the linear-slip model, we have a linear relation
between traction vector and the magnitude of the discontinuity in the displacement field as follows

[u] = Zσ · n, (10)

where [u] is the jump of the displacement field at the fracture, σ · n is the traction vector at the surface of the fracture
and Z is the fracture compliance matrix.

The compliance matrix is diagonal and positive definite, and is given in the 2D case by

Z =

[
z1 0
0 z2

]
where z1 = k−1

1 and z2 = k−1
2 are the normal and tangential compliances [6, 7, 8].

We use the IPDG method for approximation of the local problem and have following variation formulation: find
u(rs) ∈ Vh(K) such that

aDG(u(rs), v) = 0, v ∈ Vh(K), (11)

and

aDG(u, v) =

∫
K

(σ(u), ε(v))dx −
∫
Γ0

{σ(u)n}[v]ds −
∫
Γ0

{σ(v)n}[u]ds

+
γ f

h

∫
Γ0

{λ + 2µ}[u][v]ds +
∑

i

∫
γi

Z−1[u][v]ds,
(12)

where {·} and [·] are the average and jump of a vector function u and given by

{u} =
u|K+ + u|K−

2
, [u] = u|K+ − u|K− .
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The components of the effective elastic moduli C? are defined by averaging the local strains

C?
rspq =

1
|K|

∫
K

Ci jklε
(rs)
i j ε

(pq)
kl dx, (13)

where r, s, p, q = 1, 2 and ε(rs) = ε(u(rs)) is the deformation field.
There are existed several approaches for the numerical homogenization methods based on the two-scale asymp-

totic analysis with solution of the local problems in representative volume K with periodic boundary condition, kine-
matic or static uniform boundary condition (KUBC or SUBC), or mixed boundary condition [13, 14, 15, 16, 17, 4].
This classical homogenization technique follows a standard algorithm for calculation of the effective material proper-
ties and is not capable of capturing the behavior away from the low frequency regime [18, 19].

RESULTS

In this section, we compare effective elasticity tensors for an analytical formula (6) and for numerical homogenization
using solution of the local problem in the representative volume (13). We consider three different cases with different
fracture orientation (see Figure 1, β = π/2 + α) with similar right-hand side f . For numerical simulation, we set
E = 20.0 · 109[Pa], ν = 0.3, ρ = 2300[kg/m3] and f0 = 15. For fracture compliance, we set z−1

j = k j, j = 1, 2 with
k1 = 9C11, k2 = k1(1.0 − η/2), where η = 0.11. We set the source term f (x) = G(x)P(θ), where P(θ) = (cos θ, sin θ)
is the polar angle of the source force vector with θ = 0 and the spatial function G(x) is defined as point source,
G(x) = δ(x − x0) with x0 = (250, 250) assigned as the center of the computational domain. This case related to the
gas-saturated fractured porous sandstone [9].

Therefore, we have following elasticity matrix for background unfractured medium and fracture compliance
tensor

C =

C1111 C1122 C1112
C1122 C2222 C1222
C1112 C1222 C1212

 =

λ + 2µ λ 0
λ λ + 2µ 0
0 0 2µ


C =

26.98 11.52 0
11.52 26.98 0

0 0 7.683

 · 109 and Z =

[
0.0041 0

0 0.0043

]
· 10−9.

FIGURE 1. Representative volume. Cases a (α = 30◦), b (α = 90◦) and c (α = 0◦)

As an example, at first, we consider a set of vertical and horizontal fractures. For these cases (Case b, c), by (5)
we have

S f ,i =

Z1 0 0
0 0 0
0 0 Z2

 and S f ,i =

0 0 0
0 Z1 0
0 0 Z2

 , (14)

for the vertical and horizontal fractures, respectively. Note that, in the calculation and in domain construction, we use
six rows of fracture, N f = 6.

Case with α = 90◦ (Case b along x2 direction):

C∗h =

 21.49 9.21 −0.001
9.21 25.90 −0.002
−0.001 −0.002 7.12

 · 109
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FIGURE 2. Local problem solution in the representative volume (Case a)

FIGURE 3. Numerical solutions for the domain with ω = 2π f0 and f0 = 15. Displacement magnitude um. Top: numerical
homogenization for α = 30◦ (Case a). Bottom: analytical formula for α = 30◦ (Case a)

C∗a =

16.13 6.91 0
6.91 24.91 0

0 0 6.39

 · 109, S f ,i =

0.0041 0 0
0 0 0
0 0 0.0043

 · 10−9.
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Case with α = 00 (Case c along x1 direction):

C∗h =

 25.87 9.14 0.0003
9.14 21.33 0.0007

0.0003 0.0007 7.14

 · 109

C∗a =

24.91 6.91 0
6.91 16.13 0

0 0 6.39

 · 109, S f ,i =

0 0 0
0 0.0041 0
0 0 0.0043

 · 10−9

Next, we consider Cases with α = 30◦ (Case a). We have

C∗h =

23.13 7.67 1.73
7.67 19.26 1.55
1.73 1.55 6.87

 · 109

C∗a =

22.41 7.22 2.07
7.22 18.02 1.72
2.07 1.72 6.70

 · 109, S f ,i =

 0.0010 0 −0.0018
0 0.0031 −0.0017

−0.0018 −0.0017 0.0041

 · 10−9,

In Figure 2, we calculate solution of the local problem in the representative volume. In Figure 3, we present real
part of solution magnitude for elastic fractured media with anisotropic elasticity matrix for α = 30◦ (Case a) using
different methods for the calculations of the effective medium properties. We can see, how the anisotropic effective
stiffness matrix change the shape of the wavefront. We obtain similar behavior for numerical homogenization and for
analytical formula. Both effective stiffness matrices are symmetric.

CONCLUSION

We have considered the elastic wave propagation in fractured media in the frequency domain. For numerical solution
on a coarse grid, we used a finite element method. The effective elastic properties are calculated by solution of the lo-
cal problems, where we used a symmetric interior penalty discontinuous Galerkin (IPDG) method for approximation
with linear-slip model to represent the fractures. The results of simulation using the developed method are presented
for two-dimensional model problems. Our numerical results show a good agreement and show that numerical homog-
enization techniques can be effectively used for this problem.
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