Maremarnyeckue samerku CBOY
Anpens—unions, 2018. Tom 25, Ne 2

UDC 517.9

SINGULAR CAUCHY PROBLEM
FOR GENERALIZED HOMOGENEOUS
EULER—POISSON—DARBOUX EQUATION
E. L. Shishkina, M. Karabacak

Abstract. In this paper, we solve singular Cauchy problem for a generalised form of an
homogeneous Euler—Poisson—Darboux equation with constant potential, where Bessel
operator acts instead of the each second derivative. In the classical formulation, the
Cauchy problem for this equation is not correct. However, S. A. Tersenov observed
that, considering the form of a general solution of the classical Euler-Poisson-Darboux
equation, the derivative in the second initial condition must be multiplied by a power
function whose degree is equal to the index of the Bessel operator acting on the time
variable. The first initial condition remains in the usual formulation. With the chosen
form of the initial conditions, the considering equation has a solution. Obtained solution
is represented as the sum of two terms. The first tern is an integral containing the
normalized Bessel function and the weighted spherical mean. The second term is
expressed in terms of the derivative of the square of the time variable from the integral,
which is similar in structure to the first term.
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1. Introduction

We study the initial value problem

2 0? v O 0% ko o
u(z,0; k) = (), tlirilotkut(x,t; k) =v(x), u=u(zt;k), (2)

where v; > 0, z; > 0, i = 1,...,n, k € R, t > 0. The equation (1) is called
generalized Euler—Poisson—Darbouz equation (generalized EPD equation).
Using the terminology from the book [1], a problem for the equation of the type

0? 0
A(t)a—tg + B(ﬁ)a_? +Ctu=Gu, u=ut,z), == (T1,...,Tn),
where G is a linear operator, acting only by variables x1,...,x,, is called singular

if at least one of the operator coefficients tends to infinity in some sense as t — 0.
In [1] was given five general techniques for the solution of the singular Cauchy

problem
" 9%u Pu  kou
P il R R CL LS ®)
i=1
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u(z,0;k) = o(x), wue(x,0;k) =0. (4)

These methods are

(1) Fourier transforms method in distribution space,

(2) spectral technique in a Hilbert space,

(3) transmutation method,

(4) studying related simpler differential equations,

(5) energy methods.

Some of these methods were successfully applied to generalized EPD equation
(1) and to Lu = 0 in other pepers. Namely, using the Hankel transform instead
of Fourier solutions to Lu = 0 and (1) with conditions (4) were obtained in [2, 3],
accordingly. The third and closely connected the forth methods were used to solution
to Lu = 0 in [2,4]. In [5] transmutation method was used for obtaining new integral
initial conditions for EPD equation (3). Abstract differential equations with Bessel
operator of EPD type were studied in the [1], cf. also recent papers [6-8]. In [9]
the problem (3), (2) was solved using ‘descent’ operators which are special cases of
Buschman—Erdelyi transmutations operators (see [10,11]). Here as a main result we
obtain a solution to the problem (1), (2).

2. Basic definitions

In this section we need to introduce some of the basic definitions.
We deal with the subset of the Euclidean space

RV = {(t,2) = (t,21,... ,2n) ER™ >0, 21 >0,...,z, > 0}.

n
Let © = (z1,...,2y), |z| = /> 2? and Q be a finite or infinite open set in R™ !
\ =1

symmetric with respect to each hyperplanet = 0,z; = 0,i=1,...,n,Q; = QﬂRﬁH
and Q, — QN EZH, where

—n+1

R = {(t,x) = (a1, ,¢0) €ER™L 150, 21>0,... ,2,>0}.
Consider the class C™(§2.) consisting of m times differentiable on . functions and
denote by C™(€2,) the subset of functions from C™(£2,) such that all derivatives
of these functions with respect to ¢t and x; for any ¢ = 1,...,n are continuous up to
t =0 and x; = 0. Function f € C™(Q ) we will call even with respect to t and w;,
i1=1,...,nif

a2k+1f a2k+1f
J -0, —2 =0
2k+1 ) 2k+1
ot t=0,2=0 &’Ci t=0,2=0

for all nonnegative integer k (see [12, p. 21]. Class C™(€,) consists of functions
from C™(Q,) even with respect to each variable ¢t and z;, i = 1,...,n. In the
following we will denote C7 (EZH) by C. We set

