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ÏËÅÍÀÐÍÛÅ ÄÎÊËÀÄÛ

MATHEMATICAL MODELING OF PHYSICAL PROCESSES

IN BIOLOGY

Botkin N.D.

Center for Mathematics, Technical University of Munich, Garching,

Germany;

botkin@ma.tum.de

Mathematical modeling can be very e�ective in the description of
mechanical, thermodynamical, hydrodynamical, etc., processes occurring
in biological systems. Moreover, modeling of physical processes is necessary
in the development of diagnostic and therapeutic medical devices. In this
paper, we consider three examples of application of mathematical models
in the development of medical technologies.

1. Simulation of a HPSW-biosensor. Such a sensor serves for the detection
and quantitative measurement of microscopic amounts of biological sub-
stances. The operation principle of this device is based on the excitation
and detection of acoustic Horizontally Polarized Surface Waves (HPSW)
in a multilayered structure whose top surface is in contact with a �uid
containing proteins to be detected. The mathematical model of the device
involves coupled partial di�erential equations that describe piezoelectric,
elastic and hydrodynamic properties of the structure. One of the more
challenging issues in model design is the description of the interaction of a
very thin bristle like oscillating receptor layer with the �uid. To this end,
we propose a special averaging method based on homogenization theory.
Another di�culty is related to very short wavelength compared to the size
of the domain, which complicates the use of �nite elements. To overcome
this di�culty, we propose a harmonic analysis based on the construction
of traveling wave solutions. This yields the wavelength, the polarization
pro�le, and the vertical attenuation rate of waves. This information is used
to introduce special �nite elements whose shape functions decay according
to the wave attenuation rate.

2. Simulation of an elasto-optical nanosensor. Such a sensor serves for the
detection of single biomolecules such as DNA, RNA, proteins, antibodies,
etc. The principle is based on the Fluorescence Resonant Energy Transfer
(FRET) between two �uorophores bound to an elastic detection molecule
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attached onto a surface. This structure is immersed into a moving liquid
containing molecules to be detected. Because of �ow of the surrounding
liquid, the distance between the two �uorophores becomes larger than
the F�orster radius, and the individual emittance of the �uorophores will
vary due to the changed FRET. The entropy elasticity force will drive
the polymer chain back to a mean reference elongation state. However, if
the detection molecule bonds to an analyte molecule, the mean elongation
will change, and the corresponding optical response will give a �ngerprint
of the trapping. The main problem consists in the implementation of a
proper mechanical excitation of the elastic detection molecule to provide
its elongation in the case of binding the analyte molecule. The di�culty
is stipulated by nanometer size e�ects in near surface �uid layers. Fluid
molecules establish a low mobility layer containing the detection molecule
that remains undisturbed. We outline arising problems and present simu-
lations that give a good hint how to overcome the obstacles.

3.Optimal control in cryopreservation of living cells. Cryopreservation of
living cells is a necessary part of many medical procedures. However, cells
and tissues can be damaged during their freezing and subsequent thawing.
We consider di�erent mathematical models of cell damage and outline
numerical methods of solving them. The objective of modeling is to reduce
cell damage occurring because of sudden supercooling temperature drops,
shrinkage of cells caused by the osmotic �ow through cell membranes, or the
development of dendrite seeds. A dynamic programming method is used as
a tool for computing optimized cooling regimes. We use numerical methods
for solving related Hamilton-Jacobi equations. Examples of numerical si-
mulations aimed to optimization of cooling and thawing protocols are
presented. The results are applied to a real freezing plant.
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UNDERACTUATED WALKING CONTROL VIA THE KINETIC
SYMMETRY

�Celikovsk�y Sergej

Institute of Information Theory and Automation, Academy of Sciences of the
Czech Republic, Prague, Czech Republic;

celikovs@utia.cas.cz

Underactuated mechanical systems are those having less actuators than
degrees of freedom. Therefore, their control requires intrinsically nonlinear tech-
niques. Among them, various kinds of exact feedback linearization and nonlinear
decompositions are useful. The prominent role among underactuated mechanical
systems play the underactuated walking robots, typically modeled as the n-link
chain with (n − 1) actuators between its links. Important feature here is the
so-called kinetic symmetry which is typical for all walking-like systems and
enables to simplify the model using the partial exact feedback linearization. The
simplest underactuated system resembling the walking-like movements is the so-
called Acrobat, or also biped or compass gait walker, having two links
and single actuated joint between them only. Acrobot model has four states and
one input and thanks to the kinetic symmetry its three dimensional subsystem is
exact feedback linearizable, thereby providing several interesting control concepts
[2,4-8]. As a matter of fact, it is possible to show that these control concepts
can be directly extended to the case of a general underactuated n-link [1,3].
In fact, the series of nonlinear transformations of the continuous-time phase
model is developed in [3] that decompose the complex planar n-link into the
so-called generalized Acrobot and n − 2 double integrators used to impose
certain walking pattern via suitable selected virtual constraints. Such a virtual
constraint technique was used for robotic walking e.g. in [9-11]; nevertheless,
unlike [3] constrained systems in [9-11] fail to preserve the kinetic symmetry.

Important feature of the walking-like systems is the so-called impact map
occurring when the swing leg touches the ground. Impact map is the impulsive
component of the walking model causing an instantaneous jump of the system
state. This makes the walking model to be the hybrid system and the above
mentioned decomposition of its continuous-time part is not su�cient. Therefore,
the so-called hybrid embedding should be investigated as well. It turns out that
the hybrid embedding can be assured by special selection of constraining walking-
like patterns, namely, by some boundary conditions imposed on the derivatives
of constraining functions.
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INVERSE PROBLEMS RELATED TO A TIMOSHENKO BEAM
AND APPLICATIONS IN ENGINEERING SCIENCES

Hasanoglu A.1, Baysal O.

Department of Mathematics and Computer Science, Izmir University, Izmir,
Turkey;

1alemdar.hasanoglu@izmir.edu.tr

Two inverse problems related to mathematical models of suspension bridge
and helicopter rotor blade governed by Timoshenko beam equation are studied.

In the �rst inverse problem, one needs to determine the unknown spacewise
load F (x) in the initial-boundary value problem

m(x)utt = −(EI(x)uxx)xx + F (x)H(t), (x, t) ∈ ΩT
u(0, t) = ux(0, t) = u(l, t) = ux(l, t) = 0, t ∈ (0, T ),
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, l),

(1)

for an elastic beam clamped at both ends, from the supplementary measurement

uT (x) := u(x, T ), x ∈ (0, l) (2)

at the �nal time T > 0. In the second inverse problem the problem of identifying
the unknown time dependent load H(t) in the initial-boundary value problem

m(x)utt = −(EI(x)uxx)xx + F (x)H(t), (x, t) ∈ ΩT
u(0, t) = 0, ux(0, t) = 0, t ∈ (0, T ),
(EI(x)uxx)|x=l = 0, ((EI(x)uxx)x)|x=l = 0, t ∈ (0, T ),
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, l)

(3)

for a cantilever beam, from the measured bending moment

M(t) := (EI(x)uxx(x, t)))x=l, t ∈ (0, T ), (4)

is studied.
Although both problems (1)−(2) and (3)−(4) are of inverse source problems,

they have di�erent degrees of ill-posedness. The approach proposed here is based
on the weak solution theory for PDEs and the quasi-solution approach using
adjoint problems. Introducing the input-output map for both inverse problems,
it is proved that these maps are compact operators. Then Frechet di�erentiability
of the corresponding cost functionals are proved. For each cost functional explicit
gradient formulas are derived. Based on these explicit formulas conjugate gradient
algorithm is proposed for numerical solution of the considered inverse problems.
Numerical results illustrate bounds of applicability of the proposed approach,
also an e�ciency and accuracy of the implemented algorithm.
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MEAN-FIELD GAMES AND THEIR APPLICATIONS

Kolokoltsov V.N.

University of Warwick, Coventry, United Kingdom;
v.kolokoltsov@warwick.ac.uk

Mean �eld games is a quickly developing new branch of optimal control theory
that has arisen on the meeting point of statistical mechanics, game theory and
the the theory of partial di�erential (and pseudo-di�erential) equations. The main
idea is to extend the well developed mean-�eld-limit approach for the analysis
of interacting particles to the systems of a large number of interating agents,
each having his/her own objective. Analytically this leads to a new class of
problems of the theory of di�erntial equations, namely to remarkable systems
of forward-backward pseudodi�erential equations with half initial - half terminal
additional conditions. Being extremely rich in new mathematical settings and
perspective developments, the range of applications of this methodology is also
quite impressive and continues to grow.

It includes energy distribution and energy pricing problem, analysis of limit
order book in �nancial mathematics, inspection-corruption games, various prob-
lems from electrical engineering and many others. The most intriguing and
mathematically demanding recent development concerns the mean-�eld games
that include a major player and/or common noise. We shall review this circle
of ideas stressing primarily mathematical challanges and results and touching
brie�y some basic applications.
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SUPERCRITICAL AND CRITICAL CASES FOR 2D AND 3D
BVP FOR QUASILINEAR EQUATIONS OF MIXED

ELLIPTIC-HYPERBOLIC TYPE

Popivanov N.

Department of Mathematics and Informatics, University of So�a, So�a,
Bulgaria;

nedyu@fmi.uni-sofia.bg

This talk is based on our joint work with D. Lupo, K. Payne (Italy) and L.
Dechevski (Norway), already published, or in progress.

Starting from the ground-breaking paper of Poho�zaev (1965), it is well known
that the homogeneous Dirichlet problem for semilinear elliptic
equations such as ∆u + u|u|p−2 = 0 in Ω � a bounded subset of Rn, with
n ≥ 3, permits only the trivial solution u ≡ 0 if the domain is star-shaped,
the solution is su�ciently regular, and p > 2∗(n) := 2n/(n − 2). The latter
quantity is the critical exponent in the Sobolev embedding of H1

0 (Ω) into L
p(Ω)

for p ≤ 2∗(n), which fails to be compact at the critical exponent. In dimension
n = 2, the critical nonlinearity is of exponential type, but it has been shown
that the nonexistence principle in supercritical case also holds for certain two
dimensional problems of mixed elliptic-hyperbolic type for the mixed elliptic-
hyperbolic Gellersted operator L, and is also valid for a large class of such prob-
lems even in higher dimensions. In dimension 2, such operators have a long-
standing connection with transonic �uid �ow. All such operators are invariant
with respect to a certain anisotropic dilation which de�nes a suitable notion of
star-shapedness by using the �ow of the vector �eld which is the in�nitesimal
generator of the invariance. In all cases, for the operator L the critical exponent
phenomenon is of pure power type u|u|p−2, where p agrees with a critical Sobolev
exponent (p = 2∗(n,m)) in the embedding of a suitably weighted version of
H1

0 (Ω) into L
p(Ω). As usual, in BVP for such mixed elliptic-hyperbolic Gellersted

operator L, the boundary data's part Σ is a proper subset or all of ∂Ω. The set Γ
on which no data is prescribed is a piece of a characteristic surface. The lack of a
boundary condition on Γ complicates the control of the corresponding boundary
integral in the Poho�zaev argument, but if Γ is characteristic and tangential to
the dilation �ow, a sharp Hardy-Sobolev inequality ensures that the contribution
along Γ has the �right� sign, that su�ces for completion of the estimate.

In all 2D and multimensional cases the results are like

Theorem. Let Ω ⊂ R2 be a Guderley-Morawetz domain (or Tricomi domain,
or Tricomi-Frankl domain). Under some restrictions on the
boundary (which are �xed in each case), if the nonlinearity is F (u) = up, if

10
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p > 2∗(2,m)=2(m+ 4)/m (the critical Sobolev exponent), then for solutions u
∈ C2(Ω) ∩ C1(Ω) it follows u ≡ 0. The same is true also at the critical case
p = 2∗(1,m) if we suppose in addition that some part of the boundary is strongly
star-like surface at its noncharacteristic points.

The multidimensional cases are given for some Protter-Morawetz
problems, which linear variant is strongly over determined in a sense of classical
solvability.

Two type of Open Questions:
1. Some nonexistence results for generalized solutions also?
2. Existence results of nontrivial solutions in the subcritical cases?

SMALL-TIME SOLVABILITY OF PRIMITIVE EQUATIONS OF
THE COUPLED ATMOSPHERE AND OCEAN

Tani A.1, Honda H.

Department of Mathematics, Keio University, Japan;
1tani@math.keio.ac.jp

In this communication, we are concerned with the free boundary problem
of the primitive equations for the coupled atmosphere and ocean in three-
dimensional strip with surface tension.

The primitive equations for atmosphere were �rst introduced by Richardson
in 1920's with the purpose of the numerical weather forecast. On the other hand,
the primitive equations for ocean were introduced by Bryan in 1969 as a model of
the ocean circulation by applying the hydrostatic approximation. In this model
Boussinesq approximation and rigid lid hypothesis are also used. Later in 1970
Crowly studied the free surface case, not the rigid lid, of ocean numerically.

One of the main features of primitive equations is the fact that the vertical
velocity is determined by the horizontal velocities via the continuity equation,
since the vertical velocity does not appear in the vertical component of equations
of motion due to the hydrostatic approximation.

Mathematical arguments for the evolutionary 3D ocean model with rigid
lid were begun in 1990's by Lions, Temam and Wang. Further, they studied
the coupled atmosphere and ocean model, which are described in Cartesian
coordinates for the ocean, while in p-coordinates for the atmosphere, by assuming
that the height of pressure isobar coincides with the hight of the rigid lid. In
general, this assumption does not hold true.

We discussed the well-posedness for the ocean model by using the p-coordinates
in 2012. The free boundary problem for the atmospheric model was also discussed
in 2010.

11
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Based on these results, we are concerned with the free boundary problem
of the primitive equations for the coupled atmosphere and ocean in three-
dimensional strip with surface tension in Sobolev-Slobodetski�� spaces by using
two coordinate transformations: p-coordinates and a coordinate transformation
�xing the time-dependent domain.

MODELING OF THE DAMPING OF MULTIPERFORATED
PLATES

Tordeux S.

Projet Magique 3D, INRIA Bordeaux Sud-Ouest LMA - UMR CNRS 5142,
Universit�e de Pau et des Pays de l'Adour

sebastien.tordeux@univ-pau.fr

New environmental standards force the aeronautic industries to develop green
technologies. One of the promising technique consists in using turbo-reactors with
high air-fuel ratio which ensures a complete combustion of fuel. This improves
the performance of the motors and reduces pollution. However, this mixture is
less stable and interacts strongly with the acoustic wave. In a turbo engine,
the temperature of the combustion chamber can reach 2000 K. To protect the
structure, small holes are perforated throw the wall linking the combustion
chamber to the casing and fresh air (600 K) is injected. These multiperforated
plates are one of the main sources of acoustic noise. In real con�gurations, direct
numerical computations are beyond reach. This is mostly due to the large number
of perforations (approximately 2000) and to their small characteristic lengths
(diameter of a perforation 0.5mm; spacing between two perforations 5mm) with
respect to the wave length (500mm approximately). In this talk, I will present
a rigorous approach to derive approximate models to replace multiperforated
plates by an equivalent transmission impedance condition in the context of linear
acoustics. Later, I will explain how some damping due to the Helmholtz layers
can be integrated to these models.

12
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ÑÎÂÐÅÌÅÍÍÛÅ ÒÅÍÄÅÍÖÈÈ ÐÀÇÐÀÁÎÒÊÈ
ÂÛÑÎÊÎÏÐÎÈÇÂÎÄÈÒÅËÜÍÛÕ ÏÐÈËÎÆÅÍÈÉ: ÎÁÇÎÐ
ÍÎÂÅÉØÈÕ ÏÐÎÃÐÀÌÌÍÛÕ ÈÍÑÒÐÓÌÅÍÒÎÂ INTEL,
ÏÐÈÌÅÐÛ ÈÕ ÝÔÔÅÊÒÈÂÍÎÃÎ ÈÑÏÎËÜÇÎÂÀÍÈß È

ÑÏÅÖÈÀËÜÍÛÅ ÏÐÎÃÐÀÌÌÛ INTEL ÄËß ÏÎÄÄÅÐÆÊÈ
ÐÀÇÐÀÁÎÒ×ÈÊÎÂ

MODERN TRENDS IN THE DEVELOPMENT OF
HIGH-PERFORMANCE APPLICATIONS: OVERVIEW OF THE

LATEST SOFTWARE TOOLS INTEL, EXAMPLES OF
EFFECTIVE USE OF INTEL AND SPECIAL PROGRAMS TO

SUPPORT DEVELOPERS

Àâäååâ À.Â.

Êîðïîðàöèÿ Intel, Íîâîñèáèðñê, Ðîññèÿ;
alexander.v.avdeev@intel.com

Â äîêëàäå áóäåò ðàññêàçàíî î ñîâðåìåííûõ òåíäåíöèÿõ ðàçðàáîòêè âû-
ñîêîïðîèçâîäèòåëüíûõ ïðèëîæåíèé è äàí îáçîð íîâåéøèõ ïðîãðàììíûõ èí-
ñòðóìåíòîâ Intel - Intel R⃝ Parallel Studio XE 2013 è Intel R⃝ Cluster Studio XE
2013, êîòîðûå âêëþ÷àþò îïòèìèçèðîâàííûå êîìïèëÿòîðû, ìàòåìàòè÷åñêèå
áèáëèîòåêè è ñðåäñòâà îïòèìèçàöèè è ðàñïàðàëëåëèâàíèÿ ïðîãðàìì. Ýòè èí-
ñòðóìåíòû ïîçâîëÿþò ðàçðàáîò÷èêàì îïòèìèçèðîâàòü ñêîðîñòü ðàáîòû ïðè-
ëîæåíèé â ñèñòåìàõ íà áàçå ïðîöåññîðîâ òåêóùåãî è áóäóùèõ ïîêîëåíèé,
âêëþ÷àÿ íîâåéøèå ñîïðîöåññîðû Intel R⃝ Xeon PhiTM . Íàáîðû èíñòðóìåíòîâ
ïîìîãàþò ñïåöèàëèñòàì ñ íàèìåíüøèìè óñèëèÿìè ïîâûøàòü ïðîèçâîäèòåëü-
íîñòü ïðèëîæåíèé, çàïóñêàåìûõ íà ñåðâåðàõ, âû÷èñëèòåëüíûõ êëàñòåðàõ,
ðàáî÷èõ ñòàíöèÿõ, íàñòîëüíûõ ÏÊ è íà óñòðîéñòâàõ UltrabookTM . Áóäóò ïî-
êàçàíû ïðèìåðû ýôôåêòèâíîãî èñïîëüçîâàíèÿ ïðîãðàììíûõ èíñòðóìåíòîâ
Intel. Îñîáîå âíèìàíèå áóäåò óäåëåíî âîïðîñàì ëèöåíçèðîâàíèÿ ïðîãðàìì-
íûõ èíñòðóìåíòîâ Intel è ðàçëè÷íûì âàðèàíòàì ïðåäîñòàâëåíèÿ ëèöåíçèé
íà ïðîãðàììíûå èíñòðóìåíòû Intel. Òàêæå â äîêëàäå áóäåò ðàññêàçàíî îá
óíèâåðñèòåòñêèõ, àêàäåìè÷åñêèõ è ïàðòíåðñêèõ ïðîãðàììàõ Intel.

ËÈÒÅÐÀÒÓÐÀ

1. Intel R⃝ Software Tools Information: http://www.intel.com/software/products

2. Intel R⃝ Software online trainings, forums and other
resources http://software.intel.com/en-us/intel-learning-lab/
http://software.intel.com/en-us/articles/intel-sdp-resources/
https://premier.intel.com http://software.intel.com/en-us/forums/

3. Intel R⃝ Software Development Products Registration
Center: https://registrationcenter.intel.com
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×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß
ÄÐÎÁÍÎÉ ÑÒÅÏÅÍÈ ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÎÏÅÐÀÒÎÐÀ

ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

NUMERICAL SOLVING THE BOUNDARY VALUE PROBLEM
FOR FRACTIONAL POWERS OF ELLIPTIC OPERATORS

Âàáèùåâè÷ Ï.Í.1,2

1Èíñòèòóò ïðîáëåì áåçîïàñíîãî ðàçâèòèÿ àòîìíîé ýíåðãåòèêè ÐÀÍ,
Ìîñêâà, Ðîññèÿ; vab@ibrae.ac.ru

2ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ; vabishchevich@gmail.com

Â ïîñëåäíåå âðåìÿ àêòèâíî îáñóæäàþòñÿ íåëîêàëüíûå ïðèêëàäíûå ìà-
òåìàòè÷åñêèå ìîäåëè, êîòîðûå áàçèðóþòñÿ íà èñïîëüçîâàíèè äðîáíûõ ïðî-
èçâîäíûõ ïî âðåìåíè è ïî ïðîñòðàíñòâó. Èíòåðåñíûì ïðèìåðîì ÿâëÿåòñÿ
êðàåâàÿ çàäà÷à äëÿ äðîáíîé ñòåïåíè ýëëèïòè÷åñêîãî îïåðàòîðà, íàïðèìåð, â
îãðàíè÷åííîé îáëàñòè Ω èùåòñÿ ðåøåíèå çàäà÷è

(−△)αu = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,

ãäå 0 < α < 1.
Ïðè ïðèáëèæåííîì ðåøåíèè ïîäîáíûõ êðàåâûõ çàäà÷ èñïîëüçóþòñÿ ðàç-

ëè÷íûå ïîäõîäû. Ïðîñòåéøèé âàðèàíò ñâÿçàí ñ ÿâíûõ ïîñòðîåíèåì ðåøåíèÿ
ïðè èçâåñòíûõ ñîáñòâåííûõ çíà÷åíèÿõ è ñîáñòâåííûõ ôóíêöèÿõ ýëëèïòè÷å-
ñêîãî îïåðàòîðà, äèàãîíàëèçàöèè ñîîòâåòñòâóþùåé ìàòðèöû. Â ñèëó áîëü-
øîé âû÷èñëèòåëüíîé ñëîæíîñòè òàêîé ïîäõîä ïðè ðàññìîòðåíèè ìíîãîìåð-
íûõ çàäà÷ èñïîëüçîâàòü çàòðóäíèòåëüíî.

Îòìåòèì ìåòîä, êîòîðûé áàçèðóåòñÿ íà ïðåäñòàâëåíèè ñòåïåíè ýëëèïòè-
÷åñêîãî îïåðàòîðà â âèäå èíòåãðàëà ïî êîíòóðó (ïðåäñòàâëåíèå Äàíôîðäà�
Êîøè) è ïðèìåíåíèè ñîîòâåòñòâóþùèõ êâàäðàòóðíûõ ôîðìóë ñ óçëàìè èí-
òåãðèðîâàíèÿ íà êîìïëåêñíîé ïëîñêîñòè. Ïðèáëèæåííûé îïåðàòîð ïðåäñòàâ-
ëÿåòñÿ â âèäå ñóììû ðåçîëüâåíò, ïðè ýòîì îáåñïå÷èâàåòñÿ ýêñïîíåíöèàëüíàÿ
ñõîäèìîñòü êâàäðàòóðíûõ àïïðîêñèìàöèé. Â íåêîòîðûõ ðàáîòàõ èñïîëüçó-
þòñÿ êâàäðàòóðíûå ôîðìóëû ñ óçëàìè íà äåéñòâèòåëüíîé îñè, êîòîðûå ïî-
ñòðîåíû íà îñíîâå ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî ïðåäñòàâëåíèÿ äëÿ ñòå-
ïåíè îïåðàòîðà. Â ýòîì ñëó÷àå äëÿ îáðàòíîãî îïåðàòîðà íàøåé çàäà÷è ìû
èìååì àääèòèâíîå ïðåäñòàâëåíèå, êàæäîå îïåðàòîðíîå ñëàãàåìîå â êîòîðîì
åñòü îáû÷íûé îáðàòíûé ýëëèïòè÷åñêèé îïåðàòîð.

Íåîáõîäèìî òàêæå îòìåòèòü âîçìîæíîñòü íàõîæäåíèÿ ðåøåíèÿ äëÿ äðîá-
íîé ñòåïåíè ýëëèïòè÷åñêîãî îïåðàòîðà êàê ðåøåíèÿ ýëëèïòè÷åñêîé êðàåâîé
çàäà÷è áîëüøåé ðàçìåðíîñòè � ââîäèòñÿ íîâàÿ ïåðåìåííàÿ. Â ðÿäå ðàáîò ýòà
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âîçìîæíîñòü îáñóæäàåòñÿ íà äèôôåðåíöèàëüíîì óðîâíå, èìåþòñÿ òàêæå ðà-
áîòû ïî îáîñíîâàíèþ âû÷èñëèòåëüíîãî àëãîðèòìà. Âû÷èñëèòåëüíàÿ ýôôåê-
òèâíîñòü ïîäîáíûõ àëãîðèòìîâ íå î÷åíü âûñîêàÿ, ê òîìó æå ðàñøèðåííàÿ
ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à ÿâëÿåòñÿ ñèíãóëÿðíî âîçìóùåííîé è çàäà÷à
ðåøàåòñÿ â ïîëóáåñêîíå÷íîì öèëèíäðå.

Ïîñëå êîíå÷íî-ðàçíîñòíîé èëè êîíå÷íî-ýëåìåíòíîé àïïðîêñèìàöèè îò
ðàññìàòðèâàåìîé êðàåâîé çàäà÷è äëÿ äðîáíîé ñòåïåíè ýëëèïòè÷åñêîãî îïå-
ðàòîðà ìû ïðèõîäèì ê çàäà÷å âû÷èñëåíèÿ óìíîæåíèÿ äðîáíîé ñòåïåíè ìàò-
ðèöû, ñîîòâåòñòâóþùåé ýëëèïòè÷åñêîìó îïåðàòîðó, íà âåêòîð, êîòîðûé ñîîò-
âåòñòâóåò ïðàâîé ÷àñòè. Äëÿ òàêîé ìàòðè÷íîé çàäà÷è èñïîëüçóþòñÿ ðàçëè÷-
íûå ïîäõîäû. Îñîáîãî âíèìàíèÿ çàñëóæèâàþò ìåòîäû íà îñíîâå ðåøåíèÿ çà-
äà÷è Êîøè äëÿ ñîîòâåòñòâóþùåãî ýâîëþöèîííîãî óðàâíåíèÿ. Íàïðèìåð, ïðè
ðåøåíèè ìàòðè÷íûõ çàäà÷ â ñëó÷àå α = −0.5 ïðèáëèæåííîå ðåøåíèå íàõî-
äèòñÿ êàê ðåøåíèå íåñòàöèîíàðíîé çàäà÷è íà åäèíè÷íîì îòðåçêå ïî âðåìåíè.
Òàêîãî òèïà âû÷èñëèòåëüíûå àëãîðèòìû èìåþò íåñîìíåííûå äîñòîèíñòâà,
ñâÿçàííûå, â ÷àñòíîñòè, ñ èõ îòíîñèòåëüíîé ïðîñòîòîé è ïðèâû÷íîñòüþ: âû-
÷èñëèòåëüíàÿ ïðàêòèêà ïðèáëèæåííîãî ðåøåíèÿ ñòàöèîíàðíûõ çàäà÷ ÷àñòî
îñíîâûâàåòñÿ íà ïåðåõîäå ê íåñòàöèîíàðíîé çàäà÷å.

Â íàøåé ðàáîòå âû÷èñëèòåëüíûé àëãîðèòì äëÿ ïðèáëèæåííîãî ðåøåíèÿ
êðàåâîé çàäà÷è äëÿ äðîáíîé ñòåïåíè ýëëèïòè÷åñêîãî îïåðàòîðà ñòðîèòñÿ
íà îñíîâå ïåðåõîäà ê ïñåâäîïàðàáîëè÷åñêîìó óðàâíåíèþ. Ïîêàçàíà óñòîé-
÷èâîñòü äâóõñëîéíîé ñõåìû ñ âåñàìè, ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû
ïî ðåøåíèþ ìîäåëüíîé äâóìåðíîé çàäà÷è íà îñíîâå ñòàíäàðòíîé êîíå÷íî-
ýëåìåíòíîé àïïðîêñèìàöèè.

Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ× ÑÎÏÐßÆÅÍÈß
ÄËß ÍÅÊËÀÑÑÈ×ÅÑÊÈÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ

ON SOLVABILITY OF SOME CONJUGATION PROBLEMS FOR
NONCLASSICAL HIGHER ORDER DIFFERENTIAL

EQUATIONS

Êîæàíîâ À.È.