Cx@) =Cn@)
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with intersection taken for all finite m. Let COO( ) cey.
We will deal with the singular Bessel dzﬁ’erentzal operator B, (see, for example,
[12, p. 5]:
7?2 vo 10,0
B))i= st o= ——t"—, t>0,
B)=gz T wal o U7

and the elliptical singular operator or the Laplace-Bessel operator A,:

A== 3B =Y (5 ) =L o e ©
i=1 d ’ i=1 "t

i=1

The operator (5) belongs to the class of B-elliptic operators by 1. A. Kipriyanovs’
classification (see [12, 13]). Operator

Ok )te = (Br)e = (Ay)a

is a B-hyperbolic by the same classifications.
The symbol j, is used for the normalized Bessel function:

jy (t) — w(ﬂ(t)’

where J,, () is the Bessel function of the first kind of order v (see [14]). The function
Ju(t) is even by ¢ and

d
i (0) =1, —j.(t =0. 6
Jv(0) v () i (6)
Using formulas 9.1.27 from [15] we obtain
(B)eoas (71) = ~7%jus (7). (7)
We deal with a multi-index v = (71, . . .,7») which consists of positive fixed reals

7 >0,i=1,....n, |7 =7+ . -+
The operator ¥T7 for k > 0 is a generalized translation acts by a variable ¢
defined by the next formula (see [16, p. 122, formula (5.19)])

(k)
RTTf(t, ) = F /f (V12 + 72 — 2t cos p, x) sin*~ p dp (8)

\/_
and "YTY =" TYL .. . TY~ is multidimensional generalized translation, where each
of the one-dimensional generalized translations "1} acts by a variable x; for i =
1,...,n according to the formula (8).

It is known that

TV e (at) = jia (at)je (a7), 9)

where a € R.
Based on the multidimensional generalized translation 7T the weighted spherical
mean MY[f(x)] of a suitable function is constructed by the formula

Aﬂmmﬁﬁm—/Vﬁ%wmw, (10)

Sy (n)
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where

9”*H9 S/ (n) = {0:10] = 1,0cRY}, |8} (n)]y =

It is easy to see that
0
tim MD[ ()] = f(), T 2 M ()] =0 (11)

3. Singular initial value hyperbolic problems

We will be concerned with the solutions of the following singular initial value
hyperbolic problem

B 0? L 0 22 ko o
Lu= lZ( xiaxi)<@+?a>‘|ucu, (12)

=1

u(z,0;k) = o(x), lLm thuy(z, t; k) = 9(x), ©=u(z t;k).

t—10

We will call (12) the generalized Euler—Poisson—Darbouz equation.
In [3] the next theorem was proven.

Theorem 1. The solution u € C2, (R to the
[(A)z — (Br)iJu = Pu, ¢>0, u=u(z,t;k), (13)

u(z,0;k) = p(x), wue(z,0;k) =0, (14)

for k > n + |y| — 1 is unique and defined by the formula

t
k n—lvy|—1
u(z, t; k) = A(n, v, k)t'~ k/ —= Jhmn— IS
0

X (eV/t2 — r2)r TN p(2)] dr,  (15)

where
2r (B

F(ng\vl)lﬂ( - ;|7\+1)

A(n, v, k) =

It is known (see [1]) that if u(x,¢; k) is a solution to the (13) when the next two
fundamental recursion formulas hold

u(z, t; k) = 1 Fu(x, ;2 — k), (16)

u(z, t; k) = tu(x, t;2 + k). (17)



Generalized homogeneous Euler—Poisson—Darboux equation 89

n+\w\fk']+2

Theorem 2. Let ¢ = (), ¢ € cl, . Then the solution of (13), (14)
fork<n-+|y|—1,k+#—-1,-3,-5,... is
u(z, t k) =17k (tgt) (tFT2m=ly(x, t; k + 2m)), (18)

where m is a minimum integer such that m > % and u(x,t; k + 2m) is the
solution of the Cauchy problem