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ;

kozhanov@math.nsc.ru

Ðàññìàòðèâàþòñÿ çàäà÷è ñîïðÿæåíèÿ èëè îáîáùåííûå çàäà÷è äèôðàêöèè
äëÿ íåêëàññè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

(−1)p+1D2p
t u− h(x)uxx + c(x, t)u = f(x, t) (1)
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(−1 < x < 1, 0 < t < T < +∞, p > 0 � öåëîå ÷èñëî, Dk
t = ∂k

∂tk
) ñ ôóíêöèåé

h(x), èìåþùåé, áûòü ìîæåò, îäíó èëè íåñêîëüêî òî÷åê ðàçðûâà ïåðâîãî ðîäà.
Äëÿ èçó÷àåìûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé.
Ïîìèìî çàäà÷è ñîïðÿæåíèÿ äëÿ óðàâíåíèÿ (1) èçó÷àþòñÿ òàêæå çàäà-

÷è ñîïðÿæåíèÿ äëÿ íåêîòîðûõ äðóãèõ íåêëàññè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé âûñîêîãî ïîðÿäêà.

ÇÀÄÀ×À Î ÐÀÂÍÎÂÅÑÈÈ ÏËÀÑÒÈÍÛ ÒÈÌÎØÅÍÊÎ Ñ
ÍÀÊËÎÍÍÎÉ ÒÐÅÙÈÍÎÉ

EQUILIBRIUM PROBLEM FOR A TIMOSHENKO PLATE WITH
AN OBLIQUE CRACK.

Ëàçàðåâ Í.Ï.

Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ;

nyurgun@ngs.ru

Äëÿ ïëàñòèíû ìîäåëè Òèìîøåíêî âûâîäèòñÿ êðàåâîå óñëîâèå â âèäå
íåðàâåíñòâà, îïèñûâàþùåå âçàèìíîå íåïðîíèêàíèå ïðîòèâîïîëîæíûõ áåðå-
ãîâ òðåùèíû. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî íîðìàëü ê ïîâåðõíîñòè òðåùèíû
îáðàçóåò ìàëûé óãîë ñî ñðåäèííîé ïëîñêîñòüþ. Ðàíåå, ïðè òàêîì æå ïðåäïî-
ëîæåíèè óñëîâèå íåïðîíèêàíèÿ áûëî ïðåäëîæåíî äëÿ íàêëîííîé òðåùèíû,
ñîäåðæàùåéñÿ â ïëàñòèíå ìîäåëè Êèðõãîôà�Ëÿâà [1]. Ìîäåëè ïëàñòèíû ñ
âåðòèêàëüíîé òðåùèíîé, â êîòîðûõ èñïîëüçóþòñÿ óñëîâèÿ íåïðîíèêàíèÿ â
âèäå íåðàâåíñòâ äëÿ áåðåãîâ òðåùèíû, õîðîøî èçó÷åíû, ñì., íàïðèìåð, [2].
Âàðèàöèîííàÿ çàäà÷à î ðàâíîâåñèè ïëàñòèíû ôîðìóëèðóåòñÿ â âèäå çàäà÷è
ìèíèìèçàöèè ôóíêöèîíàëà ýíåðãèè íàä ìíîæåñòâîì äîïóñòèìûõ ôóíêöèé,
êîòîðûå óäîâëåòâîðÿþò óñëîâèþ íåïðîíèêàíèÿ. Äîêàçàíà îäíîçíà÷íàÿ ðàç-
ðåøèìîñòü çàäà÷è. Ïîëó÷åíû ñîîòíîøåíèÿ, îïèñûâàþùèå ìåõàíè÷åñêîå âçà-
èìîäåéñòâèå ïðîòèâîïîëîæíûõ áåðåãîâ òðåùèíû. Ïðè óñëîâèè äîñòàòî÷íîé
ãëàäêîñòè ðåøåíèÿ çàäà÷è ìèíèìèçàöèè äëÿ èñõîäíîé âàðèàöèîííîé ïîñòà-
íîâêè ïîëó÷åíà ýêâèâàëåíòíàÿ ôîðìóëèðîâêà â âèäå êðàåâîé çàäà÷è.

ËÈÒÅÐÀÒÓÐÀ

1. Êîâòóíåíêî Â.À., Ëåîíòüåâ À.Í., Õëóäíåâ À.Ì. Çàäà÷à î ðàâíîâåñèè
ïëàñòèíû ñ íàêëîííûì ðàçðåçîì // ÏÌÒÔ. 1998. Ò. 39, � 2. C. 164�174.

2. Õëóäíåâ À.Ì. Çàäà÷è òåîðèè óïðóãîñòè â íåãëàäêèõ îáëàñòÿõ. Ì.: Ôèç-
ìàòëèò, 2010.
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Î ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÀÕ ÎÁÐÀÒÍÛÕ ÇÀÄÀ× ÄËß
ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ1

0N SOME CLASSES OF INVERSE PROBLEMS FOR PARABOLIC
EQUATIONS

Ïÿòêîâ Ñ. Ã.

Þãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Õàíòû-Ìàíñèéñê, Ðîññèÿ;
pyatkov@math.nsc.ru

Ïóñòü G � îáëàñòü â Rn ñ ãðàíèöåé Γ êëàññà C2m è Q = (0, T ) × G.
Ïàðàáîëè÷åñêîå óðàâíåíèå èìååò âèä

ut +A(t, x,D)u = g =
∑r
i=k+1 bi(t, x)qi(t, x

′) + f, (t, x) ∈ Q, (1)

ãäå x′ = (x1, x2, . . . , xn−1) è A � ìàòðè÷íûé ýëëèïòè÷åñêèé îïåðàòîð ïîðÿäêà
2m c ìàòðè÷íûìè êîýôôèöèåíòàìè ðàçìåðíîñòè h×h, ïðåäñòàâèìûé â âèäå

A(t, x,D) =
∑k
j=1 qi(x

′, t)
∑

|α|≤2m a
j
α(t, x)D

α, D = (∂x1 , ∂x2 , . . . , ∂xn).

Óðàâíåíèå (1) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = u0, Bju|S =
∑

|β|≤mj

bjβ(t, x)D
βu|S = gj(t, x), (2)

ãäåmj < 2m, j = 1, 2, . . . ,m è S = (0, T )×Γ. Íåèçâåñòíûìè ÿâëÿþòñÿ ðåøåíèå
u, ôóíêöèè qi(t, x

′) (i = 1, 2, . . . , r), âõîäÿùèå â ïðàâóþ ÷àñòü (1). Óñëîâèÿ
ïåðåîïðåäåëåíèÿ äëÿ íàõîæäåíèÿ ýòèõ ôóíêöèé qi èìåþò âèä

∂ku

∂xkn
|Si = ψik(t, x

′), Si = (0, T )× Γi, k = 0, 1, . . . , ri − 1, (3)

ãäå {Γi} (i = 1, 2, . . . , s) � ìíîæåñòâî ãëàäêèõ n − 1-ìåðíûõ ïîâåðõíîñòåé,
ëåæàùèõ â G, 1 ≤ ri ≤ 2m äëÿ âñåõ i è r = h(r1 + r2 + . . . + rs). Ïðîáëå-
ìû ïîäîáíîãî âèäà âîçíèêàþò ïðè îïèñàíèè ïðîöåññîâ òåïëîìàññîïåðåíîñà,
äèôôóçèîííûõ ïðîöåññîâ, ïðîöåññîâ ôèëüòðàöèè è âî ìíîãèõ äðóãèõ îáëà-
ñòÿõ. Ìû ïðèâîäèì óñëîâèÿ íà ãðàíè÷íûå îïåðàòîðû è ãåîìåòðèþ îáëàñòè,
ãàðàíòèðóþùèå áåçóñëîâíóþ ðàçðåøèìîñòü çàäà÷è (1)-(3).

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé (� 12-01-00260).
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ÌÍÎÃÎÊÎÌÏÎÍÅÍÒÍÀß ÑÈÑÒÅÌÀ ÝÉËÅÐÀ, ÍÅÂßÇÊÈÅ
ÐÅØÅÍÈß

EULER MULTICOMPONENT SYSTEM, NONVISCOUS
SOLUTIONS

Ðàäêåâè÷ Å.Â.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Â. Ëîìîíîñîâà, Ìîñêâà,
Ðîññèÿ;

evrad07@gmail.com

Äëÿ ìíîãîêîìïîíåíòíîé ñèñòåìû Ýéëåðà ïðèâîäèòñÿ íåñòàíäàðòíàÿ ðå-
ãóëÿðèçàöèÿ, ââåäåíèåì âÿçêîñòè è äèôôóçèîííîãî ðàññëîåíèÿ. Èññëåäîâàíà
ïðîáëåìà ëîêàëüíîé äîñòèæèìîñòè òî÷åê ôàçîâîãî ïðîñòðàíñòâà. Ïîñòðîå-
íû àñèìïòîòèêè äâóõ äâîéñòâåííûõ áèôóðêàöèé îäôðîíòîâûõ ðåøåíèé óñå-
÷åííîé ñèñòåìû Ýéëåðà â äâóõôðîíòîâûå ðåøåíèÿ. Ïîêàçàí ñâåðõçâóêîâîé
õàðàêòåð ïîÿâëåíèÿ áèôóðêàöèé.
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Ñòåðëèòàìàê, Ðîññèÿ;
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Ðàññìîòðèì óðàâíåíèå ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà

Lu =

{
ut − uxx + q(x)u = 0, t > 0,

utt − uxx + q(x)u = 0, t < 0,
(1)
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â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t)| 0 < x < π, −α < t < β}, ãäå α è β �
çàäàííûå ïîëîæèòåëüíûå ÷èñëà. Ïîòåíöèàë (èëè êîýôôèöèåíò òåïëîîáìåíà)
q(x) � îïðåäåëåííàÿ íà [0, π] äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, ïðè÷åì q(x) ≥ 0.

Â íà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà q(x) èçâåñòåí.
Íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à.Íàéòè â îáëàñòèD ôóíêöèþ u(x, t), óäî-

âëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:

u(x, t) ∈ C1(D) ∩ C2
x(D+) ∩ C2(D−); (2)

Lu(x, t) ≡ 0, (x, t) ∈ D+ ∪D−; (3)

ux(0, t)− hu(0, t) = 0, ux(π, t) +Hu(π, t) = 0, −α ≤ t ≤ β; (4)

u(x,−α) = φ(x), 0 ≤ x ≤ π, (5)

ãäå h è H � çàäàííûå ïîëîæèòåëüíûå ïîñòîÿííûå, φ(x) � çàäàííàÿ äîñòàòî÷-
íî ãëàäêàÿ ôóíêöèÿ, D− = D ∩ {t < 0}, D+ = D ∩ {t > 0}.

Â óðàâíåíèè (1), ðàçäåëÿÿ ïåðåìåííûå u(x, t) = X(x)T (t), îòíîñèòåëüíî
X(x) ïîëó÷èì ñïåêòðàëüíóþ çàäà÷ó:

X ′′(x) + (λ− q(x))X(x) = 0, 0 < x < π, (6)

X ′(0)− hX(0) = 0, X ′(π) +HX(π) = 0. (7)

Êàê èçâåñòíî, ÷òî ïðè q(x) ∈ C1[0, π] çàäà÷à (6) è (7) èìååò ñ÷åòíîå ìíî-
æåñòâî ñîáñòâåííûõ çíà÷åíèé λn, n ∈ N0 = N ∪ {0}, à ñîîòâåòñòâóþùàÿ ñè-
ñòåìà ñîáñòâåííûõ ôóíêöèé {Xn(x)} îðòîãîíàëüíà è ïîëíà â ïðîñòðàíñòâå
L2[0, π], è ïîýòîìó â íåì îáðàçóåò îðòîãîíàëüíûé áàçèñ. Ïðè ýòîì ñïðàâåä-
ëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà ïðè áîëüøèõ n:

ρn =
√
λn = n+

ω

πn
+O

(
1

n2

)
, ãäå ω = h+H +

1

2

π∫
0

q(x) dx.

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (2)�(5), òî îíî åäèíñòâåííî
òîëüêî òîãäà, êîãäà ïðè âñåõ n ∈ N0 âûïîëíåíû óñëîâèÿ

cos ρnα+ ρn sin ρnα ̸= 0. (8)

Ïóñòü òåïåðü â ïîñòàíîâêå çàäà÷è (2)�(5) íåèçâåñòíû ôóíêöèè u(x, t),
q(x) è ïîñòîÿííàÿ h è H = 0. Íà îñíîâàíèè òåîðèè îáðàòíîé çàäà÷è äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè [1] áóäåì ïðåäïîëàãàòü âûïîëíåíèå îäíîãî èç
ñëåäóþùèõ óñëîâèé:

- èçâåñòíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ î ðåøåíèè çàäà÷è (2)�(5) íà ñòî-
ðîíå x = π:

u(π, t) = ψ(t), −α ≤ t ≤ β, (9)

èëè íà ñòîðîíå x = 0:

u(0, t) = ψ0(t), −α ≤ t ≤ β, (10)
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ãäå ψ(t) è ψ0(t) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Çàäà÷à 1. Íàéòè ôóíêöèè u(x, t), q(x) è ÷èñëî h, óäîâëåòâîðÿþùèå óñëî-

âèÿì (2), (3), (5), (9) è

ux(0, t)− hu(0, t) = 0, ux(π, t) = µ(t), −α ≤ t ≤ β, (11)

ãäå µ(t) � çàäàííàÿ äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ.
Çàäà÷à 2. Íàéòè ôóíêöèè u(x, t) è q(x), óäîâëåòâîðÿþùèå óñëîâèÿì (2),

(3), (5), (10) è (11).
Òåîðåìà 2. Ïóñòü u1(x, t), q1(x), h1 è u2(x, t), q2(x), h2 � ðåøåíèÿ çàäà÷è

1 è âûïîëíåíû óñëîâèÿ (8) ïðè âñåõ n ∈ N0. Òîãäà q1(x) = q2(x) íà [0, π] è
h1 = h2, u1(x, t) = u2(x, t) â D.

Òåîðåìà 3. Ïóñòü ui(x, t) è qi(x), i = 1, 2, ðåøåíèÿ çàäà÷è 2 ñ qi(x) =
qi(π−x) è h = 0, è âûïîëíåíû óñëîâèÿ (8) ïðè âñåõ n ∈ N0. Òîãäà q1(x) = q2(x)
íà [0, π] è u1(x, t) = u2(x, t) â D.
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Òåîðèè ýëëèïòè÷åñêèõ óðàâíåíèé íà ñòðàòèôèöèðîâàííûõ ìíîæåñòâàõ
ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ (ñì., íàïðèìåð, [1]). Êà÷åñòâåííîå
èññëåäîâàíèå êðàåâûõ çàäà÷ íà ýòèõ ìíîæåñòâàõ îñíîâàíî íà ïðèìåíåíèè
âåêòîðíûõ äèôôåðåíöèàëüíûõ îïåðàöèé ñ ïîìîùüþ íàäëåæàùåãî îïðåäå-
ëåíèÿ ìåðû. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ãàðìîíè÷åñêèå ôóíêöèè íà
äâóìåðíîì ñòðàòèôèöèðîâàííîì ìíîæåñòâå K, êîòîðûé äëÿ ïðîñòîòû ïðåä-
ïîëàãàåòñÿ êîìïëåêñîì. Â íåé ïðåäëàãàåòñÿ òåîðåòèêî ôóíêöèîíàëüíûé ïîä-
õîä ê èññëåäîâàíèþ çàäà÷è Äèðèõëå äëÿ ýòèõ ôóíêöèé, îñíîâàííûé íà åå
ñâåäåíèè ê òàê íàçûâàåìîé íåëîêàëüíîé çàäà÷å Ðèìàíà[2] äëÿ àíàëèòè÷å-
ñêèõ ôóíêöèé.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìåæäóíàðîäíîãî ïðîåêòà (0113ÐÊ01031) Ìè-
íèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí
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Ïîä äâóìåðíûì êîìïëåêñîì K íèæå ïîíèìàåòñÿ îáüåäèíåíèå êîíå÷íî-
ãî ÷èñëà ìíîãîóãîëüíèêîâ, êîòîðûå ïîïàðíî ìîãóò ïåðåñåêàòüñÿ ëèøü ïî
ñâîèì âåðøèíàì ëèáî ñòîðîíàì. Â ýòîì îáüåäèíåíèè ìíîãîóãîëüíèêè M íà-
çûâàåì ãðàíÿìè êîìïëåêñà, à îòðåçêè L, ÿâëÿþùèåñÿ ñòîðîíîé îäíîé èëè
íåñêîëüêèõ ãðàíåé � ðåáðàìè. Âåðøèíû τ ýòèõ ìíîãîóãîëüíèêîâ ñîñòàâëÿþò
âåðøèíû êîìïëåêñà. Óäîáíî ìíîæåñòâà ãðàíåé, ðåáåð è âåðøèí îáîçíà÷àòü,
ñîîòâåòñòâåííî, M, L è F . Ïóñòü Mτ è Lτ îçíà÷àåò ìíîæåñòâî âñåõ, ñîîò-
âåòñòâåííî, ãðàíåé è ðåáåð, èìåþùèõ τ ñâîåé âåðøèíîé. Àíàëîãè÷íûé ñìûñë
èìååò ìíîæåñòâî ML ãðàíåé, èìåþùèõ ñâîåé ñòîðîíîé ðåáðî L. ×èñëî ýëå-
ìåíòîâ ýòèõ ìíîæåñòâ îáîçíà÷èì, ñîîòâåòñòâåííî, mτ , lτ è mL, ÷èñëî mL

íàçûâàåì òàêæå êðàòíîñòüþ ðåáðà L. Ðåáðà êðàòíîñòè 1 îòíîñèì ê ñòîðî-
íàì êîìïëåêñà K.

Çàôèêñèðóåì íåêîòîðîå ïîäìíîæåñòâî ñòîðîí, êîòîðîå îáîçíà÷èì L(D),
â äàëüíåéøåì îíè áóäóò ñëóæèòü íîñèòåëÿìè äàííûõ çàäà÷è Äèðèõëå. Â
ïðîòèâîïîëîæíîñòü ýòîìó âî âíóòðåííèõ òî÷êàõ ðåáåð L ∈ L \ L(D) áóäåò
ââåäåíî ïîíÿòèå ãàðìîíè÷íîñòè, ïîýòîìó ìíîæåñòâî L \ L(D) îáîçíà÷àåì
L(H). Ïóñòü K1(D) ⊆ R3 îçíà÷àåò îáüåäèíåíèå îòðåçêîâ L ∈ L(D).

Îáîçíà÷èì K̇(D) ñîâîêóïíîñòü âíóòðåííîñòåé ãðàíåé M ∈ M è ðåáåð
L ∈ L(H), ò.å K̇ = K \ (F ∪K1(D)). Ïî îïðåäåëåíèþ íåïðåðûâíàÿ íà K̇(D)
ôóíêöèÿ u ãàðìîíè÷íà, åñëè ãàðìîíè÷íû âñå åå ñóæåíèÿ íà ãðàíè è äëÿ
êàæäîãî ðåáðà L ∈ L(H) âûïîëíÿåòñÿ ñîîòíîøåíèå∑

M∈ML

∂uM
∂νM

∣∣∣∣
L

= 0, uM = u
∣∣
M
,

ãäå νM îçíà÷àåò âíóòðåííþþ åäèíè÷íóþ íîðìàëü íà L ïî îòíîøåíèþ ê îá-
ëàñòè M .

Çàäà÷à Äèðèõëå (çàäà÷à D) çàêëþ÷àåòñÿ â îòûñêàíèè ãàðìîíè÷åñêîé íà
K̇(D) ôóíêöèè u ∈ C(K \ F ) ïî êðàåâîìó óñëîâèþ

u
∣∣
K1(D)

= f,

ãäå ôóíêöèÿ f ∈ C[K1(D) \ F ] çàäàíà.
Ýòà çàäà÷à ðàññìàòðèâàåòñÿ â êëàññå Ãåëüäåðà Cµ(K), à òàêæå â êëàññå

Cµ−0(K,F ) ôóíêöèé, ïðèíàäëåæàùèõ Cµ âíå ëþáîé îêðåñòíîñòè F è â òî÷êàõ
τ ∈ F äîïóñêàþùèõ îñîáåííîñòè ëîãàðèôìè÷åñêîãî õàðàêòåðà. Ïîêàçàíî,
÷òî çàäà÷à Äèðèõëå ôðåäãîëüìîâà â êàæäîì èç ýòèõ êëàññîâ. Èíäåêñ ýòîé
çàäà÷è îïèñàí â òåðìèíàõ òàê íàçûâàåìîãî êîíöåâîãî ñèìâîëà - ñåìåéñòâà
àíàëèòè÷åñêèõ ìàòðèö- ôóíêöèéWτ (ζ), τ ∈ F . Çäåñü Wτ � ìàòðèöà ïîðÿäêà
2mτ , ãäå mτ � ÷èñëî äâóìåðíûõ ñòðàò, èìåþùèõ τ ñâîåé âåðøèíîé, êîòîðàÿ
çàâèñèò òîëüêî îò ãåîìåòðè÷åñêîé ñòðóêòóðû êîìïëåêñà K è âûáîðà K1(D).
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Ñðåäè ôóíäàìåíòàëüíûõ èññëåäîâàíèé äèíàìè÷åñêèõ ñèñòåì âàæíóþ
ðîëü èãðàåò àíàëèç ïàðàìåòðîâ ìàòåìàòè÷åñêèõ ìîäåëåé è îöåíêà ñîâìåñò-
íîñòè ìîäåëåé ñ èçâåñòíîé ñòàòèñòèêîé èçìåðåíèé. Ïðè ýòîì êëþ÷åâóþ ðîëü
èãðàþò ïðèëîæåíèÿ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ [1,2].

Ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à äèíàìèêè äëÿ ñèñòåìû

dx(t)

dt
= f(t, x(t)) +G(t, x(t))u(t), t ∈ [0, T ], x ∈ Rn, (1)

óïðàâëåíèå u îãðàíè÷åíî:

u ∈ U = {ui ∈ [a−i , a
+
i ], a−i < a+i , i = 1, 2, . . . , n} (2).

Ïðåäïîëàãàåòñÿ, ÷òî çàäàíà íåïðåðûâíàÿ ôóíêöèÿ y(·) : [0, T ] → Rn � èñ-
òîðèÿ çàìåðîâ ôàçîâîé ïåðåìåííîé ñèñòåìû, ïðè÷åì èçâåñòíî, ÷òî òî÷íîå
äâèæåíèå x∗(t) ñîäåðæèòñÿ â ïîëîñå äîñòîâåðíîñòè çàìåðîâ Ωδ

(t, x∗(t)) ∈ Ωδ = {(t, x) ∈ [0, T ]× Rn : ||x− y(t)|| ≤ δ}, (3)

ãäå ïàðàìåòð ïîãðåøíîñòè èçìåðåíèé δ > 0, à ñèìâîë ||z|| îçíà÷àåò åâêëèäîâó
íîðìó êîíå÷íîìåðíîãî âåêòîðà z.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé (� 14-01-00168) è Ïðåçèäèóìà ÐÀÍ (ïðîãðàììà ñîòðóäíè÷åñòâà ÓðÎ è ÑÎ
ÐÀÍ)
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Îáðàòíàÿ δ-çàäà÷à äèíàìèêè ñîñòîèò â ïîñòðîåíèè óïðàâëåíèé uδ(·) è
ïîðîæäåííûõ èìè òðàåêòîðèé xδ(·) ñèñòåìû (1), (2), êîòîðûå óäîâëåòâîðÿþò
óñëîâèþ

max
t∈[0,T ]

||xδ(t)− x∗(t)|| → 0, ïðè δ → 0, (4)

à ïîðîæäàþùèå èõ óïðàâëåíèÿ ñõîäÿòñÿ â ïðîñòðàíñòâå L2 ê óïðàâëåíèþ
u∗(·), ïîðîæäàþùåìó èñõîäíóþ òðàåêòîðèþ x∗(·) è èìåþùåìó ïðè ýòîì ìè-
íèìàëüíóþ íîðìó â L2.

Ïðåäëàãàåòñÿ ðåøåíèå îáðàòíîé çàäà÷è, áàçèðóþùååñÿ íà ðåøåíèè çàäà-
÷è ïîçèöèîííîãî îïòèìàëüíîãî óïðàâëåíèÿ (ñì. [3]) c ôóíêöèîíàëîì íåâÿçêè
âèäà

It0,x0(u(·)) =
T∫

0

[
− (x(t)− y(t))2

2
+
α

2
||u(t)||2

]
dt→ min

u(·)∈U[t0,T ]
. (5)

Çäåñü α > 0 � ìàëûé ðåãóëÿðèçèðóþùèé ïàðàìåòð, (t0, x0) ∈ Ωδ, x(t) =
x(t; t0, x0, u(·)) � òðàåêòîðèÿ ñèñòåìû (1), ñòàðòóþùàÿ èç òî÷êè x(t0) = x0 è
ïîðîæäåííàÿ èçìåðèìûì óïðàâëåíèåì u(·) : [t0, T ] → U , ìíîæåñòâî U[t0, T ]
ñîñòîèò èç âñåõ èçìåðèìûõ óïðàâëåíèé u(·) : [t0, T ] → U .

Ðàçðàáîòàíû ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ çàäà÷, ïîëó÷åíû óñëî-
âèÿ ñîãëàñîâàíèÿ ïàðàìåòðîâ àïïðîêñèìàöèè δ è α è äîêàçàíà ñõîäèìîñòü
ìåòîäîâ. Â êà÷åñòâå èëëþñòðàòèâíîãî ïðèìåðà ðàññìîòðåíà çàäà÷à ðåêîí-
ñòðóêöèè óïðàâëåíèé îäíîé ìàêðîýêîíîìè÷åñêîé ìîäåëè ïðè èçâåñòíîé ñòà-
òèñòèêå çàìåðîâ ïîêàçàòåëåé ìàêðîýêîíîìèêè.

Îáñóæäàþòñÿ âîçìîæíîñòè ïðèìåíåíèÿ ýòîãî ïîäõîäà äëÿ ðåøåíèÿ çà-
äà÷ èäåíòèôèêàöèè ïàðàìåòðîâ ìîäåëè äèíàìè÷åñêîé ñèñòåìû ïðè íåïîë-
íûõ äàííûõ íà ïðèìåðå ìîäåëè ãðàâèòàöèè.

Ïðèâîäÿòñÿ òàêæå ðåçóëüòàòû ïðèëîæåíèé òåîðèè îïòèìàëüíîãî óïðàâ-
ëåíèÿ äëÿ îïèñàíèÿ êóñî÷íî-ãëàäêèõ ðåøåíèé çàêîíîâ ñîõðàíåíèÿ.
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ÎÁ ÎÁÙÅÉ ÒÅÎÐÈÈ ÁÅÑÊÎÍÅ×ÍÛÕ ÑÈÑÒÅÌ
ËÈÍÅÉÍÛÕ ÀËÃÅÁÐÀÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ1

ABOUT THE GENERAL THEORY OF INFINITE SYSTEM OF
LINEAR ALGEBRAIC EQUATIONS

Ôåäîðîâ Ô.Ì.

Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ;

foma_46@mail.ru

Â íàñòîÿùåì äîêëàäå îñâåùåíû îñíîâíûå àñïåêòû ðàçâèòèÿ îáùåé òåî-
ðèè áåñêîíå÷íûõ ñèñòåì, ïðåäëîæåííûå è ðàçâèâàåìûå íàìè [1�7].

Ïðåæäå âñåãî îáîáùåí àëãîðèòì Ãàóññà íà áåñêîíå÷íûå ñèñòåìû. Åñëè
áåñêîíå÷íûé îïðåäåëèòåëü ìàòðèöû èñõîäíîé ñèñòåìû íå ðàâåí íóëþ, ò. å.
ìàòðèöà ñèñòåìû èìååò áåñêîíå÷íûé ðàíã, òî èñõîäíàÿ ìàòðèöà ðàçëàãàåòñÿ
â ïðîèçâåäåíèå äâóõ ìàòðèö: òðåóãîëüíîé è ãàóññîâîé. Ïîñëåäíåå ïîçâîëÿ-
åò ðàññìàòðèâàòü òîëüêî ãàóññîâó ñèñòåìó. Ïðè èçó÷åíèè ãàóññîâîé ñèñòåìû
ïîÿâëÿåòñÿ âîçìîæíîñòü òî÷íîãî ðåøåíèÿ ñîîòâåòñòâóþùåé óñå÷åííîé ñè-
ñòåìû äëÿ êàæäîãî n, íå ñâÿçûâàÿ åå ðåøåíèå ñ ïðèáëèæåííûìè ìåòîäàìè,
ñêàæåì, ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðè ýòîì ìåòîä ðåäóêöèè
ïðèìåíÿåòñÿ â äâîÿêîì ñìûñëå: â óçêîì � äëÿ ðåøåíèÿ íåîäíîðîäíûõ ñèñòåì
è â øèðîêîì � äëÿ îäíîðîäíûõ ñèñòåì. Ââåäåíî ïîíÿòèå ñòðîãî ÷àñòíîãî
ðåøåíèÿ ãàóññîâûõ ñèñòåì � ýòî ðåøåíèå, êîòîðîå ìîæíî ïîëó÷èòü ìåòîäîì
ðåäóêöèè â óçêîì ñìûñëå. Ñòðîãî ÷àñòíîå ðåøåíèå ÿâëÿåòñÿ åäèíñòâåííûì
÷àñòíûì ðåøåíèåì, êîòîðîå ïîä÷èíÿåòñÿ ïðàâèëó Êðàìåðà, òåì ñàìèì îáîá-
ùàåòñÿ òåîðåìà Êðàìåðà íà áåñêîíå÷íûå ñèñòåìû.

Â ñëó÷àå ñîâìåñòíîñòè áåñêîíå÷íîé ñèñòåìû ïîëó÷åíî åå ñòðîãî ÷àñòíîå
ðåøåíèå â çàìêíóòîì àíàëèòè÷åñêîì âèäå. Äîêàçàíà òåîðåìà î íåîáõîäèìûõ
è äîñòàòî÷íûõ óñëîâèÿõ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ðåøåíèé îäíîðîä-
íûõ ãàóññîâûõ ñèñòåì. Â ñëó÷àå âûïîëíåíèÿ ýòèõ óñëîâèé ïîëó÷åíû çàìêíó-
òûå íåòðèâèàëüíûå ðåøåíèÿ îäíîðîäíûõ ñèñòåì.

Êîãäà áåñêîíå÷íûé îïðåäåëèòåëü ñèñòåìû ðàâåí íóëþ, òî ââåäåíèåì ïî-
íÿòèÿ äåêðåìåíòà áåñêîíå÷íûõ ìàòðèö è îïðåäåëèòåëåé, îáîáùåíû òåîðå-
ìû òèïà Êðîíåêåðà-Êàïåëëè î ñóùåñòâîâàíèè ðåøåíèé áåñêîíå÷íûõ ñèñòåì.

Â çàêëþ÷åíèå ðàññìîòðèì ïðèìåð áåñêîíå÷íîé ñèñòåìû, êîòîðàÿ àïðèîðè
èñêëþ÷àëàñü èç ðàññìîòðåíèÿ:

∞∑
p=0

(2j + 2p)!

(2p)!
xj+p = bj , j = 0,∞, b = const > 0. (1)

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ áàçîâîé ÷àñòè
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò �3047)
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Èçâåñòíûìè ìåòîäàìè íåâîçìîæíî ðåøèòü ñèñòåìó (1), áîëåå òîãî, íåëüçÿ
äîêàçàòü äàæå ñóùåñòâîâàíèå ðåøåíèÿ.

Òåì íå ìåíåå äàííàÿ ñèñòåìà èìååò ñòðîãî ÷àñòíîå ðåøåíèå íåîäíîðîäíîé
ñèñòåìû (1), êðîìå òîãî, íàì óäàëîñü íàéòè è ôóíäàìåíòàëüíîå ðåøåíèå
ñîîòâåòñòâóþùåé îäíîðîäíîé (b = 0) ñèñòåìû (1):

x
(k)
i =

bi

(2i)!ch(
√
b)

+
(−1)iπ2i(2k + 1)2ix0

(2i)!22i
, i, k = 0, 1, 2, ... ,

òåì ñàìèì ïðàêòè÷åñêè íàøëè åå îáùåå ðåøåíèå.
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Ñåêöèÿ I. ÍÅÊËÀÑÑÈ×ÅÑÊÈÅ ÇÀÄÀ×È
ÓÐÀÂÍÅÍÈÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ

ÔÈÇÈÊÈ

EXACT SOLUTIONS OF GASDYNAMIC EQUATIONS
OBTAINED BY THE METHOD OF CONSERVATION LAWS

Avdonina E.1, Ibragimov N.1, Khamitova R.2

1Ufa State Aviation Technical University, Ufa, Russia; nailhib@mail.ru
2Blekinge Institute of Technology, Karlskrona, Sweden; rkh@bth.se

The recent method of conservation laws for constructing exact solutions for
systems of nonlinear partial di�erential equations is applied to the gasdynamic
equations describing one-dimensional and three-dimensional polytropic �ows. In
the one-dimensional case singular solutions are constructed in closed forms. In
the three-dimensional case several conservation laws are used simultaneously. It is
shown that the method of conservation laws leads to particular solutions di�erent
from group invariant solutions.

PARTIALLY INVARIANT NONLINEAR OSCILLATIONS
VISCOELASTIC BAR1

Chirkunov Y.A.

Novosibirsk State Technical University, Novosibirsk, Russia;
chr101@mail.ru

Nonlinear longitudinal vibrations of viscoelastic rod with a uniform cross-
section in model Kelvin described by the equation:

utt = σ′(ux)uxx + λuxxt (1)

where t - the time; x - coordinate describing the situation of the cross-section of
the bar; u = u(t, x) - longitudinal travel section of a bar overtime t; λ ̸= 0 the
coe�cient of viscosity; σ = σ(ux) - voltage. Prime denotes the di�erentiation.
Assume that σ′′(ux) ̸= 0, which means nonlinear oscillations of a bar. For this
equation are found, all conservation laws of second order. These laws generate

1Work is executed at �nancial support of the Ministry of education and science of
the Russian Federation, on government order 2014/138, project No. 435.
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nonlocal variables that determine nonlinear systems of di�erential equations
equivalent to the equation (1). Using group classi�cation received all models
of these systems, with additional symmetries. Obtained all partially invariant
solutions of these systems, including the cases in which systems have additional
symmetries. The presence in the formulas of these decisions is an arbitrary
constant and formulas of solutions production helps �nd solutions to the original
equation, satisfying various boundary conditions. Using these solutions, the
solutions are obtained that describe: 1) static deformation of the rod; 2) running
wave and possible for the model considered generalizations of the traveling wave.
Under some additional conditions established the existence and uniqueness of
solutions of boundary value problems describing the longitudinal oscillations of
the rod, one end of which at the initial moment of time speci�ed either displace-
ment, velocity and acceleration; or - displacement, speed, and deformation; or -
displacement, speed and the deformation gradient; or - displacement, deformation
and acceleration; or - displacement, strain and strain rates; or - displacement,
strain and deformation gradient.
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SOME NONLOCAL PROBLEM FOR MIXED EQUATION WITH
SECOND ORDER

Gurbanov P.

City Ashgabat, Turkmenistan;
pirligurban@mail.ru

Let D be the bounded domain that is, a connected region in the plane whose
boundary consists of a smooth curve σ in the region where y > 0 which meets
the x-axis in points O(0, 0) and A(1, 0) and the two characteristics {OC : x = 0}
and {AC : x− y = 1} that issue from O and A.

Boundary value problem: �nd a regular solution u(x, t) to equation

Uxx −
1− sgny

2
Uyy −

1 + sgny

2
Uy + c (x, y)U = 0, (x, y) ∈ D,

which satis�es the boundary conditions

U |σ = φ (S) , Sϵσ

Ux|x=0 = φ1 (y) , (−1 ≤ y ≤ 0)
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U
(
−y
2
,
y

2

)
= αU

(
0,

y

2

)
+ φ2 (y) , (−1 ≤ y ≤ 0)

where 0 < α < 1
2
and φ(S), φ1(y), φ2(y) are given continuous functions.

In this work we investigate problems of existence and uniqueness of regular
solutions for considered nonlocal problem for mixed equation with second order.
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ÏÅÐÅÌÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

MODIFIED DIRICHLET PROBLEM FOR THE ELLIPTIC
SYSTEM WITH VARIABLE COEFFICIENTS

Àáäðàõìàíîâ À.Ì.

Óôèìñêèé Ãîñóäàðñòâåííûé Àâèàöèîííûé Òåõíè÷åñêèé Óíèâåðñèòåò,
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Ðàññìîòðèì ñèñòåìó

−f(X)∆uj + λ
∂

∂xj

(
n∑
k=1

∂u

∂xk

)
= 0, j = 1, 2, .., n (1)

ãäå X = (x1, x2, .., xn), f(X) ̸= 0 â îáëàñòè D =
{
X : x21 + x22 + ...+ x2n < R2

}
,

ñ ãðàíèöåé Γ; f(X) < λ, X ∈ D ; f(X) = λ, X ∈ Γ; grad
(

λ

f(X)
− 1

)
̸= 0 äëÿ

X ∈ Γ
1. R2 > λ. Ðàññìîòðèì çàäà÷ó Äèðèõëå â ñëåäóþùåé ïîñòàíîâêå: íàéòè

ðåãóëÿðíîå â îáëàñòè D îãðàíè÷åííîå ðåøåíèå ñèñòåìû (1), óäîâëåòâîðÿþ-
ùåå íà ãðàíèöå Γ óñëîâèÿì:

uj |Γ = fj , j = 1, 2, .., n− 1; fj ∈ C2,α(Γ) (2)

un|δΓ = fn : fn ∈ C1,α(δΓ) : δΓ = {X ∈ Γ : xn = 0} (3)

Äîêàçàíà òåîðåìà 1: Çàäà÷à Äèðèõëå (1), (2), (3) ðàçðåøèìà è åå ðåøå-
íèå åäèíñòâåííî â êëàññå ôóíêöèé, îãðàíè÷åííûõ íà áåñêîíå÷íîñòè.
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2. R2 < λ. Â ýòîì ñëó÷àå ê êðàåâûì óñëîâèÿì (2), (3) íóæíî äîáàâèòü
óñëîâèå

n∑
k=1

∂u

∂xk

∣∣∣
Γ
= fn+1, fn+1 ∈ C1,α(Γ) (4)

Äîêàçàíà òåîðåìà 2: Çàäà÷à Äèðèõëå (1), (2), (3), (4) ðàçðåøèìà è åå
ðåøåíèå åäèíñòâåííî â êëàññå îãðàíè÷åííûõ ôóíêöèé.

Î ÐÀÇÐÅØÈÌÎÑÒÈ ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß ÍÅÊÎÒÎÐÛÕ
ÓÐÀÂÍÅÍÈÉ ÒÈÏÀ ÁÓÑÑÈÍÅÑÊÀ1

ON THE SOLVABILITY OF BOUNDARY VALUE PROBLEMS
FOR SOME EQUATIONS OF BOUSSINESQ

Àëñûêîâà À.À.

Áóðÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëàí-Óäý, Ðîññèÿ;
888552@mail.ru

Ïóñòü Ω åñòü èíòåðâàë (0,1) îñèOx,Q - ïðÿìîóãîëüíèê Ω×(0, T ) êîíå÷íîé
âûñîòû T , f(x, t), a(x, t), b(x, t), c(x, t), αi(t), βi(t) (i = 1, 2) çàäàííûå ïðè
x ∈ Ω, t ∈ [0, T ] ôóíêöèè.

Êðàåâàÿ çàäà÷à I: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëü-
íèêå Q ðåøåíèåì óðàâíåíèÿ

Lu(x, t) ≡ utt(x, t)− uxxtt(x, t) + a(x, t)uxx(x, t) + b(x, t)ux(x, t) + c(x, t)u(x, t)

= f(x, t) (1)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿåòñÿ óñëîâèå{
ux(0, t) = α1(t)u(0, t) + α2(t)u(1, t), 0 < t < 1,

ux(1, t) = β1(t)u(0, t) + β2(t)u(1, t), 0 < t < 1,

u(x, 0) = ut(x, 0) = 0 ïðè x ∈ Ω. (2)

Êðàåâàÿ çàäà÷à II: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëü-
íèêå Q ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿåòñÿ óñëîâèå
(2), à òàêæå óñëîâèå{

u(0, t) = α1(t)ux(0, t) + α2(t)u(1, t), 0 < t < 1,

ux(1, t) = β1(t)ux(0, t) + β2(t)u(1, t), 0 < t < 1.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÁÃÓ.
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Êðàåâàÿ çàäà÷à III: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â ïðÿìîóãîëü-
íèêå Q ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿåòñÿ óñëîâèå
(2), à òàêæå óñëîâèå{

u(0, t) = α1(t)ux(0, t) + α2(t)ux(1, t), 0 < t < 1,

u(1, t) = β1(t)ux(0, t) + β2(t)ux(1, t), 0 < t < 1.

ËÈÒÅÐÀÒÓÐÀ

1. Äåìèäåíêî Ã. Â., Óñïåíñêèé Ñ. Â. Óðàâíåíèÿ è ñèñòåìû, íå ðàçðåøåííûå
îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Íîâîñèáèðñê: Íàó÷íàÿ êíèãà, 1998.

2. Kiguradze T. On the correctness of the Dirichlet problem in a characteristic.
rectangle for fourth order linear hyperbolic equations // Georgian Math. 1999.
Ò. 6, � 5. Ñ. 447�470.

3. Óòêèíà Å.À. Çàäà÷à Äèðèõëå äëÿ îäíîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿä-
êà // Äèôôåðåíö. óðàâíåíèÿ. 2011. Ò.47, �4. -Ñ.400-404.

4. Ïóëüêèíà Ë. Ñ. Çàäà÷è ñ íåêëàññè÷åñêèìè óñëîâèÿìè äëÿ ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé: ìîíîãðàôèÿ. Ñàìàðà: Ñàìàðñêèé óíèâåðñèòåò, 2012.

ÈÑÑËÅÄÎÂÀÍÈÅ ÃËÀÄÊÎÑÒÈ ÐÅØÅÍÈÉ ÊÐÀÅÂÛÕ
ÇÀÄÀ× ÄËß ÎÏÅÐÀÒÎÐÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ1

RESEARCH OF SMOOTHNESS OF SOLUTIONS OF BOUNDARY
VALUE PROBLEMS FOR OPERATOR-DIFFERENTIAL

EQUATIONS OF MIXED TYPE

Àíòèïèí Â.È.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

antvasiv@mail.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ãëàäêîñòè ðåøåíèé êðàåâûõ çàäà÷ äëÿ
îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

But −Au = f(x, t), (1)

ãäå A,B � ëèíåéíûå îïåðàòîðû, îïðåäåëåííûå â äàííîì ãèëüáåðòîâîì ïðî-
ñòðàíñòâå E. Îïåðàòîð B íåîáðàòèì, â ÷àñòíîñòè, îí ìîæåò èìåòü íåíóëåâîå
ÿäðî è ñïåêòð îïåðàòîðà B ìîæåò ñîäåðæàòü îäíîâðåìåííî áåñêîíå÷íûå ïîä-
ìíîæåñòâà ïîëîæèòåëüíîé è îòðèöàòåëüíîé ïîëóîñåé. Àíàëîãè÷íûå êðàåâûå

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2014�2016 ãã. (ïðîåêò � 3047)
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çàäà÷è äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà îïåðàòîð B ñàìîñîïðÿæåí, îïå-
ðàòîð L óäîâëåòâîðÿåò óñëîâèþ Êàòî-ñåêòîðèàëüíîñòè, áûëè ðàññìîòðåíû
â ðàáîòå [1]. Ñôîðìóëèðîâàíû è äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèé ïîñòàâëåííîé êðàåâîé çàäà÷è, à òàêæå èçó÷åí âîïðîñ
ãëàäêîñòè äàííûõ ðåøåíèé.

ËÈÒÅÐÀÒÓÐÀ

1. Ïÿòêîâ Ñ.Ã., Àáàøååâà Í.Ë. Ðàçðåøèìîñòü êðàåâûõ çàäà÷ äëÿ
îïåðàòîðíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñìåøàííîãî òèïà // Ñèá. ìàò.
æóðí. 2000. Ò.41, �6. Ñ. 1419-1435.

ÐÀÇÐÅØÈÌÎÑÒÜ ÍÅÊÎÒÎÐÛÕ ÍÎÂÛÕ ÇÀÄÀ×
ÑÎÏÐßÆÅÍÈß ÄËß ÍÅÊËÀÑÑÈ×ÅÑÊÈÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÂÛÑÎÊÎÃÎ
ÏÎÐßÄÊÀ

SOLVABILITY OF SOME NEW CHALLENGES FOR THE
CONJUGATION OF NONCLASSICAL HIGHER ORDER

DIFFERENTIAL EQUATIONS

Àòëàñîâà Å.È.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

elena.131190@mail.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè íîâûõ çàäà÷ ñîïðÿæåíèÿ
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà:

(−1)p−1D2p
t u−∆u+ c (x, t)u = f(x, t), (1)

â êîòîðûõ Dk
t = ∂k

∂tk
, p > 1, ∆ � îïåðàòîð Ëàïëàñà ïî ïðîñòðàíñòâåííûì ïå-

ðåìåííûì. Òàêèå óðàâíåíèÿ â ñëó÷àå p = 1 ÿâëÿþòñÿ îáû÷íûìè ãèïåðáîëè-
÷åñêèìè óðàâíåíèÿìè, â ñëó÷àå æå p > 1 êàêîãî-ëèáî íàçâàíèÿ îíè íå èìåþò
(èíîãäà òàêèå óðàâíåíèÿ íàçûâàþò ïðîñòî íåêëàññè÷åñêèìè äèôôåðåíöè-
àëüíûìè óðàâíåíèÿìè). Âïåðâûå ïðåäëîæèë ïîñòàíîâêó êðàåâîé çàäà÷è äëÿ
òàêèõ óðàâíåíèé, èçó÷èë åå êîððåêòíîñòü Â.Í. Âðàãîâ [2], ðÿä ðåçóëüòàòîâ
î ðàçðåøèìîñòè êðàåâûõ çàäà÷, î ñâîéñòâàõ ðåøåíèé ïîëó÷èëè È.Å. Åãîðîâ
è Â.Å. Ôåäîðîâ [2]. Çàäà÷è ñîïðÿæåíèÿ â ñëó÷àå p > 1 ñ óñëîâèÿìè ñêëåéêè
ïî ïðîñòðàíñòâåííûì ïåðåìåííûì èçó÷àëèñü â [3]. Íî çàäà÷è ñîïðÿæåíèÿ ñ
óñëîâèÿìè ñêëåéêè ïî âðåìåííîé ïåðåìåííîé ðàíåå íå ðàññìàòðèâàëèñü.
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Î ÍÅÊÎÒÎÐÛÕ ÑÏÅÊÒÐÀËÜÍÛÕ ÑÂÎÉÑÒÂÀÕ ÎÄÍÎÃÎ
ÊËÀÑÑÀ ÍÅÑÀÌÎÑÎÏÐßÆÅÍÍÛÕ ÝËËÈÏÒÈ×ÅÑÊÈÕ

ÎÏÅÐÀÒÎÐÎÂ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

ON SOME SPECTRAL PROPERTIES OF A CLASS OF THE
SECOND ORDER NONSELFADJOINT ELLIPTIC OPERATORS

Ãàäîåâ Ì. Ã.1, Åãîðîâ È.Å.2

1Ìèðíèíñêèé ïîëèòåõíè÷åñêèé èíñòèòóò (ô) ÑÂÔÓ, Ìèðíûé, Ðîññèÿ;
gadoev@rambler.ru

2Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ; niipmi@sitc.ru

Ïóñòü Ω0 ⊂ Rn- îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C∞, à S ⊂ Ω0-
íåêîòîðîå çàìêíóòîå ïîäìíîãîîáðàçèå êîðàçìåðíîñòè µ ∈ {1, ..., n}. Ïîäìíî-
ãîîáðàçèåì êîðàçìåðíîñòè n â Rn óñëîâèìñÿ ñ÷èòàòü ìíîæåñòâî ñîñòîÿùåå
èç êîíå÷íîãî ÷èñëà òî÷åê. Ïðè µ ∈ {1, ..., n− 1} áóäåì ñ÷èòàòü, ÷òî S− óäî-
âëåòâîðÿåò óñëîâèþ êîíóñà.

Ïîëîæèì Ω = Ω0 \ S, ρ(x) = dist{x, S}. Ðàññìîòðèì ïðîñòðàíñòâî H =
W 2

2,α(Ω) ñîñòîÿùåå èç ôóíêöèé v(x)(x ∈ Ω) ñ êîíå÷íîé íîðìîé

||v||+ = (

n∑
i=1

∫
Ω

ρ2α(x)|v′xi(x)|
2dx+

∫
Ω

|v(x)|2dx)1/2, α ∈ [0, 1].

Â ïðîñòðàíñòâå L2(Ω)
l ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

Au = −
n∑

i,j=1

∂

∂xj
(ρ2θ(x)aij(x)q(x)

∂u(x)

∂xi
).

Ñôîðìóëèðóåì óñëîâèÿ äëÿ êîýôôèöèåíòîâ q(x), aij(x) (i, j = 1, n).
Ïðåäïîëîæèì, ÷òî aij(x) ∈ C2(Ω), q(x) ∈ C2(Ω : EndCl), aij(x) =

aji(x), (x ∈ Ω, i, j = 1, n). Êðîìå òîãî, ïðåäïîëîæèì âûïîëíåíèå óñëîâèÿ
ýëëèïòè÷íîñòè:
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c|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj (x ∈ Ω, ξ ∈ Cn), c > 0.

Çà îáëàñòüþ îïðåäåëåíèÿ îïåðàòîðà A ïðèìåì êëàññ âåêòîð - ôóíêöèé

u(x) ∈ L2(Ω)
l ñ êîìïîíåíòàìè êëàññà

◦
Hl (Ω) ∩W 2

2,loc(Ω) òàêèå, ÷òî

n∑
i,j=1

(ρ2θaijqu
′
xi)

′
xj ∈ L2(Ω)

l.

Çäåñü
◦
H îáîçíà÷àåò çàìûêàíèå ëèíåéíîãî ìíîãîîáðàçèÿ C∞

0 (Ω) â ïðî-
ñòðàíñòâå H.

Ïóñòü Φ ⊂ C− íåêîòîðûé çàìêíóòûé ñåêòîð ñ âåðøèíîé â íóëå. Îáî-
çíà÷èì ÷åðåç µ1(x), ..., µl(x) ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû q(x) è ïðåäïîëî-
æèì, ÷òî µi(x) ̸= µj(x), µj(x) ∈ C\Φ, (i, j = 1, ..., l, x ∈ Ω). Ïðè âûïîëíåíèè
ñôîðìóëèðîâàííûõ âûøå óñëîâèé èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 1. Äëÿ äîñòàòî÷íî áîëüøèõ ïî ìîäóëþ λ ∈ Φ îïåðàòîð A−λE
èìååò íåïðåðûâíûé îáðàòíûé (A − λE)−1 â ïðîñòðàíñòâå L2(Ω)

l è âåðíà
îöåíêà

||(A− λE)−1|| ≤MΦ|λ|−1 (λ ∈ Φ, |λ| ≥ c).

Îïåðàòîð A èìååò äèñêðåòíûé ñïåêòð.
Ñôîðìóëèðóåì òåïåðü îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àþùèéñÿ â íà-

õîæäåíèè àñèìïòîòèêè ôóíêöèè ðàñïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé îïå-
ðàòîðà A.

Ïóñòü µ1(x), ..., µν(x) ∈ R+, µν+1(x), ..., µl(x)∈R+, ∀x ∈ Ω. Òîãäà ââè-
äó òîãî, ÷òî µi(x) ∈ C(Ω) íàéäåòñÿ ÷èñëî φ ∈ (0, π) òàêîå, ÷òî |argµj(x)| >
φ (j = ν + 1, ..., l). Îáîçíà÷èì ÷åðåç N(t) ÷èñëî ñîáñòâåííûõ çíà÷åíèé îïå-
ðàòîðà A ðàñïîëîæåííûõ â óãëå Φ = {z ∈ C : |argz| ≤ φ} è íå ïðåâîñõîäÿùèõ
ïî ìîäóëþ ÷èñëà t.

Òåîðåìà 2. Ïóñòü α <
µ

n
. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ àñèìïòîòè÷å-

ñêàÿ ôîðìóëà

N(t) ∼ (2π)−nvnt
n
2

∫
Ω

ρ−nα(x)µ(x)(det(a(x)))−1/2dx,

t→ +∞, ãäå vn - îáúåì åäèíè÷íîãî øàðà â Rn,

µ(x) =

ν∑
i=1

µ
−n

2
i (x), a(x) = (aij(x))

n
k,j=1.
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ÇÀÄÀ×À ÄÈÐÈÕËÅ ÄËß ÓÐÀÂÍÅÍÈß ËÀÂÐÅÍÒÜÅÂÀ �
ÁÈÖÀÄÇÅ Ñ ÄÂÓÌß ËÈÍÈßÌÈ ÈÇÌÅÍÅÍÈß ÒÈÏÀ Â

ÏÐßÌÎÓÃÎËÜÍÎÉ ÎÁËÀÑÒÈ

DIRICHLET PROBLEM FOR LAVRENTIEV - BITSADZE
EQUATION WITH TWO LINES OF TYPE IN RECTANGULAR

AREA

Ãèìàëòäèíîâà À.À.1,2

1Ïîâîëæñêàÿ ãîñóäàðñòâåííàÿ ñîöèàëüíî - ãóìàíèòàðíàÿ àêàäåìèÿ,
Ñàìàðà, Ðîññèÿ;

2Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà,
Ñòåðëèòàìàê, Ðîññèÿ;

alfiragimaltdinova@mail.ru

Äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà

Lu ≡ sgnx · uxx + sgn y · uyy = 0 (1)

â îáëàñòè D = {(x, y)| −1 < x < 1, −α < y < β}, α, β ∈ R, α, β > 0, èçó÷àåòñÿ
ñëåäóþùàÿ çàäà÷à Äèðèõëå: íàéòè ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ
óñëîâèÿì:

u(x, y) ∈ C(D ) ∩ C1(D) ∩ C2(D1 ∪D2 ∪D3 ∪D4), (2)

Lu(x, y) ≡ 0, (x, y) ∈ D1 ∪D2 ∪D3 ∪D4, (3)

u(x, y)
∣∣
x=1

= u(x, y)
∣∣
x=−1

= 0, y ∈ [−α, β], (4)

u(x, y)
∣∣
y=β

= φ(x), u(x, y)
∣∣
y=−α = ψ(x), x ∈ [−1, 1], (5)

ãäå D1 = D∩{x > 0, y > 0}, D2 = D∩{x > 0, y < 0}, D3 = D∩{x < 0, y < 0},
D4 = D ∩ {x < 0, y > 0}, φ è ψ � çàäàííûå ôóíêöèè.

Ìíîãèå àâòîðû çàíèìàëèñü èçó÷åíèåì çàäà÷è Äèðèõëå äëÿ óðàâíåíèé
ñìåøàííîãî òèïà ñ îäíîé ëèíèåé èçìåíåíèÿ òèïà (Ôðàíêëü Ô.È., Øàáàò
Á.Â., Áèöàäçå À.Â., Cannon J.R., Õà÷åâ Ì.Ì., Ñàáèòîâ Ê.Á. è ìí. äð.). Â ðà-
áîòå [1] èññëåäîâàíà çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ îäíîé
âíóòðåííåé ëèíèåé âûðîæäåíèÿ è ìåòîäàìè ñïåêòðàëüíîãî àíàëèçà óñòàíîâ-
ëåí êðèòåðèé åäèíñòâåííîñòè è ðåøåíèå çàäà÷è ïîñòðîåíî â âèäå ñóììû ðÿäà
ïî ñèñòåìå ñîáñòâåííûõ ôóíêöèé.

Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) ñ äâóìÿ âíóòðåííèìè ïåðïåíäèêó-
ëÿðíûìè ëèíèÿìè èçìåíåíèÿ òèïà èçó÷åíà çàäà÷à Äèðèõëå â ïðÿìîóãîëüíîé
îáëàñòè.

Ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ u(x, y) = X(x)Y (y) îòíîñèòåëüíî X(x) ïî-
ëó÷åíà ñëåäóþùàÿ ñïåêòðàëüíàÿ çàäà÷à:

sgnx ·X ′′ + dX = 0, d = µ2 ∈ C,
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X(0 + 0) = X(0− 0), X ′(0 + 0) = X ′(0− 0), X(1) = X(−1) = 0.

Cîáñòâåííûå çíà÷åíèÿ µk óäîâëåòâîðÿþò óðàâíåíèþ tg µ = − thµ, ïðè-
÷åì äëÿ ïîëîæèòåëüíûõ êîðíåé ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà µk =
−π/4 + πk + O(e−2πk), k ∈ N, à ñîáñòâåííûå ôóíêöèè ñîîòâåòñòâåííî ïðè
d
(1)
k = µ2

k > 0, d
(2)
k = −µ2

k < 0 èìåþò âèä:

X
(1)
k (x) =


sin[µk(x− 1)]

cosµk
, x > 0,

sh[µk(x+ 1)]

chµk
, x < 0,

X
(2)
k (x) =


sh[µk(x− 1)]

chµk
, x > 0,

sin[µk(x+ 1)]

cosµk
, x < 0.