[(Ay)z — (Brtom)i|u = Au, ¢>0, (19)

p(z)
(k+1)(k+3)...(k+2m—1)’
PROOF. In order to proof that (18) is a solution of (13), (14) when k < n+|y|—1,

k#—1,-3,-5,..., we will use the recursion formulas (16) and (17). Let choose
minimum integer m such that k + 2m > n + |y| — 1. Now we can write the solution

u(z,0;k + 2m) = us(x,0;k +2m) =0.  (20)

of the Cauchy problem
[(A’Y)m - (Bk+2m)t]u - CQU? c> 07
u(z,0;k +2m) = g(z), w(x,0;k+2m) =0, €C?,
by (15). We have

t
kft2m—n—|y|-1
u(z,tik o+ 2m) = A(n,y, k -+ 2m)tt =+ 2m/ S
0

X Jriamon—iyi1 (V12 — r2)rm T A0 g(2)] dr,

where T
or (B2

F(ngh" )F(k+27n—;—|’)"+1) ’

A(n, v,k +2m) =

Considering (16), it is easy to see that
thr2m=ly(x, t k + 2m) = u(z, ;2 — k — 2m).

Applying (17) to the last formula m times we get

<%) (tk+2m71u($, tyk+2m)) = u(x, t;2 — k).

Applying again (16) we can write
6 m
u(z, t; k) =tk (tat) (tF2m =Ly (2, t k + 2m)), (21)

which gives the solution of the (19). Now we obtain the function g such that the
(20) is true. From (21) it follows that

u(z,t;k) = (k+1)(k+3)...(k+2m— Du(z, t;k +2m) + Ctu(z, t; k +2m) + O(t?),
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when ¢t — 0, where C' is a constant. Evidently, if

g(x) = 2lo)
(k+1)(k+3)...(k+2m—1)
then u(z,t; k) defined by (18) satisfies the initial conditions (14).
Let us recall that for u(z, t; k +2m) to be a solution of (19), (20) it is sufficient

that f € C2,. In order to be able to carry out the construction (21), it is sufficient

ntlyl—k
to require that f € C(Lv 2 ]+2.

nilyl ko1
Theorem 3. Let ¢ € C(LU Eaa The solution u = u(x,t; k) to the
[(Ay)z — (Br)t|u = Au, ¢>0, (22)
(@, 03k) =0, lm t5uy(z,t:k) = (), (23)

for k < 1 is defined by the formula

t
1 9\1 1-kt2q—n—|y|
u(t,:p,k):B(n,'y,k,q) <¥&> /(t277,2) 2

0
X frowizacn—ia (V12 — r2)r IV ()] dr |, (24)

where -
i e
F(nglv\ )F(27k+2qgnf\vl+1)

B(”? ’}/7 k? q) -

PROOF. Let g > 0 is the smallest positive integer number such that 2 —k+2¢q >
n+lyl—1ie ¢q> % and let u(z,t;2 — k + 2q) is a solution to (22) when
we take 2 — k + 2¢ instead of k such that

u(x,0;2 — k +2q) = ¥(x), wu(z,0;2—k+2q)=0. (25)
When by property (16) we obtain
u(t, ;b — 2q) = 2R 29y (t ;2 — k + 2¢)

is a solution to the equation

Further, applying ¢-times the formula (17) we obtain

q q

t ot t ot
is a solution to the (23). In order to get a solution to (22) satisfying to the conditions
. 2-ar(35k)
(23) we use the multiplier W Let
2735 (10N ks
u(t,x; k) = (1—k)F(3_k+2q) <E&> (R 20t 2,2 — k -+ 2q)). (26)
2
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We have shown that (26) satisfies the equation (22). Now we will prove that u(t, z; k)
satisfies the conditions (25). Using formula 1.13 from [17, p. 9] we obtain