Ñèñòåìà {X(1)
k (x), X

(2)
k (x)} íå îðòîãîíàëüíà â L2[−1, 1]. Ïîñòðîåíà ñîîò-

âåòñòâóþùàÿ áèîðòîãîíàëüíàÿ ñèñòåìà ôóíêöèé:

Z
(1)
k (x)=


− sin[µk(x− 1)]

cosµk
, x > 0,

sh[µk(x+ 1)]

chµk
, x < 0,

Z
(2)
k (x)=


− sh[µk(x− 1)]

chµk
, x > 0,

sin[µk(x+ 1)]

cosµk
, x < 0.

Ïîëíîòà ñèñòåìû {Z(1)
k (x), Z

(2)
k (x)} â L2[−1, 1] äîêàçàíà àíàëîãè÷íî [2].

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (2) � (5) äîêàçàíà íà îñíîâàíèè ïîëíîòû
áèîðòîãîíàëüíîé ñèñòåìû. Ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ ðåøåíèÿ çà-
äà÷è (2) � (5) â âèäå ñóììû ðÿäà âîçíèêëà òàê íàçûâàåìàÿ ¾ïðîáëåìà ìàëûõ
çíàìåíàòåëåé¿, êîòîðàÿ ñîçäàåò òðóäíîñòè ïðè îáîñíîâàíèè ñõîäèìîñòè ïî-
ñòðîåííîãî ðÿäà â êëàññå ôóíêöèé (2). Ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ íà
ïàðàìåòðû α, β äîêàçàíû ëåììû îá îòäåëèìîñòè ìàëûõ çíàìåíàòåëåé îò
íóëÿ.

ËÈÒÅÐÀÒÓÐÀ

1. Ñàáèòîâ Ê.Á. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèé ñìåøàííîãî òèïà â ïðÿìî-
óãîëüíîé îáëàñòè // ÄÀÍ. 2007. Ò. 413. � 1. C. 23-26.

2. Ëîìîâ È.Ñ. Íåãëàäêèå ñîáñòâåííûå ôóíêöèè â çàäà÷àõ ìàòåìàòè÷åñêîé
ôèçèêè // Äèôôåðåíö. óðàâíåíèÿ. 2011. Ò. 47. � 3. Ñ. 358-365.
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Î ÍÅÊÎÒÎÐÛÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÇÀÄÀ×ÀÕ
ÄÈÍÀÌÈÊÈ ÁÈÎËÎÃÈ×ÅÑÊÈÕ ÏÎÏÓËßÖÈÉ

SOME MATHEMATICAL PROBLEMS OF THE BIOLOGICAL
POPULATION DYNAMICS

Ãóñåëüíèêîâ Ñ.Â.1, Êîæàíîâ À.È.2

1Èíñòèòóò ìîëåêóëÿðíîé è êëåòî÷íîé áèîëîãèè ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ; sguselnikov@mcb.nsc.ru

2Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ; kozhanov@math.nsc.ru

Ñðåäè çàäà÷ äèíàìèêè áèîëîãè÷åñêèõ ïîïóëÿöèé áîëüøîé èíòåðåñ ïðåä-
ñòàâëÿþò ñëåäóþùèå:

� çàäà÷à î ñóùåñòâîâàíèè ðåæèìîâ ñ âçðûâíûì âîçðàñòàíèåì ÷èñëåííî-
ñòè îñîáåé â ïîïóëÿöèè, èëè æå, íàîáîðîò, ñ ðåçêèì óìåíüøåíèåì ÷èñëåííî-
ñòè îñîáåé (çàäà÷à î ñóùåñòâîâàíèè ðåæèìîâ ¾ñ îáîñòðåíèåì¿);

� çàäà÷à î ñóùåñòâîâàíèè ïåðèîäè÷åñêèõ èëè áëèçêèõ ê ïåðèîäè÷åñêèì
ðåæèìîâ;

� çàäà÷à âîññòàíîâëåíèÿ ôóíêöèé ñìåðòíîñòè è ðîæäàåìîñòè â ìîäåëè,
îïèñûâàþùåé äèíàìèêó ïîïóëÿöèè;

� çàäà÷à î ñâîéñòâàõ ïîïóëÿöèè ïðè íåîãðàíè÷åííîì âîçðàñòàíèè âðå-
ìåíè.

Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ äèíàìèêà áèîëîãè÷åñêèõ ïîïóëÿöèé îïè-
ñûâàåòñÿ ñèñòåìîé óëüòðàïàðàáîëè÷åñêèõ óðàâíåíèé, â êîòîðîé èìåþòñÿ äâå
âðåìåííûå ïåðåìåííûå, ïðåäñòàâëÿþùèå ñîáîé àñòðîíîìè÷åñêîå âðåìÿ t è
áèîëîãè÷åñêîå âðåìÿ, èëè âîçðàñò, îñîáè [1]. Îïèñàííûå âûøå çàäà÷è â òîé
èëè èíîé ñòåïåíè èññëåäóþòñÿ ñ ïîìîùüþ èçó÷åíèÿ ñâîéñòâ ðåøåíèé äàííîé
ñèñòåìû.

ËÈÒÅÐÀÒÓÐÀ

1. Íàõóøåâ À.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áèîëîãèè. Ì.: Âûñøàÿ øêîëà,
1995.
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ÎÁ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß
ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ

HIERARCHY OF THIN INCLUSIONS IN ELASTIC BODIES

Äæàìàëîâ Ñ.Ç.

Èíñòèòóò ìàòåìàòèêè ïðè Íàöèîíàëüíîì óíèâåðñèòåòå Óçáåêèñòàíà,
Òàøêåíò, Óçáåêèñòàí;

siroj63@mail.ru

Ïóñòü Ω -îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü â ïðîñòðàíñòâå Rn ñ ãëàäêîé
ãðàíèöåé ∂Ω. Îáîçíà÷èì Q = Ω × (0, T ) = {(x, t) : x ∈ Ω ⊂ Rn, 0 < t < T <
+∞} -öèëèíäðè÷åñêóþ îáëàñòü ñ áîêîâîé ãðàíèöåé S = ∂Ω× (0, T ) = {(x, t) :
x ∈ ∂Ω, 0 < t < T} Â öèëèíäðè÷åñêîé îáëàñòè Q ðàññìîòðèì äèôôåðåíöè-
àëüíîå óðàâíåíèå

Lu = Pu+Mu = f(x, t), (1)

ãäå

Pu =

2m∑
1

Ki(x, t)D
i
tu; Mu = (−1)m

∑
|α|+|β|=m

Dα(aαβ(x)D
βu) + a0(x, t)u

Dtu =
∂u

∂t
, Dαu =

∂|α|u

∂xα1
1 ∂xα2

2 ...∂xαn
n
, α =

n∑
i=1

αi,m ≥ 1.

Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî ãëàäêèå
ôóíêöèè â îáëàñòè Q è âûïîëíåíû óñëîâèÿ

aαβξ
αξβ ≥ ν0|ξ|2m, ν0 > 0, ∀ξ ∈ Rn, ξα = ξα1

1 ξα2
2 ...ξαn

n

è ïóñòü K2m(x, 0) ≤ 0 ≤ K2m(x, T ). Óðàâíåíèå îòíîñèòñÿ ê óðàâíåíèÿì ñìå-
øàííîãî òèïà âòîðîãî ðîäà, òàê êàê íà çíàê ôóíêöèè K(x, t) ïî ïåðåìåííîé
t âíóòðè îáëàñòè Q íå íàëàãàåòñÿ íèêàêèõ îãðàíè÷åíèé [1].

Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à. Íàéòè îáîáùåííîå ðåøåíèå óðàâíåíèÿ
(1) óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

Dq
tu|t=0 = γqD

q
tu|t=T , q = 0, ...,m− 1 (2)

∂qu

∂nq
|S= 0, (3)

ãäå
∂u

∂n
=

n∑
i=1

∂u

∂xi
ni
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n = (n0, n1, ..., nn) âåêòîð âíóòðåííåé íîðìàëè. γq ðàçíûå ïîñòîÿííûå ÷èñëà.
Îòìåòèì, ÷òî çàäà÷à (1)− (3) â ñëó÷àå, êîãäà m = 1 èçó÷åíà [2]. Ðàçíûå ëî-
êàëüíûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âûñîêîãî ïîðÿäêà
èçó÷åíû â ðàáîòàõ [3,4]

Â íàñòîÿøåé ðàáîòå, ïðè íåêîòîðûõ óñëîâèÿõ íà êîýôôèöèåíòû óðàâíå-
íèÿ ñìåøàííîãî òèïà âûñîêîãî ïîðÿäêà, äîêàçûâàåòñÿ êîððåêòíîñòü ðåøåíèÿ
íåëîêàëüíîé êðàåâîé çàäà÷è (2), (3) èç ïðîñòðàíñòâàõ Ñîáîëåâà W 2m

2 (Q) ìå-
òîäàìè ε -ðåãóëÿðèçàöèè è ñòàöèîíàðíûì àíàëîãîì ìåòîäà Ãàë¼ðêèíà

ËÈÒÅÐÀÒÓÐÀ

1. Âðàãîâ Â.Í. Î ïîñòàíîâêå è ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
ñìåøàííî-ñîñòàâíîãî òèïà âûñîêîãî ïîðÿäêà. Ìàòåì. Àíàëèç è ñìåæíûå
âîïðîñû ìàòåìàòèêè. Íîâîñèáèðñê. Íàóêà,1978.ñ.5-13.

2. Äæàìàëîâ.Ñ.Ç. Î ãëàäêîñòè ðåøåíèÿ îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è
äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà â ïðîñòðàíñòâå. ÄÀÍ ÐÓç
2012ã. No2.ñ.12-14

3. Åãîðîâ È.Å, Ôåäîðîâ Â.Å. Íåêëàññè÷åñêèå óðàâíåíèÿ ìàòåìàòè÷åñêîé
ôèçèêè âûñîêîãî ïîðÿäêà. Íîâîñèáèðñê.1985.

4. Êîæàíîâ À.È. Êðàåâûå çàäà÷è äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè
íå÷åòíîãî ïîðÿäêà. Ó÷åáíîå ïîñîáèå. Íîâîñèáèðñê. ÍÃÓ. 1990.ñ.130.

Î ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ
ÒÈÏÀ ÑÎ ÑÏÅÊÒÐÀËÜÍÛÌ ÏÀÐÀÌÅÒÐÎÌ

ON BOUNDARY VALUE PROBLEM FOR MIXED TYPE
EQUATION WITH SPECTRAL PARAMETER

Åãîðîâ È.Å.

Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ;

IvanEgorov51@mail.ru

Â öèëèíäðè÷åñêîé îáëàñòè ïðîñòðàíñòâà Rn+1 äëÿ óðàâíåíèÿ ñìåøàííî-
ãî òèïà âòîðîãî ïîðÿäêà ñî ñïåêòðàëüíûì ïàðàìåòðîì

Lu− λu ≡ k(x, t)utt −
n∑

i,j=1

∂

∂xj
(aij(x)uxi) + a(x, t)ut + c(x)u− λu = f

èçó÷àåòñÿ êðàåâàÿ çàäà÷à Â.Í. Âðàãîâà [1-3].
Ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû óðàâíåíèÿ óñòàíîâëåíû

àïðèîðíûå îöåíêè, êîòîðûå ïîçâîëÿþò äîêàçàòü îäíîçíà÷íóþ ðàçðåøèìîñòü
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êðàåâîé çàäà÷è â ýíåðãåòè÷åñêîì êëàññå. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
ôðåäãîëüìîâîé ðàçðåøèìîñòè êðàåâîé çàäà÷è â ýíåðãåòè÷åñêîì êëàññå.
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3. Åãîðîâ È.Å. Î ôðåäãîëüìîâîé ðàçðåøèìîñòè îäíîé êðàåâîé çàäà÷è äëÿ
óðàâíåíèÿ ñìåøàííîãî òèïà // Ìàò. çàìåòêè ßÃÓ. 2011. Ò. 18, âûï. 1.
C. 55�64.

Î ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÎÌ ÌÅÒÎÄÅ ÃÀËÅÐÊÈÍÀ ÄËß
ÏÎËÓËÈÍÅÉÍÎÃÎ ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß Ñ

ÌÅÍßÞÙÈÌÑß ÍÀÏÐÀÂËÅÍÈÅÌ ÂÐÅÌÅÍÈ1

ON A MODIFIED GALERKIN METHOD FOR A SEMILINEAR
PARABOLIC EQUATION WITH CHANGING DIRECTION OF

TIME

Åôèìîâà Å.Ñ.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

OslamE@mail.ru

Ïóñòü Ω - îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãëàäêîé ãðàíèöåé S, Ωt = Ω×{t}
äëÿ 0 ≤ t ≤ T , ST = S × (0, T ).

Â öèëèíäðè÷åñêîé îáëàñòè Q = Ω× (0, T ) ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà-
÷à. Èùåòñÿ ðåøåíèå óðàâíåíèå

Lu ≡ k(x, t)ut −∆u+ c(x, t)u+ |u|ρu = f(x, t), ρ > 0, (1)

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì:

u|ST = 0, u|
S
+
0
= 0, u|

S
−
T
= 0. (2)

Ïóñòü ôóíêöèè {φk(x, t)} ÿâëÿþòñÿ ðåøåíèåì ñïåêòðàëüíîé çàäà÷è

−∆φk = λkφk, x ∈ Ω,

φk|S = 0.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2014�2016 ãã. (� 3047).
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Ïîëîæèì Lεu = Lu−εutt, ε > 0. Ïðèáëèæåííûå ðåøåíèÿ êðàåâîé çàäà÷è
(1), (2) èùóòñÿ â âèäå

uN,ε(x, t) =

N∑
k=1

cN,εk (t)φk(x),

ãäå cN,εk (t) ÿâëÿþòñÿ ðåøåíèåì êðàåâîé çàäà÷è äëÿ ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ ñîîòâåòñòâóþùèìè êðàå-
âûìè óñëîâèÿìè â çàâèñèìîñòè îò ïîâåäåíèÿ ôóíêöèè k(x, t) íà îñíîâàíèÿõ
öèëèíäðà [1, 2]. Ïðè îïðåäåëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû è ïðàâóþ
÷àñòü óðàâíåíèÿ (1) ïîëó÷åíà îöåíêà ñõîäèìîñòè ìîäèôèöèðîâàííîãî ìåòî-
äà Ãàëåðêèíà

||u− uN,ε||1,0 ≤ C(ε1/2 + λ−α
N+1), C > 0, α > 0,

ãäå u(x, t) åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå êðàåâîé çàäà÷è (1), (2).

ËÈÒÅÐÀÒÓÐÀ

1. Ëàäûæåíñêàÿ Î.À. Êðàåâûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè. Ì: Íàóêà,
1973.

2. Åãîðîâ È.Å., Ôåäîðîâ Â.Å. Íåêëàññè÷åñêèå óðàâíåíèÿ ìàòåìàòè÷åñêîé
ôèçèêè âûñîêîãî ïîðÿäêà. Íîâîñèáèðñê: Èçä-âî ÂÖ ÑÎ ÐÀÍ, 1995.

ÐÀÇÐÅØÈÌÎÑÒÜ ÍÅËÎÊÀËÜÍÎÉ ÇÀÄÀ×È ÄËß
ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

ON SOLVABILITY OF NON�LOCAL PROBLEM FOR THE
THERD�ORDER HYPERBOLIC EQUATIONS

Çèêèðîâ Î.Ñ.

Íàöèîíàëüíûé óíèâåðñèòåò Óçáåêèñòàíà èìåíè Ì. Óëóãáåêà, Òàøêåíò,
Óçáåêèñòàí;

zikirov@yandex.ru

Â ðàáîòå äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà

Mu ≡
(
α
∂

∂x
+ β

∂

∂y

)
uxy + L2u = f(x, y), (1)

ãäå L � ëèíåéíûé îïåðàòîð âòîðîãî ïîðÿäêà âèäà

Lu ≡ a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy + d(x, y)ux + e(x, y)uy + f(x, y)u,
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α, β � çàäàííûå äåéñòâèòåëüíûå ïîñòîÿííûå, ïðè÷åì α2 + β2 ̸= 0, èçó÷àåòñÿ
ñëåäóþùàÿ íåëîêàëüíàÿ çàäà÷à: òðåáóåòñÿ íàéòè â îáëàñòè D = {(x, t) :
0 < x < l, 0 < y < h} ðåøåíèå óðàâíåíèÿ (1) óäîâëåòâîðÿþùåå íà÷àëüíûì

u(x, 0) = ψ1(x), uy(x, 0) = ψ2(x), 0 ≤ x ≤ l, (2)

è íåëîêàëüíûì ãðàíè÷íûì óñëîâèÿì

u(0, y) = λ1(y)u(l, y) + φ1(y), 0 ≤ y ≤ h, (3)

ux(0, y) = λ2(y)ux(l, y) + λ3(y)u(0, y) + φ2(y), 0 ≤ y ≤ h, (4)

ãäå ψ1(x), ψ2(x), φ1(y), φ2(y), λ1(y), λ2(y), λ3(y) � çàäàííûå ôóíêöèè, òàêèå,
÷òî

ψ1(0) = λ1(0)ψ1(l) + φ1(0), ψ
′
1(0) = λ2(0)ψ

′
1(l) + λ3(0)ψ1(l) + φ2(0).

×åðåç Ck,l(D) îáîçíà÷åí êëàññ ôóíêöèé u(x, y), íåïðåðûâíûõ âìåñòå ñî
ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïîðÿäêà ∂m+nu(x, y)/∂xm∂yn äëÿ âñåõ m =
0, k, n = 0, l.

Ïîä êëàññîì C(k,λ)(D) ïîíèìàþòñÿ îïðåäåëåííûå â îáëàñòè D ôóíêöèè,
ó êîòîðûõ âñå ÷àñòíûå ïðîèçâîäíûå ïîðÿäêà k ñóùåñòâóþò è óäîâëåòâîðÿþò
óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì λ, 0 < λ < 1. Ðåøåíèå êëàññà C2,1(D) ∩
C1,2(D) ∩ C1,1(D) íàçûâàåòñÿ ðåãóëÿðíûì, è â ýòîì ñëó÷àå áóäåì òðåáîâàòü
âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé:

Óñëîâèå 1. Êîýôôèöèåíòû óðàâíåíèÿ (1) óäîâëåòâîðÿþò óñëîâèÿì

a(x, y) ∈ C1,0(D) ∩ C2,0(D); b(x, y) ∈ C1,0(D) ∩ C0,1(D) ∩ C1,1(D);

c(x, y) ∈ C0,1(D) ∩ C0,2(D); d(x, y) ∈ C0,0(D) ∩ C1,0(D);

e(x, y) ∈ C0,0(D) ∩ C0,1(D); f(x, y) ∈ C0,0(D),

êðîìå òîãî, d(x, y) < 0, e(x, y) < 0 äëÿ ëþáûõ (x, y) ∈ D.
Óñëîâèå 2. Çàäàííûå ôóíêöèè ψi(x), φi(y), (i = 1, 2) è

λj(y), (j = 1, 2, 3) è g(x, y) óäîâëåòâîðÿþò óñëîâèÿì

ψi(x) ∈ C2[0, l], φi(y), λi(y) ∈ C2[0, h], (i = 1, 2);

g(x, y) ∈ C(1,λ)(D), êðîìå òîãî g(x, 0) = g(0, y) = 0.

Ìåòîäîì Ðèìàíà äîêàçàíà ñëåäóþùàÿ òåîðåìà ðàçðåøèìîñòè çàäà÷è (1)�
(4).

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèå 1 è óñëîâèå 2. Òîãäà íåëîêàëüíàÿ
çàäà÷à (1)-(4) ðàçðåøèìà è ïðèòîì åäèíñòâåííûì îáðàçîì.
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ÍÅËÈÍÅÉÍÀß ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß
ÂÛÐÎÆÄÅÍÍÎÃÎ ÝÂÎËÞÖÈÎÍÍÎÃÎ ÓÐÀÂÍÅÍÈß

NONLINEAR INVERSE PROBLEM FOR A DEGENERATE
EVOLUTION EQUATION

Èâàíîâà Í.Ä.1, Ô¼äîðîâ Â. Å.2

1Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê,
Ðîññèÿ;natalia.d.ivanova@gmail.com

2×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê,
Ðîññèÿ;kar@csu.ru

Ïóñòü X , Y, U � áàíàõîâû ïðîñòðàíñòâà, L ∈ L(X ;Y), M ∈ Cl(X ;Y),
Φ ∈ L(X ;U), N : [0, T ]× X × U → Y, Ψ : [0, T ] → U , x0 ∈ DM . DM � îáëàñòü
îïðåäåëåíèÿ îïåðàòîðà M , ñíàáæåííàÿ íîðìîé ãðàôèêà ∥x0∥DM = ∥x0∥X +
∥Mx0∥Y . Ðàññìîòðèì íåëèíåéíóþ îáðàòíóþ çàäà÷ó [1] äëÿ ýâîëþöèîííîãî
óðàâíåíèÿ

Lẋ(t) =Mx(t) +N(t, x(t), u(t)), t ∈ [0, T ], (1)

Px(0) = x0, (2)

Φx(t) = Ψ(t), t ∈ [0, T ]. (3)

Çäåñü P � ïðîåêòîð âäîëü ÿäðà åäèíèöû ðàçðåøàþùåé ïîëóãðóïïû óðàâ-
íåíèÿ Lẋ(t) = Mx(t) íà å¼ îáðàç. Ôóíêöèè x : [0, T ] → X , u : [0, T ] → U
ÿâëÿþòñÿ íåèçâåñòíûìè.

Îïðåäåëåíèå. Ñëàáûì ðåøåíèåì çàäà÷è (1)-(3) íà îòðåçêå [0, T1] íàçû-
âàåòñÿ òàêàÿ ïàðà ôóíêöèé (x, u) ∈ C([0, T1];X ) × C([0, T1];U), äëÿ êîòîðîé
ïðè âñåõ t ∈ [0, T1]

x(t) = X(t)x0 +

t∫
0

X(t− s)L−1
1 QN(s, x(s), u(s))ds−

−M−1
0 (I −Q)N(t, x(t), u(t)),

ãäå X(t) � ðàçðåøàþùàÿ óðàâíåíèå (1) ïîëóãðóïïà.
Òåîðåìà. Ïóñòü îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí [1], îòîáðàæåíèå

N : [0, T ] × X × U → Y íåïðåðûâíî ïî ñîâîêóïíîñòè ïåðåìåííûõ, äëÿ âñåõ
(t, x, u) ∈ [0, T ] × X × U N(t, x, u) = N(t, Px, u), x0 ∈ X 1, Φ ∈ L(X ;U),
ΦL−1

1 M1 ∈ L(X 1;U), X 0 ⊂ kerΦ, Ψ ∈ C1([0, T ];U), Φu0 = Ψ(0), îòîáðà-
æåíèå g = L−1

1 QN : [0, T ] × X 1 × U → X 1 ïðåäñòàâèìî â âèäå g(t, x, u) =

g1(t, x)+g2(t, x, u), y0 = Ψ′(0)−ΦL−1
1 M1x0−Φg1(0, v0) è âûïîëíåíû óñëîâèÿ:

(A) u0 ∈ U � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ Φg2(0, x0, u) = y0;
(B) ∃g3 : [0, T ]× U × U → U : Φg2(t, x, u) = g3(t,Φx, u);
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(C) ∃R > 0: ∀t ∈ [0, T ] y = g3(t,Ψ(t), u) êàê ôóíêöèÿ îò u â øàðå
SU (u0, R) èìååò îáðàòíîå îòîáðàæåíèå u = F (t, y);

(D) ∃R > 0: F íåïðåðûâíî îòíîñèòåëüíî (t, y) íà SU (y0, R, T ) è óäîâëå-
òâîðÿåò óñëîâèþ Ëèïøèöà îòíîñèòåëüíî y;

(E) ∃R > 0: g1(t, x) è g2(t, x, u) íåïðåðûâíû ïî ñîâîêóïíîñòè âñåõ ïåðå-
ìåííûõ íà SX1×U ((x0, u0), R, T ) è óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà îòíî-
ñèòåëüíî (x, u).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñëàáîå ðåøåíèå îáðàòíîé çàäà÷è (1)-(3)
íà [0, T1], T1 ∈ (0, T ].

ËÈÒÅÐÀÒÓÐÀ
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÷à äëÿ íåêîòîðûõ óðàâíåíèé ñîáîëåâñêîãî òèïà // Ñèáèðñêèå ýëåêòðîí-
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A RADIALLY SYMMETRIC SOLUTION OF ONE INVERSE
PROBLEM FOR THE HYPERBOLIC EQUATION

Êîëòóíîâñêèé Î.À.

Þæíî-Ñàõàëèíñêèé èíñòèòóò ýêîíîìèêè, ïðàâà è èíôîðìàòèêè,
Þæíî-Ñàõàëèíñê, Ðîññèÿ;
natural_disc@sakhiepi.ru

Ðàññìàòðèâàåòñÿ ðåäóöèðîâàííàÿ ïðîáëåìà (ïîñëå çàìåíû ïåðåìåííûõ)
äëÿ óðàâíåíèÿ

utt − ψ(ρ)uρρ + q(ρ)u = f(ρ, t), (1)

ãäå

ψ(ρ) =


4eρ, n = 2,

4
[(
n
2
− 1
)
ρ
] 2n−2

n−2 , n ≥ 3,

â ïîëîñå D = {(ρ, t) : 0 < ρ <∞, 0 < t < T}.
Èçó÷àåòñÿ îáðàòíàÿ çàäà÷à: íàéòè ôóíêöèè u(ρ, t) è q(ρ), ñâÿçàííûå â

îáëàñòè D óðàâíåíèåì (1), è òàêèå, ÷òî âûïîëíÿþòñÿ óñëîâèÿ
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u(0, t) = 0, u(∞, t) = 0, åñëè 0 < t < T,

u(ρ, 0) = u0(ρ), ut(ρ, 0) = u1(ρ), u(ρ, T ) = u0(ρ), åñëè 0 < ρ <∞.

Î ÍÅÊÎÒÎÐÛÕ ÎÁÐÀÒÍÛÕ ÇÀÄÀ×ÀÕ ÄËß
ËÈÍÅÀÐÈÇÎÂÀÍÍÎÉ ÑÈÑÒÅÌÛ

ÒÅÏËÎÌÀÑÑÎÏÅÐÅÍÎÑÀ

ON SOME INVERSE PROBLEMS FOR A LINEARIZED HEAT
AND MASS TRANSFER SYSTEM

Êîðîòêîâà Å.Ì.1,2

1ÀÓ ¾Þãîðñêèé ÍÈÈ èíôîðìàöèîííûõ òåõíîëîãèé, Õàíòû-Ìàíñèéñê,
Ðîññèÿ;

2Þãîðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Õàíòû-Ìàíñèéñê, Ðîññèÿ;
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Ðàññìàòðèâàåòñÿ ëèíåàðèçîâàííàÿ ñèñòåìà óðàâíåíèé òåïëîìàññîïåðåíî-
ñà

ut − ν∆u+∇p =

n∑
j=1

Bjuxj +B0u+ f + βCC + βθΘ, div u = 0, (1)

Θt − λθ∆Θ+

n∑
j=1

bjΘxj + b0Θ = fθ +

n∑
j=1

bjuj , (2)

Ct −
n∑

i,j=1

cijCxixj +

n∑
j=1

cjCxj + c0C = fc +

n∑
j=1

cjuj , (3)

ãäå ν = const > 0, (x, t) ∈ Q = G × (0, T ) (G ⊂ Rn, T < ∞), u, Θ, p, C
åñòü âåêòîð ñêîðîñòè, òåìïåðàòóðà æèäêîñòè, äàâëåíèå, âåêòîð êîíöåíòðà-
öèé ïðèìåñåé (îðãàíè÷åñêèõ èëè íåîðãàíè÷åñêèõ) â æèäêîñòè, è fc � îáúåì-
íàÿ ïëîòíîñòü èñòî÷íèêîâ ïðèìåñåé, ñîîòâåòñòâåííî. Bj , B0 � n×n ìàòðèöû,
cij , cj , c0 � ìàòðèöû ðàçìåðíîñòè h× h, ãäå h - ýòî êîëè÷åñòâî ïðèìåñåé,βC
� ìàòðèöà ðàçìåðíîñòè n×h, cj , βΘ � âåêòîð-ôóíêöèè äëèíû h è n, ñîîòâåò-
ñòâåííî, λΘ > 0, bj , b

j � ñêàëÿðíûå ôóíêöèè.
Ñèñòåìà (1)-(3) äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

u|t=0 = u0, u|S = g1(t, x), Γ = ∂G, S = Γ× (0, T ), (4)

Θ|t=0 = Θ0, Θ|S = g2(t, x), C|t=0 = C0, C|S = g3(t, x). (5)

Ïîëîæèì x′′ = (xs+1, xs+2, . . . , xn) (s = 0, 1, . . . , n − 1). Åñëè s ≥ 1, òî
ïîëîæèì x′ = (x1, x2, . . . , xs). Ïðåäïîëàãàåòñÿ, ÷òî ïðàâàÿ ÷àñòü â (3) èçâåñò-
íà â íåêòîðîé ÷àñòè îáëàñòè Q′ = G1 × (0, T ) è íåèçâåñòíà â îáëàñòè Q′′ =
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G0× (0, T ) è ìîæåò áûòü ïðåäñòàâèìà â âèäå fc = f0(x, t)+
r∑
i=1

fi(x, t)qi(x
′, t),

ãäå r = mh, fi (i = 0, 1, . . . , r) çàäàííûå ôóíêöèè, îáðàùàþùèåñÿ â íîëü íà
Q′. Ìû ïîëàãàåì, ÷òî G0 ∩G1 = ∅ è G0 ∪G1 = G.