<1 0 > (1R 200 (t, 2,2 — k + 2q))

t ot
9. 2075CsD (R +q+1) 10\°
=> Ul (e t,w;2 —k+2

pard F(12k+8+1) (t&t) ’U/(,.’IJ, + q)a

and u(0,2; k) = 0 for k < 1. For the second condition (25) we get
. k .
}Lrgt ue(t, z; k)

27T (234 c0 (10N 1 ki |
N (1 —k)r( 129 Y ¢ ot (t 8t) (t Tyt z;2 — k +2q))

2
3=k 9. 99— M
T (%5 ki lim tka Z 01 k( +ta+ )tl—k+2s
k)T (2 )t—>0 ot M(5E+s+1)

10\’

0
k 1—k o
=T % thn(l)t En (t"*ult,z;2 — k+ 2q))

A= k)t ult, 332 — b+ 2q) + Ry (t, 232 — k + 2q))

1— k120
1
= lim ((1 — k)u(t, z;2 — k + 2q) + tus(t, x;2 — k + 2q))

1—-kt—0

= limu(t, #;2 — k + 29) = ().

Now we write the representation of u(¢, x; k) through the integral. Using formula
(15) we get

t
u(z, t;2 — k +2q) = A(n,v,2 — k + 2q)t* 71~ 2‘1/ 1 iektzgen=hl
0

X jaonrzamn—ial (V12 — r2)r" IS [ (20)] die,
Considering (26) we write

20 (45*)
(1—k)D (25121

t
1 q 1—k42g—n—|y
X (—2) /(t2 - T2) - ‘j17k+2q*"*\’v\ (V2 — T2)7"n+|7‘_1Mr7[¢($)] dr.
0

u(t,zi k) = A(n,y,2 — k + 2q)

t ot

Simplifying we get (24) and this completes the proof.
The union of the theorems 2 and 3 gives the following statement.
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[nr+\w\fk]+2
Theorem 4. Let ¢ = ¢(z), ¢ € Cey 2

Then the solution of

n+\w\+k71]
2

= (), ¥ € Ol

[(A))z — (Bg)ilu = c*u, ¢>0, (27)
u(xa();k) = (P('T)v tliriloﬁkut(x,t;k?) = w(‘r)a (28)

for k < min{n + |y| — 1,1}, k # —1,—3, =5, ... is given by formula
u(z, t; k) = uy(z, t; k) + ua(x, t; k),

where ui(x,t; k) is found by Theorem 2 and ui(x,t; k) is found by Theorem 3.

4. Examples
1. Let’s start with an example
[(By)z — (Br)tlu = *u, ¢>0, w=u(tzk), (tz)cR?, (29)
U(SC,O,]C) :j’Y(a“r)v ut(xvoak) - 07 (30)

wheren =1, v -2 <k <~v,k # -1, 0<v, a € R. When m = 1 and considering
that (see (9))

Ty jy(ax) = j'nyl (ax)j% (ar) (31)
we obtain
Al k+2
u(z, t;k+2) = %]’% (az)t—F1
t
< [ = T e (V= )
2
0
where i
AN G
AL,k +2) = &)

T —
DT (52)
Passing to the functions J, in the integral we get
2T ALk DOCRINO A
s Ja=1(az
(k+1a’z ¢z 2
t
X /(lf2 - TQ)XVTTWJ;%TW (eVt? — TQ)TL;HJVTA (ar) dr.
0

Applying the formula 2.12.35.2 from [18] of the form

ﬁ—k—l

u(z, t;k+2) =

t
/(lf2 — x2)m+%x”+1+21JM(cv t2 — 22)J, (hx)dz = ghiv—m=ltl oy
0

o\ (oY _wtvimiti
) (E) <%) [(e* + 1%) ? Jptvemeir1(EV 2 + h2)],

t>0, Rev>-l—-1, Reu>-m-—1, (32)
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we obtain

0
:tk2lawglck;7(\/a2+02)7k21Jk21(t a? + c?)
and
Q%F(u) 41 k1
u(z, t;k+2) = k+12 Ja=i(ax)t™ 2 (Va2 + )7 2 Jea (tVa? + ¢2)
1
_ ; o 2 | 2)
= ol @i (tVa? + %)
Then the solution of (29), (30) is
) = 1 k4 2) = T a0) (0 s (/a7 )
Y tot Y E+177=2 " "tot N
kE+1
27z ik (kL2 0
= (5 )kiljw;l(a:r)—(tleJk L (8 a2 + c2))
(k+1)(Va?2+e2) = 2 tot 2
olnk
27 (%)