×èñëîâûå ôóíêöèè qi(x′, t) â äàííîì ïðåäñòàâëåíèè íàõîäÿòñÿ ñ èñïîëü-
çîâàíèåì óñëîèÿ ïåðåîïðåäåëåíèÿ:

C|Si = ψi(t, x
′)
(
Si = (0, T )× Γi, i = 1, 2, . . . ,m

)
, (6)

ãäå {Γi} ìíîæåñòâî ãëàäêèõ s-ðàçìåðíûõ ïîâåðõíîñòåé, ëåæàùèõ â G.
Îáðàòíûå çàäà÷è òàêîãî òèïà âîçíèêàþò ïðè îïèñàíèè òåïëîìàññîïåðå-

íîñà, ôèëüòðàöèè, äèôôóçèè è íåêîòîðûõ äðóãèõ ôèçè÷åñêèõ ïðîöåññîâ.
Çàäà÷è âèäà (1)-(6) äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ðàññìàòðèâàëèñü â [1],
[2] . Ñðåäè ïîñëåäíèõ ñòàòåé îòìåòèì ðåçóëüòàòû â [3]-[4], ãäå çàäà÷è âèäà
(1)-(6) ðàññìîòðåíû óæå â ñëó÷àå ïàðàáîëè÷åñêèõ ñèñòåì.

Ïðè óñëîâèè, ÷òî G åñòü îãðàíè÷åííàÿ îáëàñòü, óêàçûâàþòñÿ óñëîâèÿ
íà ãåîìåòðèþ îáëàñòè G è äàííûå çàäà÷è, êîãäà çàäà÷à (1)-(6) èìååò åäèí-
ñòâåííîå ðåøåíèå èç êëàññà u ∈ W 2,1

q (Q), p ∈ Lq(0, T ; Ẇ
1
q (G)) (çäåñü ñèìâîë

Ẇ 1
q (G) îáîçíà÷àåò êëàññ ôóíêöèé p ∈ W 1

q,loc(G) òàêèõ, ÷òî ∇p ∈ Lq(G)),
qj ∈ Lq (j = 1, 2, . . . , r) â ñîîòâåòñòâóþùåé îáëàñòè èçìåíåíèÿ ïåðåìåííûõ
(x′, t), Θ, C ∈W 2,1

q (Q).
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ

èññëåäîâàíèé (� 12-01-00260à).

ËÈÒÅÐÀÒÓÐÀ

1. Belov Ya.Ya. Inverse problems for parabolic equations.// VSP, Utrecht. 2002.
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ËÈÍÅÉÍÛÕ ÎÁÐÀÒÍÛÕ
ÇÀÄÀ×ÀÕ ÄËß ÓËÜÒÐÀÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Ñ ÍÅÈÇÂÅÑÒÍÎÉ ÏÐÀÂÎÉ ×ÀÑÒÜÞ

ON THE SOLVABILITY OF SOME LINEAR INVERSE
PROBLEMS FOR ULTRAPARABOLIC EQUATIONS WITH

UNKNOWN RIGHT-HAND SIDE

Êîøåëåâà Þ.À.

ÔÃÁÎÓ ÂÏÎ "Ñàõàëèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò" ,
Þæíî-Ñàõàëèíñê, Ðîññèÿ;

ynuta@mail.ru

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè ëèíåéíûõ îáðàòíûõ çà-
äà÷ äëÿ íåñòàöèîíàðíûõ óðàâíåíèé ñ íåèçâåñòíûìè êîýôôèöèåíòàìè (íåèç-
âåñòíûì êîýôôèöèåíòîì) âðåìåííîãî òèïà.

Ïóñòü x åñòü òî÷êà îãðàíè÷åííîé îáëàñòè Ω ïðîñòðàíñòâà Rn , t è a åñòü
òî÷êè èíòåðâàëîâ (0, T ) è (0, A) ñîîòâåòñòâåííî.

Ðàññìàòðèâàþòñÿ çàäà÷è íàõîæäåíèÿ ðåøåíèÿ u(x, t, a) è íåèçâåñòíûõ
êîýôôèöèåíòîâ q1(a), ..., qm(a) èëè æå q(a) â óðàâíåíèÿõ

ut + ua −∆u+ c(x, t, a)u = f(x, t, a) +
m∑
k=1

qk(a)hk(x, t, a),

ut + ua −∆u+ c(x, t, a)u = f(x, t, a) + q(a)h(x, t, a),

ïðè çàäàíèè åñòåñòâåííûõ íà÷àëüíî-êðàåâûõ óñëîâèé, à òàêæå íåêîòîðûõ
óñëîâèé ïåðåîïðåäåëåíèÿ òî÷å÷íîãî èëè èíòåãðàëüíîãî âèäà (êîëè÷åñòâî
óñëîâèé ïåðåîïðåäåëåíèÿ ñîâïàäàåò ñ êîëè÷åñòâîì íåèçâåñòíûõ êîýôôèöè-
åíòîâ q1, ..., qm, ôóíêöèè h1, ..., hm çäåñü çàäàíû è ÿâëÿþòñÿ ëèíåéíî íåçàâè-
ñèìûìè).

Äëÿ èçó÷àåìûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé. Ìåòîäû èññëåäîâàíèÿ îñíîâûâàþòñÿ íà
ñâåäåíèè èñõîäíîé îáðàòíîé çàäà÷è ê ïðÿìîé çàäà÷å äëÿ ¾íàãðóæåííîãî¿
óëüòðàïàðàáîëè÷åñêîãî óðàâíåíèÿ, èñïîëüçîâàíèè ìåòîäà ðåãóëÿðèçàöèè è
ìåòîäà àïðèîðíûõ îöåíîê.
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ÎÏÐÅÄÅËÅÍÈÅ ÔÐÀÊÒÀËÜÍÛÕ ÑÂÎÉÑÒÂ ÏÎÂÅÐÕÍÎÑÒÈ
ÒÂÅÐÄÎÃÎ ÒÅËÀ

DEFINITION OF FRACTAL PROPERTIES OF SOLID SURFACE

Êðàâ÷óê À.Ñ.1, Ïîïîâà Ò.Ñ.2

1Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ìèíñê, Áåëàðóñü;
ask belarus@inbox.ru

2ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ; ptsokt@mail.ru

Â íàñòîÿùåå âðåìÿ èäåÿ ôðàêòàëüíîñòè [1] øèðîêî ïðèìåíÿåòñÿ â èññëå-
äîâàíèÿõ ìåõàíèêè è ôèçèêè øåðîõîâàòîé ïîâåðõíîñòè [2, 3]. Îñíîâíîé òåî-
ðåòè÷åñêîé áàçîé äëÿ èññëåäîâàíèé ïîäîáíîãî ðîäà ÿâëÿþòñÿ: ÁÏÔ (áûñòðîå
ïðåîáðàçîâàíèå Ôóðüå), òåîðåìû Ëîðåíöà î äîñòàòî÷íûõ óñëîâèÿõ ïðèíàä-
ëåæíîñòè ôóíêöèè, ïðåäñòàâëåííîé â âèäå ðÿäà Ôóðüå [4], êëàññó ôóíê-
öèé Lip α (0 < α < 1). Â èññëåäîâàíèÿõ ôèçèêè øåðîõîâàòîé ïîâåðõíîñòè
ñëîæèëàñü ñëåäóþùàÿ ïðàêòèêà ïðèìåíåíèÿ óêàçàííûõ òåîðåòè÷åñêèõ ðå-
çóëüòàòîâ: èçìåðÿåòñÿ ïîñëåäîâàòåëüíîñòü âûñîò è äàëåå, ñ ïîìîùüþ ÁÏÔ,
âû÷èñëÿåòñÿ êîíå÷íîå ÷èñëî êîýôôèöèåíòîâ Ôóðüå, ïî çíà÷åíèþ êîòîðûõ
äåëàåòñÿ çàêëþ÷åíèå î çíà÷åíèè ïàðàìåòðà α (0 < α < 1) [4].

Öåëüþ äàííîé ðàáîòû ÿâëÿëîñü èçó÷åíèå ìàòåìàòè÷åñêîé äîñòîâåðíîñòè
âûâîäîâ, ñäåëàííûõ ïî ðåçóëüòàòàì èçìåðåíèé. Âîïðîñû, ñâÿçàííûå ñ äîñòî-
âåðíîñòüþ âû÷èñëåíèé ñïåêòðà ñ ïîìîùüþ ÁÏÔ, â äàííîé ðàáîòå íå ðàññìàò-
ðèâàëèñü. Â õîäå ïðîâåäåíèÿ èññëåäîâàíèé óñòàíîâëåíî, ÷òî çíà÷åíèå ïàðà-
ìåòðà α ïî êîíå÷íîìó îòðåçêó ðÿäà íå ìîæåò áûòü äîñòîâåðíî óñòàíîâëåíî.
Ýòî îáóñëîâëåíî òåì, ÷òî â òåîðåìàõ Ëîðåíöà ïàðàìåòð α èñïîëüçóåòñÿ äëÿ
àñèìïòîòè÷åñêîé îöåíêè ïîâåäåíèÿ êîýôôèöèåíòîâ, êðîìå òîãî, ýòà îöåíêà
äîëæíà áûòü âåðíà äëÿ áåñêîíå÷íîãî ÷èñëà ÷ëåíîâ ðÿäà [4], ÷òî íå âîçìîæíî
îïðåäåëèòü ýêñïåðèìåíòàëüíî. Ïîýòîìó êàêèå-ëèáî çàêëþ÷åíèÿ î âåëè÷èíå
α (0 < α < 1) è ñîîòâåòñòâåííî ïðèíàäëåæíîñòè ôóíêöèè ðàñïðåäåëåíèÿ
âûñîò øåðîõîâàòîñòè ïîâåðõíîñòè êëàññó Lip α (0 < α < 1) ÿâëÿþòñÿ òîëüêî
ãèïîòåçîé. Êðîìå òîãî, óñòàíîâëåíî, ÷òî ñóùåñòâóþò ôóíêöèè êëàññà Lip α
(0 < α < 1), êîòîðûå íå ÿâëÿþòñÿ ôðàêòàëüíûìè [5] (ðåêóðñèâíûìè, âîñïðî-
èçâîäÿùèìè ïîäîáíóþ ãåîìåòðè÷åñêóþ ñòðóêòóðó íà ìåíüøåì ìàñøòàáíîì
îòðåçêå).

Òàêèì îáðàçîì, òåîðåìû Ëîðåíöà [4] è âû÷èñëåíèå ñïåêòðà øåðîõîâàòûõ
ïîâåðõíîñòåé ñ ïîìîùüþ ÁÏÔ íå ÿâëÿþòñÿ äîñòîâåðíîé ìàòåìàòè÷åñêîé áà-
çîé, äëÿ îïðåäåëåíèÿ ôðàêòàëüíûõ ñâîéñòâ øåðîõîâàòîñòè. Â ñâÿçè ñ ýòèì
ïðåäëîæåíà ìåòîäèêà èäåíòèôèêàöèè ôðàêòàëüíîñòè øåðîõîâàòîé ïîâåðõ-
íîñòè ïî ðåçóëüòàòàì èçìåðåíèé, îñíîâàííàÿ íà ïðîâåðêå ãåîìåòðè÷åñêîãî
ïîäîáèÿ àääèòèâíûõ êîìïîíåíò ïî ðåçóëüòàòàì èçìåðåíèé è âû÷èñëåíèé
ñïåêòðà è óñòàíîâëåíèè íà ýòîé îñíîâå êîýôôèöèåíòà ôðàêòàëüíîñòè (ïî-
äîáèÿ). Óñòàíîâëåíî, ÷òî ñòðóêòóðà ïðèáëèæåíèÿ ôðàêòàëüíîé ôóíêöèè ñ
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ïîìîùüþ îòðåçêà ðÿäà Ôóðüå äîëæíà èìåòü ñòðóêòóðó àíàëîãè÷íóþ ëàêó-
íàðíîìó ðÿäó. Îäíàêî ñëåäóåò îòìåòèòü, ÷òî è â ýòîì ñëó÷àå ýêñòðàïîëÿöèÿ
âû÷èñëåííîãî çíà÷åíèÿ êîýôôèöèåíòà ôðàêòàëüíîñòè íà áåñêîíå÷íîå ÷èñëî
àääèòèâíûõ êîìïîíåíò òàêæå ÿâëÿåòñÿ ëèøü ãèïîòåçîé.
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ÈÍÒÅÃÐÀËÜÍÎÃÎ ÂÈÄÀ ÄËß (2m+ 1)-ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ

ÓÐÀÂÍÅÍÈÉ

NONLOCAL BOUNDARY VALUE PROBLEMS WITH
INTEGRAL CONDITIONS FOR (2m+ 1)-PARABOLIC

EQUATIONS

Ëóêèíà Ã.À.

Ïîëèòåõíè÷åñêèé èíñòèòóò (ô) ÑÂÔÓ, Ìèðíûé, Ðîññèÿ;
lukina-g@mail.ru

Äîêëàä ïîñâÿùåí èçëîæåíèþ ðåçóëüòàòîâ î ðàçðåøèìîñòè íåëîêàëüíûõ
çàäà÷ ñ óñëîâèÿìè èíòåãðàëüíîãî âèäà äëÿ óðàâíåíèé

(−1)m+1 ∂
2m+1u

∂t2m+1
+∆u− µu = f(x, t)

(x ∈ Ω ⊂ Rn, 0 < t < T < +∞, m ≥ 1 - öåëîå). Ñóòü ðàññìàòðèâàåìûõ
çàäà÷ â òîì, ÷òî íåêîòîðûå (âîçìîæíî, äàæå âñå) åñòåñòâåííûå äëÿ äàííîãî
êëàññà óðàâíåíèé óñëîâèÿ, çàäàâàåìûå ïðè t = 0 è ïðè t = T , çàìåíÿþòñÿ
óñëîâèÿìè âèäà

T∫
0

Ki(t)u(x, t)dt = 0

(èíäåêñ i ïðèíèìàåò îäíî èç ñîîòâåòñòâóþùèõ çíà÷åíèé íàáîðà 0, . . . , 2m− 1).
Äëÿ èçó÷àåìûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ ðåãóëÿðíûõ

ðåøåíèé.
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BOUNDARY VALUE PROBLEM SOLVABILITY FOR HIGH
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Ðàññìàòðèâàþòñÿ êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âû-
ñîêîãî ïîðÿäêà âèäà

u(2m+1) +
m∑
i=0

u(i)ai(t) + Lu = f, (x, t) ∈ Q = (a, b)× (0, T ), (1)

ãäå u(i) = ∂iu
∂xi

è îïåðàòîð L èìååò âèä Lu ≡ 1
g(x)

(L0u+ λ0u+Mu). Çäåñü L0

� äèôôåðåíöèàëüíûé îïåðàòîð ïî ïåðåìåííîé x âèäà L0u =
2s∑
i=0

αi(x)u
(i) è

M åãî âîçìóùåíèå, èìåþùåå âèä Mu =
2s−1∑
i=0

bi(x, t)u
(i).

Äîïîëíèì óðàâíåíèå (1) êðàåâûìè óñëîâèÿìè

2s−1∑
k=0

αjk
∂k

∂xk
u(a, T ) +

2s−1∑
k=0

βjk
∂k

∂xk
u(b, T ) = 0,

j = 1, 2, ..., 2s,
(2)

u(i)(x, 0) = u(i)(x, T ), (3)

ãäå αjk, βjk � íåêîòîðûå êîìïëåêñíûå ïîñòîÿííûå.
Ôóíêöèÿ g(x) ìîæåò îáðàùàòüñÿ â 0 è ìåíÿòü çíàê íà îòðåçêå (a, b). Â

÷àñòíîñòè, ïðè m = 0 ïîëó÷àþòñÿ ïàðàáîëè÷åñêèå óðàâíåíèÿ ñ ìåíÿþùèìñÿ
íàïðàâëåíèåì âðåìåíè, êîòîðûå äîñòàòî÷íî õîðîøî èçó÷åíû [1,2].

Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé
çàäà÷è (1)− (3).
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Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ðàçðåøèìîñòè ëèíåéíûõ îáðàòíûõ çà-
äà÷ äëÿ íåêîòîðûõ íåêëàññè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîäåëè-
ðóþùèõ, â ÷àñòíîñòè, óðàâíåíèå Áóññèíåñêà-Ëÿâà, âîçíèêàþùåå ïðè îïèñà-
íèè ïðîäîëüíûõ âîëí â ñòåðæíÿõ, â òåîðèè äëèííûõ âîëí, â ôèçèêå ïëàçìû
[1].

Îáðàòíûìè çàäà÷àìè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèíÿòî íàçû-
âàòü çàäà÷è, â êîòîðûõ íàðÿäó ñ íàõîæäåíèåì ðåøåíèÿ òðåáóåòñÿ îòûñêàòü
âõîäíûå äàííûå, íàïðèìåð êîýôôèöèåíòû óðàâíåíèÿ èëè ôóíêöèè, îïðåäå-
ëÿþùèå íà÷àëüíûå èëè ãðàíè÷íûå óñëîâèÿ. Îáðàòíûì çàäà÷àì ïîñâÿùåíû
ìîíîãðàôèè Ïðèëåïêî À.È., Àíèêîíîâà Þ.Å., Êîæàíîâà À.È. è ìíîãèå äðó-
ãèå ðàáîòû [2-4].

Ïóñòü Ω åñòü èíòåðâàë (0, 1) îñè Ox, Q - ïðÿìîóãîëüíèê {(x, t) : x ∈ Ω, t ∈
(0, T ), 0 < T < ∞}. Äàëåå ïóñòü f(x, t), a(x, t), c(x, t), h(x, t),K(x, t), N(x, t) -
çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω̄, t ∈ [0, T ].

Îáðàòíàÿ çàäà÷à I: íàéòè ôóíêöèè u(x, t) è q(t), ñâÿçàííûå â ïðÿìîóãîëü-
íèêå Q óðàâíåíèåì

utt + a(x, t)uxx − uxxtt + c(x, t)u = f(x, t) + q(t)h(x, t), (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé

u(0, t) = u(1, t) = 0, 0 < t < T, (2)

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω, (3)

ux(0, t) = 0, 0 < t < T. (4)

Îáðàòíàÿ çàäà÷à II: íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå â ïðÿìîóãîëü-
íèêå Q óðàâíåíèåì (1), ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé (3), à
òàêæå óñëîâèé

u(0, t) = 0, ux(1, t) = 0, 0 < t < T, (5)

ux(0, t) = 0, 0 < t < T. (6)
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Îáðàòíàÿ çàäà÷à III: íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå â ïðÿìî-
óãîëüíèêå Q óðàâíåíèåì (1), ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé
(2) è (3), à òàêæå óñëîâèÿ

1∫
0

K(x, t)u(x, t)dx = 0, 0 < t < T. (7)

Îáðàòíûå çàäà÷è I-III îòíîñÿòñÿ ê êëàññó îáðàòíûõ çàäà÷ âðåìåííîãî
òèïà. Ïîäîáíûå çàäà÷è äëÿ óðàâíåíèÿ (1) ðàíåå íå èçó÷àëèñü, îòìåòèì ëèøü,
÷òî â [5] èçó÷àëàñü íåëèíåéíàÿ îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ Áóññèíåñêà-
Ëÿâà â íåêîòîðîì ñïåöèàëüíîì ñëó÷àå.

Â ðàáîòå ñôîðìóëèðîâàíû òåîðåìû ðàçðåøèìîñòè çàäà÷ I-III. Äëÿ äî-
êàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåãóëÿðíûõ ðåøåíèé èñïîëüçóþòñÿ ðàçëè÷íûå
ïîäõîäû.
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Íèêîëàåâ Í.Í.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

niknik-90@sbras.ru

Îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé âûñîêîãî ïîðÿäêà â ïî-
ñëåäíèå ãîäû âñå áîëüøå ïðèâëåêàþò âíèìàíèå ìíîãèõ èññëåäîâàíèé. Çà-
ìåòèì, ÷òî åñëè ïðÿìûå ïðîñòðàíñòâåííî íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ
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óðàâíåíèé òðåòüåãî ïîðÿäêà õîðîøî èçó÷åíû [1], òî îáðàòíûå çàäà÷è äëÿ
òàêèõ óðàâíåíèé èçó÷åíû ñðàâíèòåëüíî ìàëî. Îòìåòèì ðàáîòû, â êîòîðûõ
íåèçâåñòíûé ïàðàìåòð çàâèñèò îò âðåìåííîé ïåðåìåííîé, ðàññìàòðèâàëèñü
â ñëó÷àÿõ ïàðàáîëè÷åñêèõ [2] è ãèïåðáîëè÷åñêèõ [3] óðàâíåíèé.

Ïóñòü Ω åñòü èíòåðâàë (0, 1) îñè Ox, Q åñòü ïðÿìîóãîëüíèê Ω × (0, T ),
0 < T < +∞. Äàëåå, ïóñòü f(x, t), c(x, t), h(x, t) � çàäàííûå ôóíêöèè, îïðåäå-
ëåííûå ïðè x ∈ Ω̄, t ∈ [0, T ]. Òðåáóåòñÿ íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå
â öèëèíäðå Q óðàâíåíèåì

uttt + uxx + c(x, t)u = f(x, t) + q(t)h(x, t), (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) êðàåâûõ óñëîâèé

ux(0, t) = 0, ux(1, t) = 0, (2)

u(0, t) = 0, (3)

è íà÷àëüíûõ óñëîâèé

u(x, 0) = ut(x, 0) = u(x, T ) = 0, x ∈ Ω. (4)

Ðàçðåøèìîñòü îáðàòíîé êðàåâîé çàäà÷è (1) − (4) ïðîâîäèòñÿ ñâåäåíèåì
ê ïðîñòðàíñòâåííî íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ "íàãðóæåííîãî"[4] óðàâ-
íåíèÿ âèäà

vttt + vxx + c(t)v = f1xx(x, t) + h1xx(x, t)v(0, t),

f1(x, t) = f(x, t)− f(0, t)h(x, t)

h(0, t)
, h1(x, t) =

h(x, t)

h(0, t)

(5)

ñ ïîìîùüþ ìåòîäà ïðîäîëæåíèÿ ïî ïàðàìåòðó è àïðèîðíûõ îöåíîê.
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FUNCTION F

(4)
8
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Ðàçíîîáðàçèå ïðèêëàäíûõ çàäà÷, ïðèâîäÿùèõ ê ãèïåðãåîìåòðè÷åñêèì
ôóíêöèÿì, âûçâàëî áûñòðûé ðîñò ÷èñëà ôóíêöèé, ïðèìåíÿåìûõ â ïðèëîæå-
íèÿõ. Íàïðèìåð, â ìîíîãðàôèè [1] îïðåäåëåíû è èçó÷åíû îáëàñòè ñõîäèìîñòè
205 ãèïåðãåîìåòðè÷åñêèõ ôóíêöèè îò òðåõ ïåðåìåííûõ. Â ýòîé ìîíîãðàôèè
òàêæå ìîæíî íàéòè ññûëêè íà íàó÷íûå ðàáîòû äî 1985 ãîäà, ïîñâÿùåííûõ
èçó÷åíèþ ñâîéñòâ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé. Ïîñêîëüêó ÷èñëî ãèïåð-
ãåîìåòðè÷åñêèõ ôóíêöèé âåëèêî, ïîëíîå ìíîæåñòâî èõ ïðåîáðàçîâàíèé èñ-
÷èñëÿåòñÿ ñîòíÿìè. Ëó÷øèì ñðåäñòâîì äëÿ âûâîäà ïðåîáðàçîâàíèé ÿâëÿþò-
ñÿ èíòåãðàëüíûå ïðåäñòàâëåíèÿ òèïà Ýéëåðà ðàññìàòðèâàåìûõ ôóíêöèé. Â
äàííîì äîêëàäå äëÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè îò ÷åòûðåõ ïåðåìåííûõ
F

(4)
8 [2]:

F
(4)
8 (a1, a2, b1, b2, b3; c1, c2, c3, c4;x, y, z, t) =

=

∞∑
m,n,p,q=0

(a1)m+n(a2)p+q(b1)m+p(b2)n(b3)q
(c1)m(c2)n(c3)p(c4)q

xm

m!

yn

n!

zp

p!

tq

q!

äîêàçûâàþòñÿ íåñêîëüêî èíòåãðàëüíûõ ïðåäñòàâëåíèé òèïà Ýéëåðà. Íàõîæ-
äåíèÿ èíòåãðàëüíûõ ïðåäñòàâëåíèé äëÿ áîëåå ïðîñòûõ ãèïåðãåîìåòðè÷åñêèõ
ôóíêöèé, ðàññìîòðåíû â ðàáîòàõ [3-4].
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Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé ãðàíèöåé
Γ, S = Γ × (0, T ), Q åñòü öèëèíäð Ω × (0, T ). Äàëåå, ïóñòü f(x, t), c(x, t),
h(x, t), K(x, t) åñòü çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω, t ∈ [0, T ],
m � çàäàííîå ïîëîæèòåëüíîå öåëîå ÷èñëî.

Îáðàòíàÿ çàäà÷à: íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå óðàâíåíèåì

(−1)m−1D2m
t u−∆u+ c(x, t)u = f(x, t) + q(t)h(x, t), (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) óñëîâèé

Di
tu(x, 0) = 0, i = 0,m,

Dj
tut(x, T ) = 0, j = 1,m− 1, x ∈ Ω,

(2)

u|S = 0, (3)

à òàêæå óñëîâèÿ ïåðåîïðåäåëåíèÿ∫
Ω

K(x, t)u(x, t)dx = 0. (4)

Îáðàòíûå çàäà÷è (1)− (4) ïðè m = 1 èññëåäîâàíû â ðàáîòå [1]. Ðåøåíèå
ïîñòàâëåííîé îáðàòíîé çàäà÷è áóäåì èñêàòü â ïðîñòðàíñòâå

V = {u(x, t) : u(x, t) ∈W 2
2 (Q) ∩ L2(0, T ; W̊

1
2 (Ω)), D2m

t u ∈ L2(Q)}.

Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

f(x, t), h(x, t) ∈ L2(Q), fxi(x, t) ∈ L2(Q),

∫
Ω

K(x, t)h(x, t)dx ̸= 0

f(x, t)|S = h(x, t)|S = 0, K(x, t) ∈ C4(Q)
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Òîãäà ñóùåñòâóåò ôóíêöèÿ u(x, t) òàêàÿ, ÷òî u(x, t),∆u(x, t) ∈ V è ôóíêöèÿ
q(t) èç ïðîñòðàíñòâà L2([0, T ]), ÿâëÿþùèåñÿ ðåøåíèåì îáðàòíîé çàäà÷è (1)-
(4).

Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà ïåðåõîäå îò îáðàòíîé çàäà÷è ê ïðÿ-
ìîé êðàåâîé çàäà÷å äëÿ íîâîãî "íàãðóæåííîãî"ëèíåéíîãî óðàâíåíèÿ [2] ñ
ïîñëåäóþùèì ïðèìåíåíèåì ìåòîäîâ ðåãóëÿðèçàöèè [3] è ïðîäîëæåíèÿ ïî ïà-
ðàìåòðó.
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ÌÅÍßÞÙÈÌÑß ÍÀÏÐÀÂËÅÍÈÅÌ ÂÐÅÌÅÍÈ

ABOUT THE FIRST MIXED PROBLEM FOR THE
DEGENERATING THE PARABOLIC EQUATIONS WITH THE

CHANGING DIRECTION TIME

Ïåòðóøêî È.Ì.

Ìîñêîâñêèé ýíåðãåòè÷åñêèé èíñòèòóò, Ìîñêâà, Ðîññèÿ;
petrushko@mail.ru

Ïóñòü Q - îãðàíè÷åííàÿ îáëàñòü n-ìåðíîãî ïðîñòðàíñòâà Rn, ãðàíèöà
êîòîðîãî ∂Q− (n− 1) ìåðíàÿ ïîâåðõíîñòü áåç êðàÿ êëàññà C2.

Ðàññìîòðèì â öèëèíäðè÷åñêîé îáëàñòè QT = Q× (0, T ) óðàâíåíèå

Lu = k(x)ut −
n∑

i,j=1

(ai,juxi)xj + au = f(x, t). (1)

Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû ai,j(x, t) äîñòàòî÷íî ãëàäêèå ôóíêöèè
è óäîâëåòâîðÿþò óñëîâèÿì: äëÿ ëþáîé òî÷êè x ∈ Qδ, δ ∈ (0, δ0) è äëÿ ëþáûõ
t ∈ [0, T ] ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ γδ > 0, γδ → 0, δ → 0, ÷òî äëÿ âñåõ
ξ = (ξ1, ..., ξn) ∈ Rn, Φ(x, ξ, t) =

∑n
i,j=1 ai,jξiξj ≥ γδ|ξ|2.
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Äëÿ (x0, t) ∈ ∂Q×[0, T ] êâàäðàòè÷íàÿ ôîðìà âûðîæäàåòñÿ. Îäíàêî, áóäåì
ïðåäïîëàãàòü ÷òî cóùåñòâóåò òàêàÿ ïîñòîÿííàÿ γ0 > 0 , ÷òî äëÿ âñåõ x0 ∈
∂Q, t ∈ [0, T ]

γ0 ≤
n∑

i,j=1

ai,j (x, t) νi(x0)νj (x0) ≤ (γ0)
−1
,

ãäå ν(x0) - âåêòîð âíåøíåé, ïî îòíîøåíèþ ê îáëàñòè Q åäèíè÷íîé íîð-
ìàëè ê ïîâåðõíîñòè ∂Q â òî÷êå x0.

Ïîëîæèì Q+ = {x ∈ Q, k(x) > 0}; Q− = {x ∈ Q, k(x) < 0}. Ïðàâóþ
÷àñòü f(x, t) óðàâíåíèÿ (1)

áóäåì ïðåäïîëàãàòü ïðèíàäëåæàùåé ïðîñòðàíñòâó L2(Q
T ).

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u(x, t) ïðèíèìàåò ãðàíè÷íîå çíà÷åíèå

u|(x,t)∈(Q×(0,T ) = φ (2)

â ñìûñëå Lp, p > 1, åñëè φ(x, t) ∈ Lp(∂Q× (0, T )) è

lim
δ,β→0

∫ T−β

β

∫
∂Q

|u(xδ(x), t)− ϕ(x, t)|2dsdt = 0 (2′)

Áóäåì òàêæå ãîâîðèòü, ÷òî ôóíêöèÿ u(x, t) ∈W 2,1
2,loc(Q

T ) ïðèíèìàåò ãðà-
íè÷íûå çíà÷åíèÿ

u|t=0,x∈Q+ = u1(x),

∫
Q+

u2
1(x)r(x)dx <∞ (3)

u|t=0,x∈Q− = u2(x),

∫
Q−

u2
2(x)r(x)dx <∞, (4)

åñëè

lim
δ,β→0

∫
Q+

δ

(u(x, β)− u1(x, t))
2r(x)dx = 0 (3′)

lim
δ,β→0

∫
Q−

δ

(u(x, T − β)− u2(x, t))
2r(x)dx = 0 (4′)

Cïðàâåäëèâû òåîðåìû.
Òåîðåìà 1.Ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ a0 > 0, ÷òî äëÿ âñåõ φ(x, t) ∈

Lp(∂Q × (0, T )),u1(x) ∈ L2(Q
+, r), u2(x) ∈ L2(Q

−, r)è äëÿ âñåõ f(x, t) ∈
L2(Q

T ) ñóùåñòâóåò ðåøåíèå èç W 2,1
2,loc(Q

T )çàäà÷è (1)-(4) ïðè a(x, t) > a0. Ýòî
ðåøåíèå åäèíñòâåííî è äëÿ íåãî ñïðàâåäëèâà îöåíêà∫ T

0

∫
Q

∑n
i,j=1 ai,juxiuxj r(x)dxdt+ sup

β,δ
(
∫
Q+

δ
u2(x, T − β)(r − δ)dx+

+
∫
Q−

δ
u2(x, β)(r − δ)dx) ≤ C ∥f∥2L2(QT ) + ∥ϕ∥2L2(∂Q×(0T ) +

∥u1∥2L2(Q
+
δ
,r(x))

+ ∥u2∥2L2(Q
−
δ
,r(x))

].
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Òåîðåìà 2. Åñëè ôóíêöèÿ u(x, t)ÿâëÿåòñÿ îáîáùåííûì èç W 2,1
2,loc(Q

T )
ðåøåíèåì çàäà÷è (1)−(4) ñ a(x, t) > a0, òî ñóùåñòâóþò òàêèå ôóíêöèè u3(x) ∈
L2(Q

+, r), u4(x) ∈ L2(Q
−, r),÷òî

lim
δ,β→0

∫
Q+

δ

(u(x, T − β)− u3(x, t))
2(r(x)− δ)dx = 0

lim
δ,β→0

∫
Q−

δ

(u(x, β)− u4(x, t))
2(r(x)− δ)dx = 0
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Ïèíèãèíà Í.Ð.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

n-pinig@mail.ru

Èçó÷àåòñÿ ðàçðåøèìîñòü êðàåâûõ è íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ íåêîòî-
ðûõ êëàññîâ óðàâíåíèé ñîñòàâíîãî òèïà âûñîêîãî ïîðÿäêà. Äëÿ ðàññìàòðè-
âàåìûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãó-
ëÿðíûõ ðåøåíèé.

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé (äëÿ ïðî-
ñòîòû áåñêîíå÷íî äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q åñòü öèëèíäð Ω×(0, T ),
0 < T < +∞, aij,k(x), a0,k(x), i, j = 1, ..., n, k = 0, 1, ..., 2p (p > 1�öåëîå),
αl(t), l = 1, ..., 2p− 1, f(x, t) � çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω̄,

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ áàçîâîé ÷àñòè
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò �3047).
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t ∈ [0, T ]. Äàëåå, ïóñòü Ak, k = 0, ..., 2p, åñòü äèôôåðåíöèàëüíûå îïåðàòîðû,
äåéñòâèå êîòîðûõ îïðåäåëÿåòñÿ ðàâåíñòâàìè

Akv =
∂

∂xi
(aij,k(x)vxj ) + a0,k(x)v

(çäåñü è äàëåå ïî ïîâòîðÿþùèìñÿ èíäåêñàì âåäåòñÿ ñóììèðîâàíèå â ïðåäåëàõ
îò 1 äî n), ïðè÷åì îïåðàòîðû−A0 èA2p ÿâëÿþòñÿ ýëëèïòè÷åñêèìè â Ω̄. ×åðåç

Dl
t äàëåå áóäåì îáîçíà÷àòü ïðîèçâîäíóþ ∂l

∂tl
, ÷åðåç L � äèôôåðåíöèàëüíûé

îïåðàòîð

Lu = (−1)p+1D2p
t A0u+

2p−1∑
k=1

αk(t)D
2p−k
t Aku−A2pu.

Êðàåâàÿ çàäà÷à Ip: íàéòè ðåøåíèå óðàâíåíèÿ

Lu = f(x, t), (1)

óäîâëåòâîðÿþùåå óñëîâèÿì
u(x, t) |S= 0, (2)

u(x, 0) = ut(x, 0) = ... = Dp
t u(x, 0) = 0, x ∈ Ω, (3)

ut(x, T ) = ... = Dp−1
t u(x, T ) = 0, x ∈ Ω. (4)

Êðàåâàÿ çàäà÷à IIp: íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
óñëîâèÿì (2), (3), à òàêæå óñëîâèþ

Dp+1
t u(x, T ) = ... = D2p−1

t u(x, T ) = 0, x ∈ Ω. (5)

Êðàåâàÿ çàäà÷à IIIp: íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå
óñëîâèÿì (2), (3), à òàêæå óñëîâèþ

Dp+1
t u(x, 0) = ... = D2p−1

t u(x, 0) = 0, x ∈ Ω. (6)

Çàìåòèì, ÷òî â ñëó÷àå p = 1 óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé óðàâíå-
íèå ñîñòàâíîãî òèïà, ìîäåëèðóþùåå èçâåñòíîå óðàâíåíèå Áóññèíåñêà�Ëÿâà
[1], êðàåâûå çàäà÷è Ip, IIp è IIIp äëÿ òàêîãî óðàâíåíèÿ ñîâïàäàþò è èññëå-
äîâàíèå èõ ðàçðåøèìîñòè áûëî ïðîâåäåíî ðàíåå (ñì. [2]). Â ñëó÷àå p > 1
êðàåâàÿ çàäà÷à Ip âîñõîäèò ïî ñâîåé ïîñòàíîâêå ê ðàáîòàì [2�4], â êîòîðûõ
èçó÷àëàñü ïîäîáíàÿ çàäà÷à äëÿ íåêëàññè÷åñêèõ óðàâíåíèé âèäà (1) â ñëó÷àå
Ak = I, k = 0, 1, ..., 2p− 1.
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Èññëåäóåòñÿ ñóùåñòâîâàíèå ðåãóëÿðíûõ ðåøåíèé äëÿ êâàçèëèíåéíûõ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé â íåöèëèíäðè÷åñêîé îáëàñòè ñ çàäàííîé ãðàíèöåé
êëàññà W 1

2 â ñëó÷àå îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé [1] èëè ñ ãðàíèöåé
êëàññà C2,1

x,t â ìíîãîìåðíîì ñëó÷àå [2]. Ïðè ýòîì íå ïðåäïîëàãàåòñÿ ìîíî-
òîííîñòü ãðàíèöû. Äîïóñêàåòñÿ âûðîæäåíèå óðàâíåíèÿ.

Ïðåäñòàâëåíû òàêæå ðåçóëüòàòû èññëåäîâàíèÿ çàäà÷è Ñòåôàíà, êîãäà
÷àñòü ãðàíèöû íåèçâåñòíà è íàõîäèòñÿ âìåñòå ñ ðåøåíèåì. [3]

Äëÿ ñëó÷àÿ çàäàííîé ãðàíèöû ïðèáëèæåííûå ðåøåíèÿ ñòðîÿòñÿ ïðîåê-
öèîííûì ìåòîäîì ñ èñïîëüçîâàíèåì ñåìåéñòâà ïðîåêòîðîâ çàâèñÿùèõ îò âðå-
ìåííîãî ïàðàìåòðà. Äîêàçûâàåòñÿ, ÷òî íåêîòîðûé ïðåäåë ýòèõ ðåøåíèé áó-
äåò ðåøåíèåì çàäà÷è.

Äëÿ îáîñíîâàíèÿ ñóùåñòâîâàíèÿ ïðåäåëà â îäíîìåðíîì ñëó÷àå èñïîëüçó-
þòñÿ ìåòîäû êîìïàêòíîñòè ìíîæåñòâà ôóíêöèé èç øêàëû áàíàõîâûõ ïðî-
ñòðàíñòâ.

Â ñëó÷àå n ïåðåìåííûõ ðàçâèâàåòñÿ ìåòîä ìîíîòîííîñòè íà ñëó÷àé íåöè-
ëèíäðè÷åñêèõ îáëàñòåé.

Îäíîìåðíàÿ çàäà÷à äëÿ ñëó÷àÿ ìîíîòîííîé ãðàíèöû êëàññà W 1
2 ðàññìàò-

ðèâàëàñü â [4] .
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Â îäíîìåðíîì ñëó÷àå ðàññìàòðèâàåòñÿ óðàâíåíèå

∂u

∂t
=

∂

∂x
φ (ux) + a(x, t)

∂u

∂x
+ b(x, t)u.

Ïðè äîïóùåíèè äîâîëüíî ïðîèçâîëüíîãî âûðîæäåíèÿ (φ′ > 0) äëÿ çà-
äàííîé íåîáÿçàòåëüíî ìîíîòîííîé ãðàíèöû x = s (t) ∈W 1

2 (0, T ) óñòàíîâëåíû
òåîðåìû ñóùåñòâîâàíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî îòðåçîê [0,T] ìîæíî ðàçáèòü
íà êîíå÷íîå ÷èñëî èíòåðâàëîâ, íà êàæäîì èç êîòîðûõ s′(t) ≥ 0 .. s′(t) ≤ 0
ï.â. Ñëó÷àé s(T)=0 äîïóñòèì.

Â ìíîãîìåðíîì ñëó÷àå ñ ãðàíèöåé êëàññà C2,1
x,t èçó÷åíî óðàâíåíèå

ut =

n∑
i=1

∂

∂ xi
ai(uxi) + f

â íåöèëèíäðè÷åñêîé îáëàñòè
∪
t∈(0,T ) {t} × Ωt = QT . Îáîñíîâàíî ñóùå-

ñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è. Ïî-
êàçàíî, êàêèå èçìåíåíèÿ ìîæíî âíåñòè â ìåòîä ìîíîòîííîñòè, ÷òîáû îí ¾ðà-
áîòàë¿ â íåñòàöèîíàðíîì ñëó÷àå íåöèëèíäðè÷åñêèõ îáëàñòåé (îñíîâíîå íåðà-
âåíñòâî âûâîäèòñÿ ñóùåñòâåííî áîëåå äîëãèì ïóòåì).
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ÏÎÐßÄÊÀ

ON THE SOLVABILITY OF NONLOCAL BOUNDARY VALUE
PROBLEMS FOR NONCLASSICAL EQUATIONS OF THIRD

ORDER

Ïîïîâ Í.Ñ.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè Ì.Ê.
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Ðàññìàòðèâàþòñÿ ïðîñòðàíñòâåííî íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ëè-
íåéíûõ ïñåâäîïàðàáîëè÷åñêèõ è ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé òðåòüåãî
ïîðÿäêà ñ ãðàíè÷íûìè óñëîâèÿìè À.À. Ñàìàðñêîãî ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè è ñ ãðàíè÷íûìè óñëîâèÿìè èíòåãðàëüíîãî âèäà. Èññëåäîâàíèþ ïî-
äîáíûõ íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ
óðàâíåíèé ïîñâÿùåíû ðàáîòû [1,2].

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé ãðàíèöåé Γ,
Q = Ω × (0, T ) (0 < T < +∞), S = Γ × (0, T ), f(x, t) � çàäàííàÿ â öèëèíäðå
Q ôóíêöèÿ, u0(x), u1(x) � çàäàííûå íà ìíîæåñòâå Ω ôóíêöèè, K(x, y, t) �
ôóíêöèÿ, çàäàííàÿ ïðè x, y ∈ Ω, t ∈ [0, T ], γ, α � ïîñòîÿííûå ÷èñëà.

Êðàåâàÿ çàäà÷à I. Íàéòè ôóíêöèþ u(x, t) ÿâëÿþùóþñÿ â öèëèíäðå Q
ðåøåíèåì óðàâíåíèÿ

utt −∆ut + γu = f(x, t), (1)

è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ óñëîâèÿ

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (2)

u(x, t)|(x,t)∈S =

∫
Ω

K(x, y, t)u(y, t)dy|(x,t)∈S . (3)

Ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó è àïðèîðíûõ îöåíîê äëÿ ìíîãîìåðíûõ
ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé ýôôåêòèâíî èñïîëüçîâàëàñü â ðàáîòå [3]. Â
íàñòîÿùåé ðàáîòå ìåòîäîì Ôóðüå äîêàçûâàåòñÿ ðàçðåøèìîñòü ïîñòàâëåííîé
êðàåâîé çàäà÷è I.

Â îäíîìåðíîì ñëó÷àå ðàññìàòðèâàþòñÿ óðàâíåíèÿ

utt − αuxx − uxxt = f(x, t), (4)

ut − αuxx − uxxt = f(x, t) (5)
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ñ îáùèìè ïðîñòðàíñòâåííî íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè

a11(t)ux(0, t) + a12(t)ux(1, t) + b11(t)u(0, t)+

+b12(t)u(1, t) +

1∫
0

K1(x, t)u(x, t) dx = 0, (6)

a21(t)ux(0, t) + a22(t)ux(0, t) + b21(t)u(0, t)+

b22(t)u(1, t) +

1∫
0

K2(x, t)u(x, t) dx = 0. (7)

Êðàåâàÿ çàäà÷à II. Íàéòè ôóíêöèþ u(x, t) ÿâëÿþùóþñÿ â ïðÿìîóãîëü-
íèêå Q ðåøåíèåì óðàâíåíèÿ (4) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ êðàåâûå
óñëîâèÿ (6), (7), à òàêæå íà÷àëüíûå óñëîâèÿ (2).

Êðàåâàÿ çàäà÷à III. Íàéòè ôóíêöèþ u(x, t) ÿâëÿþùóþñÿ â ïðÿìîóãîëü-
íèêå Q ðåøåíèåì óðàâíåíèÿ (5) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ êðàåâûå
óñëîâèÿ (6), (7), à òàêæå íà÷àëüíûå óñëîâèÿ

u(x, 0) = u0(x), x ∈ Ω, (8)

Ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó è àïðèîðíûõ îöåíîê äëÿ ìíîãîìåðíûõ
ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé èñïîëüçîâàëàñü â ðàáîòå [3]. Â íàñòîÿùåé
ðàáîòå ìåòîäîì Ôóðüå äîêàçûâàåòñÿ ðàçðåøèìîñòü ïîñòàâëåííûõ êðàåâûõ
çàäà÷ II, III.
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BOUNDARY VALUE PROBLEMS FOR PARABOLIC
EQUATIONS WITH CHANGING TIME DIRECTION

Ïîïîâ Ñ.Â.
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Ðàññìàòðèâàþòñÿ ïàðàáîëè÷åñêèå óðàâíåíèÿ âòîðîãî è ÷åòâåðòîãî ïîðÿä-
êîâ ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðåìåíè ñ óñëîâèÿìè ñêëåèâàíèÿ ñ ïåðåìåí-
íûìè êîýôôèöèåíòàìè ïî t ∈ [0, T ].

Â ðàáîòàõ [1,2] ÿâíî ïðåäñòàâëåíû óñëîâèÿ ðàçðåøèìîñòè äëÿ êðàå-
âûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ
ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðåìåíè. Ïðè ýòîì äëÿ äîêàçàòåëüñòâà [p]�
ðàçðåøèìîñòè ïðè n = 2 áûëè ðàññìîòðåíû îáùèå äèàãîíàëüíûå óñëîâèÿ
ñêëåèâàíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, áîëåå òîãî, áûëè íàéäåíû çà-
âèñèìîñòè ïîêàçàòåëåé ãåëüäåðîâñêèõ ïðîñòðàíñòâ îò âåñîâûõ ôóíêöèé ñêëå-
èâàíèÿ.

Â íàñòîÿùåé ðàáîòå óñòàíàâëèâàåòñÿ ðàçðåøèìîñòü êðàåâûõ çàäà÷ â ïðî-
ñòðàíñòâàõ Ãåëüäåðà äëÿ óðàâíåíèé

sgnxut = uxx, sgnxut + uxxxx = 0.

Ïîêàçàíî, ÷òî ãåëüäåðîâñêèå êëàññû èõ ðåøåíèé çàâèñÿò êàê îò íåöåëîãî
ïîêàçàòåëÿ Ãåëüäåðà, òàê è îò êîýôôèöèåíòîâ óñëîâèé ñêëåèâàíèÿ, çàäàííûõ
íà èíòåðâàëå [0, T ] ïðè âûïîëíåíèè íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé íà
âõîäíûå äàííûå çàäà÷è.
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ÕÀÐÀÊÒÅÐÈÑÒÈÊÀÌÈ1

ABOUT ONE CONJUGATION PROBLEM FOR THE THIRD
ORDER EQUATION WITH MULTIPLE CHARACTERISTICS

Ïîòàïîâà Ñ.Â.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
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Â ðàáîòå èññëåäóåòñÿ ðàçðåøèìîñòü îäíîé çàäà÷è ñîïðÿæåíèÿ äëÿ íåêëàñ-
ñè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âèäà

ut − h(x)uxxx + c(x, t)u = f(x, t), (1)

çäåñü x ∈ (−1, 1), t ∈ (0, T ), ôóíêöèÿ h(x) òàêîâà, ÷òî îíà ìîæåò èìåòü
ðàçðûâ ïåðâîãî ðîäà â òî÷êå x = 0 è h(x) > 0 ïðè x ∈ [−1, 0], h(x) > 0 ïðè
x ∈ [0, 1], h(x) ∈ C([−1, 0]), h(x) ∈ C([0, 1]).

Êðàåâàÿ çàäà÷à: íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ íà ìíîæåñòâå
(−1, 1)\0 × (0, T ) ðåøåíèåì óðàâíåíèÿ (1) è òàêóþ, ÷òî äëÿ íåå âûïîëíÿ-
þòñÿ ãðàíè÷íûå óñëîâèÿ

u(x, 0) = 0, x ∈ (−1, 0) ∪ (0, 1), (2)

u(−1, t) = ux(−1, t) = u(1, t) = 0, 0 < t < T, (3)

à òàêæå óñëîâèÿ ñîïðÿæåíèÿ

u(+0, t) = αu(−0, t), 0 < t < T, (4)

ux(+0, t) = βux(−0, t), 0 < t < T, (5)

uxx(−0, t) = γuxx(+0, t), 0 < t < T, (6)

ãäå α, β, γ - çàäàííûå äåéñòâèòåëüíûå ÷èñëà.
Óðàâíåíèÿ (1) íàçûâàþò óðàâíåíèÿìè ñ êðàòíûìè õàðàêòåðèñòèêàìè [1].

Ðàçðåøèìîñòü òåõ èëè èíûõ êðàåâûõ çàäà÷ äëÿ ïîäîáíûõ óðàâíåíèé ñ íåïðå-
ðûâíûìè êîýôôèöèåíòàìè èçó÷åíà äîñòàòî÷íî õîðîøî [1]-[3], â ñëó÷àå æå
ðàçðûâíûõ êîýôôèöèåíòîâ îòìåòèì ðàáîòû [1] è [4].

Ìåòîäîì ðåãóëÿðèçàöèè è ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó äëÿ èçó-
÷àåìîé çàäà÷è äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãóëÿð-
íûõ ðåøåíèé.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåí-
íîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2014-2016 ãã. (ïðîåêò �3047).
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1. Äæóðàåâ Ò.Ä. Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî è ñìåøàííî-
ñîñòàâíîãî òèïîâ. Òàøêåíò: ÔÀÍ, 1986.

2. Õàáëîâ B.B. Î íåêîòîðûõ êîððåêòíûõ ïîñòàíîâêàõ ãðàíè÷íûõ çàäà÷ äëÿ
óðàâíåíèÿ Êîðòåâåãà äå Ôðèçà. Ïðåïðèíò Èí-òà ìàòåì. ÑÎ ÀÍ ÑÑÑÐ.
Íîâîñèáèðñê, 1979.

3. Àáäðàõìàíîâ À.Ì., Êîæàíîâ À.È. Çàäà÷à ñ íåëîêàëüíûì ãðàíè÷íûì
óñëîâèåì äëÿ îäíîãî êëàññà óðàâíåíèé íå÷åòíîãî ïîðÿäêà. Èçâ. âóçîâ.
Ìàòåì., 2007, � 5, Ñ. 3-12.

4. Àíòèïèí Â.È. Ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òðåòüåãî ïî-
ðÿäêà ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðåìåíè. Ìàòåìàòè÷åñêèå çàìåòêè
ßÃÓ, 2011, Ò.18, � 1, Ñ. 8-15.

ÊÎÝÔÔÈÖÈÅÍÒÍÛÅ ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÄËß
ÝËËÈÏÒÈÊÎ-ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

COEFFICIENT INVERSE PROBLEM FOR
ELLIPTIC-PARABOLIC EQUATION

Ïðîêîïüåâ À.Â.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

prokopevav85@gmail.com

Ïóñòü Ω ⊂ Rn ñ ãëàäêîé ãðàíèöåé Γ, S = Γ × (0, T ), Q = Ω × (0, T ),
0 < T < +∞, x1, . . . , xm � çàäàííûå ðàçëè÷íûå òî÷êè èç Ω. Â îáëàñòè Q ðàñ-
ñìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à íàõîæäåíèÿ ôóíêöèé u(x, t), q1(t), . . . , qm(t),
ñâÿçàííûõ óðàâíåíèåì

ut −
n∑

i,j=1

∂

∂xi

(
aij(x)uxj

)
+ a(x)u = f(x, t) +

m∑
k=1

qk(t)hk(x, t), (1)

n∑
i,j=1

aij(x)ξiξj ≥ 0, ξ = (ξ1, . . . , ξn) ∈ Rn.

ñ íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿìè

u|t=0 = u0(x), x ∈ Ω, u|S = 0, (2)

à òàêæå óñëîâèÿìè ïåðåîïðåäåëåíèÿ

u(xk, t) = ψk(t), k = 1, 2, . . . ,m. (3)

Ìåòîäîì ðåãóëÿðèçàöèè äîêàçûâàåòñÿ ñóùåñòâîâàíèå îáîáùåííîãî ðåøå-
íèÿ îáðàòíîé çàäà÷è (1)− (3) (ñì.[1,2]).
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ËÈÒÅÐÀÒÓÐÀ

1. Ïðîêîïüåâ À.Â. Ëèíåéíàÿ îáðàòíàÿ çàäà÷à äëÿ ýëëèïòèêî-ïàðàáîëè÷åñ-
êîãî óðàâíåíèÿ // Ìàò. çàìåòêè ßÃÓ. 2011. Ò. 18, Âûï.2. Ñ. 163�179.

2. Ïàâëîâ Ñ.Ñ. Ðàçðåøèìîñòü îáðàòíîé çàäà÷è âîññòàíîâëåíèÿ âíåøíåãî
âîçäåéñòâèÿ â ìíîãîìåðíîì âîëíîâîì óðàâíåíèè // Âåñòíèê ×åëÿáèí-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ìàòåìàòèêà, Ìåõàíèêà, Èíôîðìà-
òèêà, 2011. Âûï.13. Ñ. 27�37.

ÊÐÈÒÅÐÈÉ H-ÑÂÎÉÑÒÂÀ ÔÓÍÊÖÈÎÍÀËÎÂ

CRITERION OF H-PROPERTY OF FUNCTIONALES

Ïðóäíèêîâ Â.ß.

Òèõîîêåàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Õàáàðîâñê, Ðîññèÿ;
prudnickov.vit@yandex.ru

Â òåîðèè íåëèíåéíûõ íåêîððåêòíûõ çàäà÷ âàæíóþ ðîëü èãðàåò ïîíÿòèå
H-ñâîéñòâà ôóíêöèîíàëîâ (ñì., íàïðèìåð, ðàáîòû [1-3] è èìåþùóþñÿ â íèõ
áèáëèîãðàôèþ). Ïóñòü X − áàíàõîâî ïðîñòðàíñòâî. Íà íåïóñòîì ìíîæåñòâå
K ⊂ X îïðåäåëèì ôóíêöèîíàë F .

Îïðåäåëåíèå [3]. Ôóíêöèîíàë F èìååò íàK H-ñâîéñòâî, åñëè äëÿ ëþáîé
ïîñëåäîâàòåëüíîñòè {un} ⊂ K èç å�å ñëàáîé ñõîäèìîñòè ê ïðåäåëó uo ∈ K è
ñõîäèìîñòè ïî ôóíêöèîíàëó F ñëåäóåò ñèëüíàÿ ñõîäèìîñòü. Â âûøåóïîìÿíó-
òûõ ðàáîòàõ ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ íà èíòåãðàëüíûå ôóíêöèîíàëû
F , ïðè âûïîëíåíèè êîòîðûõ F îáëàäàþò H-ñâîéñòâîì â ïðîñòðàíñòâàõ Ëå-
áåãà è Ñîáîëåâà. Â äàííîì äîêëàäå ïðåäñòàâëåí êðèòåðèé H-ñâîéñòâà ôóíê-
öèîíàëà â äîñòàòî÷íî îáùèõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ.

ËÈÒÅÐÀÒÓÐÀ

1. Ëåîíîâ À. Ñ. Îáîáùåíèå ìåòîäà ìàêñèìàëüíîé ýíòðîïèè äëÿ ðåøåíèÿ
íåêîððåêòíûõ çàäà÷ // Ñèá. ìàòåì. æóðí. 2000. Ò. 41, �4. C. 863-872.