As might be seen from (7) and (6)

Jagr(ax) lim jucs 8V a2 + ¢2) = jaa (ax),

o (a2) lim & oy (/2T ) s (a) — 0,
(By)aaos (a@)jics (Wa? + 2) = —ajas (az)jics (V@ 1 2),
(Bk)tjaza (az)jes (Ve + ) = —(a® + c2)j%1 (ax)jrcs (tV @ + c2)
which showss that the function
u(t, z; k) = j%(ax)j%(t a? + c?) (33)
satisfies (29), (30).

2. Consider the problem

[(By)s = (Bi)ilu = c®u, ¢>0, u=u(t,z;k), (t,2)€R?, (34)
u(z,0;k) =0, thIEO tRug(z, 5 k) = jy (b)), (35)

wheren =1,k <1,0<~v<3,b€R. When ¢ =1 and considering (31) we obtain
u(t,z; k) = B(1,7,k,1)j1-1 (bx)

t

/ (2 =)' Gy (VP = 12)jaa (br)r dr

0

~+ | =
SIS
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B(1777k71)1—‘ ’Y_H F 27k+_’)’ . 1 5 2—k—~
— ( 2 )k(ﬁ 2 )J%(bx)gg /(ﬁQ—TQ) 1

k—1  ~—1
27 b7z ¢z

X J; _kin (V2 — T2)J7T—1 (bT)TL;lJrl dr |,

where
r(5%)
o2r (1)L (2 - 57)

2
Applying the formula 2.12.35.2 from [18] of the form

B(1,7,k,1) =

t

/(t2 - z2)m+%x”+1+2lju(cx/ t2 — 22)J, (hz) dzx

0
X Tyt imiii1(tV e + h2)),
t>0, Rev>-l-1, Rep>-m-—1,
we obtain

t

/(t2 —r?) B Jy ki (eViE? — T2)JWT—1 (bT)T%Jrl dr
2

0

_kty

e (b2+c2)’1;3t3%kj%k(t b2 + ¢2)
and

1k 1 k —3
u(t,z;k) = 27 B(1,v,k,1)I (l) r (2 - ﬂ) (02 + AT jaza (b)

2 2
10, 5=k
1 1—-k —1 1
2—’%r( ) (VI ) T o ()t T T (VB )
tl*k ) )
= Tl (00)age (VD2 £ ).

Taking into account (7) and (6) it is easy to check that

tl—k tl—k
(Bv)zmj%l(bﬂc)j%k(f b2 4 c2) = —b* 1= kjval(bw)j%(f b? +¢?),
ﬁl—k . ) ) ) ﬁl—k . .
(Bg )t T k]’yT—l(b:C)jl;zk(t b2+ %) = —(b"+c¢ )1 — kj%q(bz)j%(t b2 +¢2),

1—k
: . - TR
%I_Ii%lik_j»ygl(bl')jlgk(t b2 +¢2)=0
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and

RO [(tF
. - ; 2 2y — i,
Japa (bo) [im 57 <1—k‘712k(t e )) = Ja (02)

which confirms that the function

tl—k
1-k

u(t,z; k) = Jaz1 (bx)j% (tV b2 +c?) (36)

satisfies (34), (35).

3. From examples 1 and 2 it is plain to see that the solutions of

[(By)s = (Bi)ilu = c*u, ¢>0, u=u(t,z;k), (t,2)€cR?, (37)
u(z, 0; k) = j(ax), tliIEO thug(z, t; k) = j (bx), (38)

wheren =1, 0<y<1v—-2<k<~v, k#—-1,a,beRis

10.

11.

12.
13.

14.

15.

1-k
Fian ()i (WP ). (39)

t
u(t,z; k) = ja—1 (ax)je-1 (tV a2 + c2) + N
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