2. Ëåîíîâ À. Ñ. Ðåãóëÿðèçóþùèå ôóíêöèîíàëû îáùåãî âèäà äëÿ ðåøåíèÿ
íåêîððåêòíûõ çàäà÷ â ïðîñòðàíñòâàõ Ëåáåãà // Ñèá. ìàòåì. æóðí. 2003.
Ò. 44, �6. C. 1295-1309.

3. Ëåîíîâ À. Ñ. Îá H-ñâîéñòâå ôóíêöèîíàëîâ â ïðîñòðàíñòâàõ Ñîáîëåâà //
Ìàòåì. çàìåòêè. 2005. Ò. 77, �3. C. 378-394.
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ÍÅËÈÍÅÉÍÛÅ ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÄËß
ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

NONLINEAR INVERSE PROBLEMS FOR THE SECOND ORDER
HYPERBOLIC EQUATION

Ñàôèóëëîâà Ð.Ð.

Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà,
Ñòåðëèòàìàê, Ðîññèÿ;
regina-saf@yandex.ru

Äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà èññëåäóåòñÿ ðàç-
ðåøèìîñòü íåêîòîðûõ çàäà÷ íàõîæäåíèÿ âìåñòå ñ ðåøåíèåì u(x, t) äîïîëíè-
òåëüíîé íåèçâåñòíîé ôóíêöèè, çàâèñÿùåé îò t.

Ïóñòü D åñòü èíòåðâàë (0, 1) îñè Ox, Q åñòü ïðÿìîóãîëüíèê D × (0, T )
êîíå÷íîé âûñîòû T , x åñòü òî÷êà îáëàñòè D, t åñòü òî÷êà èíòåðâàëà (0, T ).
Äàëåå, ïóñòü a(x, t), f(x, t), φ0(t), φ1(t), ψ1(t), ψ0(t), u0(x), u1(x) åñòü çàäàí-
íûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ D, t ∈ [0, T ].

Îáðàòíàÿ çàäà÷à I: íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå â Q óðàâíåíèåì

utt − uxx + a(x, t)ut + q(t)u = f(x, t), (1)

ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) íà÷àëüíûõ óñëîâèé

u(x, 0) = u0(x), x ∈ D, (2)

ut(x, 0) = u1(x), x ∈ D, (3)

ãðàíè÷íûõ óñëîâèé
ux(0, t) = φ1(t), t ∈ (0, T ), (4)

ux(1, t) = ψ1(t), t ∈ (0, T ) (5)

è óñëîâèÿ ïåðåîïðåäåëåíèÿ

u(0, t) = φ0(t), t ∈ (0, T ).

Îáðàòíàÿ çàäà÷à II: íàéòè ôóíêöèè u(x, t), q(t), ñâÿçàííûå â Q óðàâíå-
íèåì (1) ïðè âûïîëíåíèè äëÿ ôóíêöèè u(x, t) íà÷àëüíûõ óñëîâèé (2), (3),
ãðàíè÷íûõ óñëîâèé (4), (5), à òàêæå íåêîòîðîãî óñëîâèÿ ïåðåîïðåäåëåíèÿ

u(1, t) = ψ0(t), t ∈ (0, T ).

Çàäà÷àìè â áëèçêîé ïîñòàíîâêå çàíèìàëèñü Âàëèòîâ È.Ð. [1], [2], Ïàâëîâ
Ñ.Ñ.[3], Ñàôèóëëîâà Ð.Ð. [4].
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Â ðàáîòå [3] ðàññìàòðèâàëèñü ìíîãîìåðíûå îáðàòíûå çàäà÷è ñ íåèçâåñò-
íûì êîýôôèöèåíòîì q(t), îäíàêî çàäàâàëîñü èíòåãðàëüíîå óñëîâèå ïåðåîïðå-
äåëåíèÿ ∫

Ω

K(x)u(x, t)dx = µ(t).

Â ðàáîòàõ [1], [2] ðàññìàòðèâàëèñü áëèçêèå ê ðàññìàòðèâàåìîé çàäà÷è, íî
ñ òîæäåñòâåííî íóëåâûìè ôóíêöèÿìè φ1(t) è ψ1(t).

Â ðàáîòå [4] äëÿ óðàâíåíèÿ

utt − uxx + q(t)ut = f(x, t)

ðàññìàòðèâàëàñü áëèçêàÿ ïî ïîñòàíîâêå çàäà÷à.
Äëÿ ðàññìàòðèâàåìûõ îáðàòíûõ çàäà÷ äîêàçûâàþòñÿ òåîðåìû ñóùåñòâî-

âàíèÿ è åäèíñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé.
Ïðè äîêàçàòåëüñòâå èñïîëüçóåòñÿ òåõíèêà, îñíîâàííàÿ íà ïåðåõîäå îò èñ-

õîäíûõ îáðàòíûõ çàäà÷ ê íåêîòîðûì âñïîìîãàòåëüíûì çàäà÷àì, äîêàçàòåëü-
ñòâå èõ ðàçðåøèìîñòè è äàëåå ïîñòðîåíèè ñ ïîìîùüþ ðåøåíèÿ âñïîìîãàòåëü-
íûõ çàäà÷ ðåøåíèÿ èñõîäíûõ îáðàòíûõ çàäà÷.

Ïðè ðåøåíèè âñïîìîãàòåëüíûõ çàäà÷ èñïîëüçóþòñÿ ìåòîä ðåãóëÿðèçà-
öèè, ñðåçêè è ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó.

ËÈÒÅÐÀÒÓÐÀ
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÷åñêèõ óðàâíåíèé ñ èíòåãðàëüíûì ïåðåîïðåäåëåíèåì // Ìàòåìàòè÷åñêèå
çàìåòêè ßÃÓ. 2011. Ò. 19, � 2. Ñ. 128�154.

4. Ñàôèóëëîâà Ð.Ð. Îáðàòíàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòî-
ðîãî ïîðÿäêà ñ íåèçâåñòíûì êîýôôèöèåíòîì, çàâèñÿùèì îò âðåìåíè //
Âåñòíèê Þæíî-Óðàëüñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. 2013. Ò. 6,
� 4. Ñ. 73�86.
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ÎÁ ÎÄÍÎÌ ÓÐÀÂÍÅÍÈÈ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ Ñ
ÍÅËÎÊÀËÜÍÛÌÈ ÓÑËÎÂÈßÌÈ ÑÀÌÀÐÑÊÎÃÎ

ON A THIRD-ORDER EQUATION WITH NONLOCAL
CONDITIONS SAMARSKY

Ñåìåíîâà Å.À.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

dunya-s@mail.ru

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ðàçðåøèìîñòü íåëîêàëüíûõ êðàåâûõ çàäà÷
äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ ãðàíè÷íûìè óñëîâèÿìè À. À. Ñàìàðñêîãî,
à òàêæå ñ èíòåãðàëüíûìè óñëîâèÿìè.

Ïóñòü Ω åñòü èíòåðâàë (−1; 1) îñè 0x, Q åñòü ïðÿìîóãîëüíèê Ω × (0, T ),
T < +∞. Â îáëàñòè Q ðàññìàòðèâàåòñÿ óðàâíåíèå

Lu ≡ ∂

∂t
(utt − h(x)uxx) + cu = f. (1)

Îäíèì èç èñòî÷íèêîâ çàäà÷ ñ íåëîêàëüíûìè èíòåãðàëüíûìè óñëîâèÿìè
äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ÿâèëèñü ðàáîòû À. Â. Ëûêîâà, ïîñâÿùåí-
íûå ìîäåëèðîâàíèþ íåêîòîðûõ ïðîöåññîâ òåïëî- è ìàññîîáìåíà. Â ðàáîòàõ
À. Ì. Íàõóøåâà âûÿâëåíà òåñíàÿ ñâÿçü íåëîêàëüíûõ çàäà÷ äëÿ ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé ñ íàãðóæåííûìè óðàâíåíèÿìè. Íåëîêàëüíûå çàäà÷è ñ èíòå-
ãðàëüíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé âåñüìà
àêòèâíî èçó÷àëèñü â ðàáîòàõ A. Bouziani, S. Mesloub, Ä. Ã. Ãîðäåçèàíè, Ã. À.
Àâàëèøâèëè, Ñ. À. Áåéëèíà, Ë. Ñ. Ïóëüêèíîé, À. È. Êîæàíîâà, Â. Á. Äìèò-
ðèåâîé. Äëÿ íåêëàññè÷åñêèõ óðàâíåíèé òðåòüåãî ïîðÿäêà îòìåòèì ðàáîòû Ã.
À. Ëóêèíîé [1].

ËÈÒÅÐÀÒÓÐÀ
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ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÂÛÐÎÆÄÀÞÙÅÃÎÑß
ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ Ñ ÍÅÈÇÂÅÑÒÍÛÌÈ

ÏÐÀÂÛÌÈ ×ÀÑÒßÌÈ

BOUNDARY PROBLEM FOR A DEGENERATE EQUATION OF
MIXED TYPE WITH UNKNOWN RIGHT-HAND SIDES

Ñèäîðîâ Ñ.Í.

Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà,
Ñòåðëèòàìàê, Ðîññèÿ;

stsid@mail.ru

Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà

Lu ≡

{
ut − uxx + b2u = f1(x), t > 0,

(−t)muxx − utt − b2(−t)mu = f2(x), t < 0,
(1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, t)| 0 < x < 1, −α < t < β}, ãäå m > 0,
b > 0, α > 0, β > 0 � çàäàííûå äåéñòâèòåëüíûå ÷èñëà.

Çàäà÷à. Íàéòè â îáëàñòè D ôóíêöèþ u(x, t) è fi(x), i = 1, 2, óäîâëåòâî-
ðÿþùèå ñëåäóþùèì óñëîâèÿì:

u(x, t) ∈ C1(D) ∩ C2(D−) ∩ C2
x(D+), (2)

fi(x) ∈ C(0, 1) ∩ L2[0, 1], i = 1, 2 (3)

Lu(x, t) ≡ fi(x), (x, t) ∈ D− ∪D+, (4)

u(0, t) = u(1, t) = 0, −α ≤ t ≤ β, (5)

u(x,−α) = φ(x), 0 ≤ x ≤ 1, (6)

u(x, β) = g(x), 0 ≤ x ≤ 1, (7)

ut(x,−α) = ψ(x), 0 ≤ x ≤ 1, (8)

ãäå φ(x), ψ(x), g(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì φ(0) =
φ(1) = ψ(0) = ψ(1) = g(0) = g(1) = 0, D− = D ∩ {t < 0}, D+ = D ∩ {t > 0}.

Îòìåòèì, ÷òî ïðÿìàÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à (2), (4)�(6) äëÿ óðàâíå-
íèÿ (1) ïðè f1(x) = f2(x) ≡ 0 â ïðÿìîóãîëüíîé îáëàñòè D èçó÷åíà â ðàáîòàõ
[1, 2] ïðè âñåõ m ≥ 0. Â ðàáîòå [3] ðàññìîòðåíà çàäà÷à (2)�(7) äëÿ óðàâíåíèÿ
(1) ïðè m = b = 0 ñ îäèíàêîâûìè íåèçâåñòíûìè ïðàâûìè ÷àñòÿìè, ò.å. ïðè
f1(x) = f2(x) = f(x). Â ñòàòüÿõ [4, 5] ìåòîäîì ñïåêòðàëüíîãî àíàëèçà ðåøåíû
îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ (1) ïðè m = 0 ñ óñëîâèÿìè ïåðåîïðåäåëåíèÿ
(7) è (8).

Â îòëè÷èå îò ýòèõ èññëåäîâàíèé â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îáðàò-
íàÿ çàäà÷à äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáî-
ëè÷åñêîãî òèïà. Íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííî-
ñòè ðåøåíèÿ. Ðåøåíèå çàäà÷è ñòðîèòñÿ â âèäå ñóììû ðÿäîâ ïî ñîáñòâåííûì
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ôóíêöèÿì ñîîòâåòñòâóþùåé îäíîìåðíîé ñïåêòðàëüíîé çàäà÷è. Ïðè äîêàçà-
òåëüñòâå ñõîäèìîñòè ðÿäîâ äîêàçûâàåòñÿ îòäåëåííîñòü îò íóëÿ ìàëûõ çíàìå-
íàòåëåé ñ ñîîòâåòñòâóþùåé àñèìïòîòèêîé. Äîêàçàíà óñòîé÷èâîñòü ðåøåíèÿ
ïî ãðàíè÷íûì ôóíêöèÿì.
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ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà // Ìàò. çàìåòêè. 2010. Ò. 87, � 6. Ñ. 907�
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ÈÑÑËÅÄÎÂÀÍÈÅ ÃËÀÄÊÎÉ ÐÀÇÐÅØÈÌÎÑÒÈ ÊÐÀÅÂÎÉ
ÇÀÄÀ×È ÄËß 2N-ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ Ñ

ÌÅÍßÞÙÈÌÑß ÍÀÏÐÀÂËÅÍÈÅÌ ÂÐÅÌÅÍÈ Ñ ÏÎËÍÎÉ
ÌÀÒÐÈÖÅÉ ÓÑËÎÂÈÉ ÑÊËÅÈÂÀÍÈß1

RESEARCH OF SMOOTH SOLVABILITY OF BOUNDARY
VALUE PROBLEM FOR 2N-PARABOLIC EQUATIONS WITH
CHANGING TIME DIRECTION WITH FULL MATRIX OF

GLUING CONDITIONS

Ñèíÿâñêèé À. Ã.1, Ïîïîâ Ñ.Â.2

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè Ì.Ê.
Àììîñîâà" , ßêóòñê, Ðîññèÿ;

1sinyavsk_88@mail.ru, 2guspopov@mail.ru

Â îáëàñòè Q+ = (0,+∞)× (0, T ) ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé

u1
t = Lu1, −u2

t = Lu2

(
L ≡ (−1)n+1 ∂

2n

∂x2n

)
. (1)

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåí-
íîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2014-2016 ãã. (Ïðîåêò �3047).
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Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ êðàåâûå çàäà÷è äëÿ 2n-ïàðàáîëè÷åñêèõ
óðàâíåíèé ñ ìåíÿþùèìñÿ íàïðàâëåíèåì âðåìåíè (1) â ïðîñòðàíñòâàõ Ã¼ëü-
äåðà ïðè n ≥ 4, óñòàíàâëèâàþòñÿ ðàçðåøèìîñòè êðàåâûõ çàäà÷ â ñëó÷àå
ïîëíûõ ìàòðèö óñëîâèé ñêëåèâàíèÿ, à òàêæå çàâèñèìîñòè ïîêàçàòåëåé ãåëü-
äåðîâñêèõ ïðîñòðàíñòâ îò âåñîâûõ ôóíêöèé ñêëåèâàíèÿ.

Îòìåòèì, ÷òî Ñ.À. Òåðñåíîâ èçó÷àë óðàâíåíèÿ âèäà (1) ïðè n = 1 â
ãåëüäåðîâñêèõ êëàññàõ ôóíêöèé, ðàçðåøèìîñòü ñâîäèë ê ðàçðåøèìîñòè ñèí-
ãóëÿðíîãî èíòåãðàëüíîãî óðàâíåíèÿ è óñëîâèÿ ðàçðåøèìîñòè âûïèñûâàë â
ÿâíîì âèäå [1]. Ïðè ýòîì ïðåäïîëàãàëîñü, ÷òî óñëîâèÿ ñêëåèâàíèÿ íà ëèíèè
ðàçäåëà äîëæíû áûòü íåïðåðûâíûìè, âêëþ÷àÿ ñîîòâåòñòâóþùèå ïðîèçâîä-
íûå.

ËÈÒÅÐÀÒÓÐÀ

1. Tersenov S.A. On a method of solving initial boundary value problems for
higher order equations // Ìàò. çàìåòêè ßÃÓ. 2010. Ò.17, � 1. Ñ. 138�145.

ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÀß ÇÀÄÀ×À Â ÁÅÑÊÎÍÅ×ÍÎÌ
ÖÈËÈÍÄÐÅ ÄËß ÍÅÊËÀÑÑÈ×ÅÑÊÈÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

INITIAL-BOUNDARY VALUE PROBLEM IN INFINITE
CYLINDER FOR NONCLASSICAL DIFFERENTIAL EQUATIONS

Ñïèðèäîíîâà Í.Ð.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

nariya@yandex.ru

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü èç ïðîñòðàíñòâà Rn ñ ãëàäêîé ãðàíè-
öåé Γ, Q∞ åñòü öèëèíäð Ω× (0;∞).

Ðàññìàòðèâàåòñÿ íåêëàññè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå âûñîêîãî
ïîðÿäêà

Lu = (−1)p+1D2p
t u−Au = f(x, t), (1)

ãäå A � ýëëèïòè÷åñêèé îïåðàòîð

Au =
∂

∂xi

(
aij(x)uxj

)
+ a0(x)u,

f(x, t), aij(x), i, j = 1, 2, ..., n, a0(x)� çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè
x ∈ Ω, t ≥ 0 è p > 1 � öåëîå ÷èñëî.

Êðàåâàÿ çàäà÷à. Íàéòè ôóíêöèþ u(x, t), ÿâëÿþùóþñÿ â öèëèíäðå Q∞
ðåøåíèåì óðàâíåíèÿ (1) óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì

Dk
t u
∣∣∣
t=0

= 0, k = 0, 1, ..., p,
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u(x, t)|S = 0.

Äëÿ óðàâíåíèé (1) â ðàáîòå [1] áûëà ïðåäëîæåíà ïîñòàíîâêà êðàåâûõ
çàäà÷, äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îáîáùåííûõ è
ðåãóëÿðíûõ ðåøåíèé â êîíå÷íîé îáëàñòè. Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà
êðàåâàÿ çàäà÷à â áåñêîíå÷íîì öèëèíäðå, êîòîðóþ ñ ïîìîùüþ çàìåíû ïåðå-
ìåííîé ïðèâîäÿò ê çàäà÷å â öèëèíäðå êîíå÷íîé âûñîòû.

ËÈÒÅÐÀÒÓÐÀ
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ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÂÛÑÎÊÎÃÎ ÏÎÐßÄÊÀ

Ñ ÄÂÓÌß ÍÅÈÇÂÅÑÒÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

THE SOLVABILITY OF LINEAR INVERSE PROBLEM FOR A
PARABOLIC EQUATION OF HIGH ORDER WITH TWO

UNKNOWN COEFFICIENTS

Òåëåøåâà Ë.À.

Áóðÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëàí-Óäý, Ðîññèÿ;
love−20−09@mail.ru

Îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé âûñîêîãî ïîðÿäêà èçó-
÷åíû ñðàâíèòåëüíî ìàëî. Â ðàáîòàõ [1, 2] íåèçâåñòíûé ïàðàìåòð çàâèñèò
îò ïðîñòðàíñòâåííîé ïåðåìåííîé x. Îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ ïàðàìåòðîì, çàâèñÿùèì îò âðåìåííîé ïåðåìåííîé t , ðàíåå ðàñ-
ñìàòðèâàëèñü â ñëó÷àå èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ [3, 4] è èçó÷àëèñü ìå-
òîäàìè îòëè÷íûìè îò ìåòîäîâ ïðèìåíÿåìûõ â äàííîé ðàáîòå.

Â äîêëàäå ðàññìàòðèâàåòñÿ âîïðîñ î ðàçðåøèìîñòè îáðàòíîé çàäà÷è
îïðåäåëåíèÿ ïðàâîé ÷àñòè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî ïî-
ðÿäêà, ñ ãðàíè÷íûì óñëîâèåì ïåðåîïðåäåëåíèÿ.

Ïóñòü Q åñòü ïðÿìîóãîëüíèê {(x, t) : x ∈ (0, 1), t ∈ (0, T ), T < ∞}. Äàëåå,
ïóñòü f(x, t), c(x, t), h1(x, t), h2(x, t) ñóòü ôóíêöèè îïðåäåëåííûå â Q̄, u0(x)
åñòü èçâåñòíàÿ ôóíêöèÿ, îïðåäåëåííàÿ ïðè x ∈ [0, 1]. Òðåáóåòñÿ íàéòè ôóíê-
öèè u(x, t), q1(t), q2(t) ñâÿçàííûå â ïðÿìîóãîëüíèêå Q óðàâíåíèåì

ut + uxxxx + c(x, t)u = f(x, t) + q1(t)h1(x, t) + q2(t)h2(x, t),

ïðè÷åì ôóíêöèÿ u(x, t) óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì{
u(0, t) = 0,

u(1, t) = 0,
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{
uxx(0, t) = 0,

uxx(1, t) = 0,{
uxxx(0, t) = 0,

uxxx(1, t) = 0,

è íà÷àëüíîìó óñëîâèþ

u(x, 0) = u0(x), x ∈ [0, 1].

Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåãóëÿðíûõ ðåøåíèé
ïîñòàâëåííîé çàäà÷è.
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ÏÐÈÌÅÍÅÍÈÅ ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÎÃÎ ÌÅÒÎÄÀ
ÃÀËÅÐÊÈÍÀ Ê ÓÐÀÂÍÅÍÈÞ ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ1

APPLICATION OF THE MODIFIED GALERKIN METHOD TO
THE EQUATION OF MIXED TYPE.

Òèõîíîâà È.Ì.
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Ïóñòü Ω ⊂ Rn îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé S, Q = Ω ×
(0, T ), ST = S × (0, T ). Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ íà âûïîëíåíèå ÍÈÐ íà 2014-2016 ãã.(� 3047).
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Lu ≡ k(x, t)utt −△u+ a(x, t)ut + c(x)u = f(x, t), (x, t) ∈ Q, (1)

ãäå êîýôôèöèåíòû óðàâíåíèÿ (1) ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè ôóíêöèÿ-
ìè.

Èçó÷àåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à: íàéòè ðåøåíèå óðàâíåíèÿ (1), óäî-
âëåòâîðÿþùèé óñëîâèÿì

u|ST = 0, (2)

u|t=0 = 0, ut|P+
0
= 0, ut|P−

T
= 0, (3)

ãäå

P±
0 = {(x, 0) : k(x, 0) ≷ 0, x ∈ Ω}, P±

T = {(x, T ) : k(x, T ) ≷ 0, x ∈ Ω}.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ÷àñòíûé ñëó÷àé êðàåâîé çàäà÷è Â.Í.
Âðàãîâà[1], êîãäà óðàâíåíèå ñìåøàííîãî òèïà ïðèíàäëåæèò ãèïåðáîëè÷åñêî-
ìó òèïó âáëèçè íèæíåãî îñíîâàíèÿ è ãèïåðáîëî-ïàðàáîëè÷åñêîìó òèïó íà
âåðõíåì îñíîâàíèè öèëèíäðè÷åñêîé îáëàñòè[2]. Ïðè ýòîì ïîëó÷åíà îöåíêà
ñêîðîñòè ñõîäèìîñòè ìîäèôèöèðîâàííîãî ìåòîäà Ãàëåðêèíà. Îöåíêà âûðà-
æàåòñÿ ÷åðåç ïàðàìåòð ðåãóëÿðèçàöèè è ñîáñòâåííûå ÷èñëà îïåðàòîðà Ëà-
ïëàñà ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

ËÈÒÅÐÀÒÓÐÀ

1. Âðàãîâ Â.Í. Ê òåîðèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà //
Äèôôåðåíö. óðàâíåíèÿ. 1977. Ò. 13, � 6. Ñ. 1098�1105.

2. Åãîðîâ È.Å., Òèõîíîâà È.Ì. Ïðèìåíåíèå ñòàöèîíàðíîãî ìåòîäà Ãàëåð-
êèíà ê óðàâíåíèþ ñìåøàííîãî òèïà. // Ìàò. çàìåòêè ßÃÓ. 2010.Í Ò. 19,
� 2. Ñ. 20�28.

ÎÄÈÍ ÊËÀÑÑ ÂÛÐÎÆÄÅÍÍÛÕ ÝÂÎËÞÖÈÎÍÍÛÕ
ÓÐÀÂÍÅÍÈÉ ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

A CLASS OF FRACTIONAL ORDER DEGENERATE
EVOLUTION EQUATIONS

Ôåäîðîâ Â. Å.1, Ãîðäèåâñêèõ Ä.Ì.2

1×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ×åëÿáèíñê, Ðîññèÿ;
1kar@csu.ru, 2dmitriy_g90@mail.ru

Ïóñòü U è V � áàíàõîâû ïðîñòðàíñòâà, îïåðàòîð L : U → V ëèíååí è
íåïðåðûâåí, kerL ̸= {0}, îïåðàòîð M ëèíååí, çàìêíóò è ïëîòíî â U îïðåäå-
ëåí íà DM , äåéñòâóåò â ïðîñòðàíñòâî V. Ïóñòü ïðè âñÿêîì µ ∈ C òàêîì, ÷òî
|µ| > a, ñóùåñòâóåò íåïðåðûâíûé îáðàòíûé îïåðàòîð (µL −M)−1 : V → U,
â ýòîì ñëó÷àå îïåðàòîð M íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì. Òîãäà èìåþò
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ìåñòî ïðåäñòàâëåíèÿ ïðîñòðàíñòâ U = U0 ⊕ U1, V = V0 ⊕V1, êîòîðûì ñîîò-
âåòñòâóþò ïðîåêòîðû P è Q òàêèå, ÷òî kerP = U0, imP = U1, kerQ = V0,
imQ = V1. Ïðè ýòîì M : DM ∩ Uk → Vk, L : Uk → Vk äëÿ k = 0, 1 [1].
×åðåç Mk (Lk) îáîçíà÷èì ñóæåíèå îïåðàòîðà M (L) íà DMk = Uk ∩ DM
(Uk), k = 0, 1, ÷åðåç H � îïåðàòîð M−1

0 L0. (L, σ)-îãðàíè÷åííûé îïåðàòîð M
íàçûâàåòñÿ (L, p)-îãðàíè÷åííûì, åñëè ñîîòâåòñòâóþùèé îïåðàòîð H íèëü-
ïîòåíòåí ñòåïåíè p ∈ N ∪ {0}. Ïóñòü Eα,β � ôóíêöèÿ Ìèòòàã-Ë¼ôëåðà,
Uα,β(t) =

1
2πi

∫
|µ|=a+1

(µL −M)−1LEα,β(µt
α)dµ, α, β > 0. Ïðè α > 0 0D

α
t åñòü

äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî, m � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, íå ìåíü-
øåå, ÷åì α. Ðàññìîòðèì çàäà÷ó

0D
α
t Lu(t) =Mu(t) + f(t), t ∈ [0, T ],

u(k)(0) = uk, k = 0, 1, . . . ,m− 1.
(1)

Ðåøåíèåì çàäà÷è (1) áóäåì íàçûâàòü ôóíêöèþ u ∈ C([0, T ];DM ) òàêóþ, ÷òî

Lu ∈ Cm−1([0, T ];V), t
m−α−1

Γ(m−α) ∗
(
Lu(t)−

m−1∑
k=0

(Lu)(k)(0) tk

Γ(k+1)

)
∈ Cm([0, T ];V),

è ñïðàâåäëèâû ðàâåíñòâà (1). Çäåñü çíàêîì ∗ îáîçíà÷åíà ñâåðòêà ôóíêöèé.
Òåîðåìà 1. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, Qf ∈ Cm([0, T ];V),

(Dα
t H)kM−1

0 (I −Q)f ∈ C([0, T ];U) ïðè k = 0, 1, . . . , p,

lim
t→0+

dk

dtk

p∑
n=0

(Dα
t H)nM−1

0 (I −Q)f(t) = −(I − P )uk, k = 0, 1, . . . ,m− 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), ïðè÷åì îíî èìååò âèä

u(t) =
m−1∑
k=0

Uα,k+1(t)uk +
t∫
0

(t− s)α−1Uα,α(t− s)L−1
1 Qf(s)ds−

−
p∑
k=0

(Dα
t H)kM−1

0 (I −Q)f(t).

Ïóñòü Pn(λ) =
n∑
i=0

ciλ
i, Qn1(λ) =

n1∑
j=0

djλ
j , ci, dj ∈ C, i = 0, 1, . . . , n,

j = 0, 1, . . . , n1, cn, dn1 ̸= 0, n ≥ n1, Ω ⊂ Rs � îãðàíè÷åííàÿ îáëàñòü
ñ ãëàäêîé ãðàíèöåé ∂Ω, A1 : L2(Ω) → L2(Ω) èìååò îáëàñòü îïðåäåëåíèÿ
DA1 = {u ∈ H2(Ω) :

(
1− θ + θ ∂

∂ν

)
u(x) = 0, x ∈ ∂Ω} è äåéñòâóåò ïî ïðàâèëó

A1u = ∆u. ×åðåç {φk} îáîçíà÷èì îðòîíîðìèðîâàííóþ ñèñòåìó ñîáñòâåííûõ
ôóíêöèé îïåðàòîðà A1, ñîîòâåòñòâóþùèõ åãî ñîáñòâåííûì çíà÷åíèÿì {λk},
çàíóìåðîâàííûì ïî íåâîçðàñòàíèþ ñ ó÷åòîì êðàòíîñòè. Ñ ïîìîùüþ òåîðåìû
1 íåòðóäíî óñòàíîâèòü óñëîâèÿ ðàçðåøèìîñòè çàäà÷è

Pn(∆)
∂αu(x, t)

∂tα
= Qn1(∆)u(x, t) + f(x, t), (x, t) ∈ Ω× [0, T ], (2)(

1− θ + θ
∂

∂ν

)
∆ku(x, t) = 0, k = 0, 1, . . . , n− 1, (x, t) ∈ ∂Ω× [0, T ], (3)
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u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x), . . . ,

∂m−1u

∂tm−1
(x, 0) = um−1(x), x ∈ Ω. (4)

Çäåñü ∂
∂ν

� îáîçíà÷åíèå äëÿ ïðîèçâîäíîé ïî íîðìàëè.
Òåîðåìà 2. Ïóñòü f ∈ Cm([0, T ];L2(Ω)),

⟨Qn1(∆)uk + f (k)(·, 0), φk⟩ = 0 ïðèPn(λk) = 0, k = 0, 1, . . . ,m− 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2)�(4).

ËÈÒÅÐÀÒÓÐÀ

1. Sviridyuk G.A., Fedorov V.E. Linear Sobolev Type Equations and
Degenerate Semigroups of Operators. Utrecht, Boston: VSP, 2003.

Î ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ×ÀÕ ÄËß ÍÅÑÒÀÖÈÎÍÀÐÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ ÑÎÑÒÀÂÍÎÃÎ ÒÈÏÀ

ON SOME BOUNDARY VALUE PROBLEMS FOR
NON-STATIONARY COMPOSITE TYPE THIRD ORDER

EQUATION

Õàøèìîâ À.Ð.1, Àõìåäîâ Ì.È.2

Òàøêåíòñêèé ôèíàíñîâûé èíñòèòóò, Òàøêåíò, Óçáåêèñòàí;
1abdukomil@yandex.ru, 2maqsad.ahmedov@mail.ru

Â ïîñëåäíåå âðåìÿ îäíèì èç àêòóàëüíûõ íàïðàâëåíèé ìàòåìàòèêè ÿâëÿ-
åòñÿ ïîñòðîåíèå ðåøåíèå êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèç-
âîäíûìè â ìåòðè÷åñêèõ ãðàôàõ. Äî ñèõ ïîð â ìåòðè÷åñêèõ ãðàôàõ ðàññìàò-
ðèâàëèñü óðàâíåíèÿ ÷åòíîãî ïîðÿäêà, íàïðèìåð, óðàâíåíèÿ Øðåäèíãåðà. Â
ýòîì íàïðàâëåíèå èññëåäîâàíèå óðàâíåíèÿ íå÷åòíîãî ïîðÿäêà ïî÷òè íå áûëî
ïðîâåäåíî.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íåñòàöèîíàðíîãî óðàâíåíèÿ òðåòüåãî
ïîðÿäêà ñîñòàâíîãî òèïà

Lu ≡ uxxx + uyyy − ut = 0, (1)

Â îáëàñòè Ω− = {(x, y, z) : 0 < x < 1, y < 0, 0 < t ≤ T}

u(x, y, 0) = 0 (2)

è ñ êðàåâûìè óñëîâèÿìè

u(x, y, 0) = 0, (x, y) ∈ Ω0,

u(0, y, t) = φ1(y, t)), ux(0, y, t) = φ2(y, t), (y, t) ∈ Ω2

u(1, y, t) = φ3(y, t)), (y, t) ∈ Ω4
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u(x, 0, t) = ψ1(x, t), uy(x, 0, t) = ψ2(x, t), (x, t) ∈ Ω1

lim
y→−∞

u(x, y, t) → 0

Çäåñü
Ω0 = {(x, y, t) : 0 < x < 1, y < 0, t = 0},

Ω1 = {(x, y, t) : 0 < x < 1, y = 0, 0 < t ≤ T},
Ω2 = {(x, y, t) : x = 0, y < 0, 0 < t ≤ T},
Ω3 = {(x, y, t) : 0 < x < 1, y < 0, t = T},
Ω4 = {(x, y, t) : x = 1, y < 1, 0 < t ≤ T}.

Ìåòîäîì èíòåãðàëîâ ýíåðãèè äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèé çà-
äà÷è. Ìåòîäîì ïîòåíöèàëîâ ïîñòðîåíî ðåøåíèÿ çàäà÷è.

Àíàëîãè÷íîå èññëåäîâàíèå ïðîâåäåíî â îáëàñòè Ω+ = {(x, y, z) : 0 < x <
1, y > 0, 0 < t ≤ T} Äàëåå, ñ ïîìîùüþ ýòèõ çàäà÷ ìîæíî èññëåäîâàòü
óðàâíåíèÿ (1) â ìåòðè÷åñêèõ ãðàôàõ.

ÎÁ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ ÇÀÄÀ×Å ÄËß
ÍÀÃÐÓÆÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÀËËÅÐÀ

ON THE NONLOCAL PROBLEM FOR THE LOADED ALLER
EQUATION

Õîëèêîâ Ä.Ê.

Òàøêåíòñêèé àðõèòåêòóðíî�ñòðîèòåëüíûé èíñòèòóò, Òàøêåíò,
Óçáåêèñòàí;

xoliqov23@mail.ru

Ðàññìîòðèì â îáëàñòè D = {(x, t) : 0 < x < l, 0 < t < T} íàãðóæåííîå
óðàâíåíèå Àëëåðà

uxxt + auxx =
∂

∂t

β∫
α

u(x, t)dx, (1)

çäåñü a, α, β � çàäàííûå ïîñòîÿííûå, ïðè÷åì 0 ≤ α < β ≤ l.
Çàäà÷à. Íàéòè â îáëàñòè D ðåøåíèå óðàâíåíèÿ (1) óäîâëåòâîðÿþùåå

óñëîâèÿì
u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

ux(0, t) = α1u(0, t) + α2u(l, t), 0 ≤ t ≤ T, (3)

ux(l, t) = β1u(0, t) + β2u(l, t), 0 ≤ t ≤ T, (4)

ãäå φ(x) � çàäàííàÿ ôóíêöèÿ, αi, βi, (i = 1, 2) � çàäàííûå ïîñòîÿííûå, ïðè÷åì
βi ̸= 0.
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Îòìåòèì, ÷òî íåëîêàëüíûå çàäà÷è äëÿ óðàâíåíèé òåïëîïðîâîäíîñòè ñ
ïåðåìåííûìè êîýôôèöèåíòàìè è óðàâíåíèå Àëëåðà èññëåäîâàíû â ðàáîòàõ
[1, 2].

Òåîðåìà. Åñëè φ(x) ∈ C2(0, l) ∩ C1[0, l] è a ̸= 0, b(β3 + α3) = 6 èëè
b(β3 + α3) ̸= 6, òîãäà çàäà÷à (1)�(4) èìååò åäèíñòâåííîå ðåøåíèå.

Ðåøåíèå çàäà÷è (1)�(4) íàéäåíî â ÿâíîì âèäå.

ËÈÒÅÐÀÒÓÐÀ

1. Íàõóøåâ À.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áèîëîãèè. Ì: Âûñùàÿ øêîëà,
1995. � 301 ñ.

2. Êîæàíîâ À.È. Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷å ñ ïåðåìåííûìè
êîýôôèöèåíòàìè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè è Àëëåðà. //Äèôôå-
ðåíö. óðàâíåíèÿ. 2004. Ò. 40, � 6. � Ñ. 763�774.

ÈÅÐÀÐÕÈß ÒÎÍÊÈÕ ÂÊËÞ×ÅÍÈÉ Â ÓÏÐÓÃÈÕ ÒÅËÀÕ1

HIERARCHY OF THIN INCLUSIONS IN ELASTIC BODIES

Õëóäíåâ À.Ì.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ;

khlud@hydro.nsc.ru

Ðàññìàòðèâàþòñÿ çàäà÷è ðàâíîâåñèÿ óïðóãèõ òåë, ñîäåðæàùèõ òîíêèå
âêëþ÷åíèÿ ñ âîçìîæíûì îòñëîåíèåì. Íàëè÷èå îòñëîåíèÿ îçíà÷àåò, ÷òî èìå-
åòñÿ òðåùèíà ìåæäó òîíêèì âêëþ÷åíèåì è óïðóãèì òåëîì. Íà áåðåãàõ òðå-
ùèíû çàäàþòñÿ íåëèíåéíûå êðàåâûå óñëîâèÿ âèäà íåðàâåíñòâ, êîòîðûå èñ-
êëþ÷àþò âçàèìíîå ïðîíèêàíèå áåðåãîâ. Óñòàíîâëåíà ðàçðåøèìîñòü êðàåâûõ
çàäà÷ è èññëåäîâàí ïðåäåëüíûé ïåðåõîä ïî ïàðàìåòðàì æåñòêîñòè òîíêîãî
âêëþ÷åíèÿ. Â ÷àñòíîñòè, â ïðåäåëå ïîëó÷åíû çàäà÷è î ðàâíîâåñèè óïðóãîãî
òåëà ñ æåñòêèì è ïîëóæåñòêèì âêëþ÷åíèåì, à òàêæå ñ âêëþ÷åíèåì íóëåâîé
æåñòêîñòè. Óêàçàííûå ïðåäåëüíûå ïåðåõîäû ïîçâîëÿþò ïîñòðîèòü èåðàðõèþ
òîíêèõ âêëþ÷åíèé â óïðóãèõ òåëàõ.

ËÈÒÅÐÀÒÓÐÀ

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ (13-01-00017).
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1. Õëóäíåâ À.Ì. Çàäà÷è òåîðèè óïðóãîñòè â íåãëàäêèõ îáëàñòÿõ. Ì: Ôèç-
ìàòëèò, 2010.

2. Khludnev A.M., Negri M. Crack on the boundary of a thin elastic inclusion
inside an elastic body// ZAMM. 2012. V. 92. N 5, P. 341�354.

3. Khludnev A.M., Leugering G. On Timoshenko thin elastic inclusions
inside elastic bodies// Mathematics and Mechanics of Solids,
doi:10.1177/1081286513505106.

4. Khludnev A.M., Leugering G. Delaminated thin elastic inclusion inside elastic
bodies// Mathematics and mechanics of complex systems. 2014. V. 2, N 1.
P. 1�21.

ÄÂÀ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈß ØÅÑÒÎÃÎ
ÏÎÐßÄÊÀ

THE TWO DIFFERENTIAL EQUATIONS OF SIXTH ORDER

×óåøåâà Í. À.
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Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãðàíèöåé ∂Ω êëàññà C∞. Â ðàáîòå
[1] èññëåäóþòñÿ êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ Au − Bu + Su = f(t, x), t ∈
(0, 1), x ∈ Ω, ãäå A = A(t,Dt) � îáûêíîâåííûé äèôôåðåíöèàëüíûé îïåðà-
òîð ïîðÿäêà l ≥ 2, ïî ïåðåìåííîé t; îïåðàòîð B = B(x,Dx), ïîðÿäêà 2ν
ïî ïåðåìåííûì x = (x1, x2, ..., xn), ÿâëÿåòñÿ ðàâíîìåðíî ýëëèïòè÷åñêèì â Ω;
S = S(t, x,Dt, Dx) � äèôôåðåíöèàëüíûé îïåðàòîð ìåíüøåãî ïîðÿäêà, ÷åì
ïîðÿäêè A è B.
Â ðàáîòå [2] A = A(t,Dt) � âûðîæäàþùèéñÿ äèôôåðåíöèàëüíûé îïåðàòîð
âòîðîãî ïîðÿäêà; îïåðàòîð B = B(x,Dx) ïîðÿäêà 2m ïî ïåðåìåííîé x; S
ÿâëÿåòñÿ ðàâíîìåðíî ýëëèïòè÷åñêèì îïåðàòîðîì âòîðîãî ïîðÿäêà ïî ïåðå-
ìåííûì y = (y1, y2, ..., yn).

Çàäà÷à. Â îáëàñòè D = {(x, t) ∈ R2, x ∈ (0, x0), t ∈ (0, t0)}, x0, t0 ∈ R,
ðàññìîòðèì óðàâíåíèå

uttt + a1utt + a2ut + uxxxxxx + a3uxxxxx + a4uxxxx+

+a5uxxx + a6uxx + a7ux + a8u = f(x, t), (1)

ñ êðàåâûìè óñëîâèÿìè

u|t=0 = ut|t=0, t=t0
= 0, (2)

u|x=0, x=x0
= uxx|x=0, x=x0

= uxxxx|x=0, x=x0
= 0. (3)
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Òåîðåìà 1. Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (1) f(x, t) ∈ L2(D). Ïóñòü
äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (1) âûïîëíåíû óñëîâèÿ 1) a3 = a5 = a7 = 0;
2) a1 < 0, a4 < 0, a6 > 0; 3) 3+2a1·(t0−t) ≥ δ1 > 0; 4)−2a8·(t0−t)−a2 ≥ δ2 > 0
Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1), (2), (3) èç ïðîñòðàíñòâà
H3,2(D).

Çäåñü ïðîñòðàíñòâî H3,2(D)− ÿâëÿåòñÿ çàìûêàíèåì ïðîñòðàíñòâà áåñ-
êîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé, óäîâëåòâîðÿþùèõ êðàåâûì óñëîâèÿì
(2), (3), ïî íîðìå

∥u∥2H3,2(D) =
∥∥∥u√a(t)∥∥∥2

0
+ ∥ut∥20 + ∥utt∥20 +

∥∥∥uxxx√a(t)∥∥∥2
0
+
∥∥∥uxx√a(t)∥∥∥2

0
.

Ïðèìåð 1. Åñëè íå âûïîëíåíû óñëîâèÿ òåîðåìû íà êîýôôèöèåíòû
ýòîãî óðàâíåíèÿ, òî ðåøåíèå ýòîé çàäà÷è áóäåò íååäèíñòâåííî. Ïóñòü äëÿ
êîýôôèöèåíòîâ óðàâíåíèÿ (1) âûïîëíÿþòñÿ óñëîâèÿ: 1) a3 − a5 + a7 = 0;
2) a1 = −1, 3) a2 = 1; 4) −1 + a4 − a6 + a8 = 0.

Íåíóëåâûì ðåøåíèåì ïîñòàâëåííîé êðàåâîé çàäà÷è (2), (3)
ïðè x0 = π, t0 = 2π√

3
áóäåò ôóíêöèÿ

u(x, t) = sinx ·
(√

3 + e
t
2

(
sin

√
3

2
t−

√
3 cos

√
3

2
t

))
.

Ïðèìåð 2. Â îáëàñòè D = {(x, t) ∈ R2, x ∈ (0, π), t ∈ (0,∞)}
ðàññìîòðèì óðàâíåíèå

uttt − utt − ut + uxxxxxx + uxxxx − uxx = 0

ñ íà÷àëüíûìè óñëîâèÿìè

u|t=0 =
sinnx

n5
, ut|t=0 =

sinnx

n3
, utt|t=0 =

sinnx

n

è ñ êðàåâûìè óñëîâèÿìè (3). Íå óñòîé÷èâûì ðåøåíèåì ýòîé çàäà÷è áóäåò
ôóíêöèÿ

u(x, t) =
en

2t sinnx

n5
.

Ïðèìåð 3. Â ðàáîòå [3] ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå ñëåäó-
þùåãî âèäà
uxxxxxx(x, t) + 15ux(x, t) · uxxxx(x, t) + 15uxx(x, t) · uxxx(x, t) + 45 (ux(x, t))

2 ·
uxx(x, t)− 5uxxxt − 15ux(x, t) · uxt(x, t)− 15ut(x, t) · uxx(x, t)− 5utt(x, t) = 0.
Ìîæíî ïîêàçàòü, ÷òî ðåøåíèåì ýòîãî óðàâíåíèÿ áóäåò ôóíêöèÿ
u(x, t) = c3 − 2c2 tanh

(
−c1 − c2x− 4

(
− 1

2
− 3

10

√
5
)
c32t
)
.
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Ðàññìîòðèì â ïðîñòðàíñòâå Rn íåêîòîðóþ îãðàíè÷åííóþ îáëàñòü Ω ñ
ãëàäêîé (äëÿ ïðîñòîòû - áåñêîíå÷íî äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q åñòü
öèëèíäð Ω× (−1, 1), Q− è Q+ - öèëèíäðû Q− = Ω× (−1, 0), Q+ = Ω× (0, 1).
Äàëåå, ïóñòü p(x, y), c(x, y), f(x, y), αi(x), βi(x)(i = (1, 4)) - çàäàííûå â ïðî-
ñòðàíñòâå V = {v(x, y) : v(x, y) ∈ W 2

2 (Q
−) ∪W 2

2 (Q
+)} ôóíêöèè, îïðåäåëåí-

íûå ïðè x ∈ Ω, y ∈ [−1, 1], ïðè÷åì ôóíêöèÿ p(x, y) ñòðîãî ïîëîæèòåëüíà ïðè
(x, y) ∈ Q̄ è ìîæåò èìåòü ðàçðûâ ïåðâîãî ðîäà ïðè ïåðåõîäå ÷åðåç ïëîñêîñòü
y = 0, (α1(x), α2(x), α3(x), α4(x)),
(β1(x), β2(x), β3(x), β4(x)) -íåêîòîðûå ëèíåéíî-íåçàâèñèìûå ïðè êàæäîì ôèê-
ñèðîâàííîì x ∈ Ω̄ âåêòîð-ôóíêöèè, B1 è B2 åñòü ëèíåéíûå îïåðàòîðû, ñòàâÿ-
ùèå â ñîîòâåòñòâèå ôóíêöèè u(x, y) ôóíêöèþ (Biu)(x). L - äèôôåðåíöèàëü-
íûé îïåðàòîð, äåéñòâèå êîòîðîãî íà çàäàííîé ôóíêöèè v(x, y) îïðåäåëÿåòñÿ
ðàâåíñòâîì

Lv ≡ ∆xv +
∂

∂y
(p(x, y)vy) + c(x, y)v,

ãäå ∆x =
n∑
i=1

∂2

∂x2i
.

Çàäà÷à ñîïðÿæåíèÿ: íàéòè ôóíêöèþ u(x, y), ÿâëÿþùóþñÿ â öèëèíäðàõ
Q− è Q+ ðåøåíèåì óðàâíåíèÿ

Lu = f(x, y) (1)
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è òàêóþ, ÷òî äëÿ íåå âûïîëíÿþòñÿ ãðàíè÷íûå óñëîâèÿ íà áîêîâîé ïîâåðõíî-
ñòè S(S = Γ× (−1, 1))

u(x, y)|S = 0, (2)

íà îñíîâàíèÿõ
u(x,−1) = 0, u(x, 1) = 0, x ∈ Ω; (3)

à òàêæå óñëîâèÿ ñîïðÿæåíèÿ íà ãðàíèöå ðàçäåëà îáëàñòåé Q− è Q+:

α1(x)u(x,−0)+α2(x)u(x,+0)+α3(x)uy(x,−0)+α4(x)uy(x,+0)+B1u = 0, (4)

β1(x)u(x,−0)+β2(x)u(x,+0)+β3(x)uy(x,−0)+β4(x)uy(x,+0)+B2u = 0, (5)

ãäå x ∈ Ω.
Çàäà÷è ñîïðÿæåíèÿ (äèôðàêöèè) âîçíèêàþò ïðè ìàòåìàòè÷åñêîì ìîäå-

ëèðîâàíèè ìíîãèõ ïðîöåññîâ ìåõàíèêè, ôèçèêè, áèîëîãèè è ò.ä. íà ãðàíèöå
ðàçäåëà äâóõ ñðåä ñ ðàçëè÷íûìè ôèçè÷åñêèìè õàðàêòåðèñòèêàìè. Çàäà÷à
(1)− (5) â ÷àñòíîì ñëó÷àå ñîâïàäàåò ñ õîðîøî èçó÷åííîé êëàññè÷åñêîé çàäà-
÷åé äèôðàêöèè [1], [2]. Â íàñòîÿùåé ðàáîòå çàäà÷à ñîïðÿæåíèÿ ðàññìàòðèâà-
åòñÿ â îáùåì âèäå, ðàíåå òàêèå çàäà÷è íå èçó÷àëèñü.

Â õîäå ðåøåíèÿ, ñ ó÷åòîì ëèíåéíîé íåçàâèñèìîñòè âåêòîðîâ (αi(x)),
(βi(x))(i = (1, 4)),çàäà÷à ñîïðÿæåíèÿ (1)-(5) ïåðåîïðåäåëÿåòñÿ êàê îäíà èç
òðåõ çàäà÷ ñîïðÿæåíèÿ ñ ñîîòâåòñòâóþùèìè êðàåâûìè óñëîâèÿìè. Ïðèìåíÿÿ
ìåòîä ïðîäîëæåíèÿ ïî ïàðàìåòðó [3], à òàêæå òåîðåìû âëîæåíèÿ [4], äëÿ
óêàçàííûõ çàäà÷ ïîëó÷åíû àïðèîðíûå îöåíêè è äîêàçàíû ñîîòâåòñòâóþùèå
òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè.
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ñóùåñòâîâàíèè L2�ðåøåíèÿ êðàåâîé
çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèÿ áàëêè â ïðÿìîóãîëüíèêå.Ïðè ýòîì èñïîëü-
çóþòñÿ îïðåäåëåíèÿ ââåäåííûå â ðàáîòå [1].

Â îáëàñòè Q = {(x, t) : 0 < x < a, 0 < t < T} ðàññìîòðèì ñëåäóþùóþ
çàäà÷ó

∂2u

∂t2
+
∂4u

∂x4
= f(x, t) (1)

u(0, t) = u(a, t) = u′′(0, t) = u′′(a, t) = 0 (2)

u(x, 0) = u(x, T ) = 0 (3)

Îïðåäåëåíèå. Íàçîâåì Lp�ðåøåíèåì êðàåâîé çàäà÷è (1)-(3) ôóíêöèþ
u ∈ L0

p(Q), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â ñìûñëå òåîðèè ðàñïðåäåëåíèÿ.

Òåîðåìà. Ïóñòü θ = πT
a2
� àëãåáðàè÷åñêîå ÷èñëî ñòåïåíè 2 è ïóñòü

0 ≤ α < 1, 0 ≤ β < 1, 2α+ β ≥ 1/2.

Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ H0,α,β
p (Q) çàäà÷à (1)-(3) èìååò è ïðèòîì åäèí-

ñòâåííîå L2� ðåøåíèå.
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Ïîäñåêöèÿ I.I Îïòèìàëüíîå óïðàâëåíèå è
êîíôëèêòíî óïðàâëÿåìûå ïðîöåññû

ONLINE MATCHING IN GAME THEORY

Akimov F.R.

North-Eastern Federal University, Yakutsk, Russia;
fat_32_2001@mail.ru

It is well known that Internet companies, such as Amazon and eBay, are
able to open up new markets by tapping into the fat tails of distributions. This
holds for search engine companies as well: The advertising budgets of companies
and organizations follows a power law distribution, and unlike conventional
advertising, search engine companies are able to cater to low budget advertisers
on the fat tail of this distribution. This is partially responsible for their dramatic
success.

The following computational problem, which we call the Adwords problem:
assign user queries to advertisers to maximize the total revenue. Observe that the
task is necessarily online - when returning results of a speci�c query, the search
engine company needs to immediately determine what ads to display on the side.
The computational problem is speci�ed as follows: each advertiser places bids on
a number of keywords and speci�es a maximum daily budget. As queries arrive
during the day, they must be assigned to advertisers. The objective is to maximize
the total revenue while respecting the daily budgets.

In this paper, we present a deterministic algorithm achieving a competitive
ratio of 1− 1

e
for this problem, under the assumption that bids are small compared

to budgets. The algorithm is simple and time e�cient. No randomized algorithm
can achieve a better competitive ratio, even under this assumption of small bids.

The adwords problem is clearly a generalization of the online bipartite
matching problem: the special case where each advertiser makes unit bids and has
a unit daily budget is precisely the online matching problem. Even in this special
case, the greedy algorithm achieves a competitive ratio of 1/2. The algorithm
that allocates each query to a random interested advertiser does not do much

better - it achieves a competitive ratio of
1

2
+O(

logn

n
).

The randomized algorithm for the online matching problem achieving a
competitive ratio of 1 - 1/e �xes a random permutation of the bidders in advance
and breaks ties according to their ranking in this permutation.

The natural algorithm to try assigns each query to a highest bidder, using
the previous heuristic to break ties (largest remaining budget). We provide an
example in the appendix to show that such an algorithm achieves a competitive

ratios strictly smaller and bounded away from 1− 1

e
.
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This indicates the need to consider a much more delicate tradeo� between the
bid versus unspent budget. The correct tradeo� function is derived by a novel LP-
based approach, which we outline below. The resulting algorithm is very simple,
and is based on the following tradeo� function:

ψ(x) = 1− e−(1−x)

Algorithm: Allocate the next query to the bidder i maximizing the product of
his bid and ψ(T (i)), where T (i) is the fraction of the bidder's budget which has
been spent so far, i.e., T (i) = mi

bi
where bi is the total budget of bidder i, mj is

the amount of money spent by bidder i when the query arrives.
There are N bidders, each with a speci�ed daily budget bi. Q is a set of

query words. Each bidder i speci�es a bid ciq for query word q ∈ Q. A sequence
q1q2 . . . qM of query words qj ∈ Q arrive online during the day, and each query
qj must be assigned to some bidder i (for a revenue of ciq). The objective is
to maximize the total revenue at the end of the day while respecting the daily
budgets of the bidders.

The bids are small compared to the budgets, i.e., maxij cjj is small compared
to mini bi. The guarantees of our algorithm are provided for the case when
maxi,j cij
mini bi

→ 0. For the applications of this problem mentioned in the Introduction,
this is a reasonable assumption. In fact, it su�ces to make the weaker assumption
that max

j
cij is small compared to bj , for all i.

An online algorithm is said to be à-competitive if for every instance, the ratio
of the revenue of the online algorithm to the revenue of the best o�-line algorithm
is at least a.

While presenting the algorithm and the proofs, we will make the simplifying
assumptions that the budgets of all bidders are equal (assumed unit) and that
the best o�ine algorithm exhausts the budget of each bidder.
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AUTOREGULATION OF CEREBRAL BLOOD FLOW: TOWARDS
PREVENTING INTRACRANIAL HEMORRHAGES IN

PREMATURE NEWBORNS

Turova V. L.1∗, Lampe R.1∗, Botkin N.D.2∗, Blumenstein T.1,
Alves-Pinto A.1

∗ equal contribution
1Clinic `rechts der Isar', Technical University of Munich, Munich, Germany;

turova@mytum.de
2Center for Mathematics, Technical University of Munich, Garching, Germany;

botkin@ma.tum.de

Premature birth (before 37 weeks of pregnancy) increases the risk of
intracranial hemorrhage [1] that can lead to cerebral palsy - a multiple disability
which requires lifelong medical attention. Long-standing experience in the
investigation and treatment of diverse manifestations of cerebral palsy (see e.g.
[2]) motivates research towards preventing cerebral hemorrhages. The cause of
such cerebral injuries is the so-called germinal matrix being an accumulation of
immature blood vessels in the premature infant brain. The most important factor
contributing to vulnerability of the germinal matrix to hemorrhage is impaired
cerebral autoregulation that leads to dangerous �uctuations in cerebral blood
�ow. A better understanding of such processes requires mathematical modeling
based both on physical and biological principles.

Two mathematical models of cerebral autoregulation are discussed in this
paper. The �rst one is an enhancement of a vascular model proposed by Piechnik
et al in [3]. We extend this model by adding a polynomial dependence of the
vascular radiuses on the arterial blood pressure and adjusting the polynomial
coe�cients to experimental data to gain the autoregulation behavior. Moreover,
the inclusion of a Preisach hysteresis operator simulating a hysteretic dependence
of the cerebral blood �ow on the arterial pressure is tested. The second model
couples the blood vessel system model by Piechnik et al. with an ordinary
di�erential equation model of cerebral autoregulation by Ursino and Lodi [4].
An optimal control setting is proposed for a simpli�ed variant of this coupled
model. The objective of the control is the maintenance of the autoregulatory
function for a wider range of the arterial pressure. The control is interpreted
as intake of a drug changing the cerebral blood �ow by, e.g., dilation of blood
vessels, whereas unpredictable variations in arterial pressure are considered as
disturbance. Advanced numerical methods [5] are applied for the numerical
treatment of the control problem.
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Ðàññìàòðèâàåòñÿ çàìêíóòàÿ ñèñòåìà îáñëóæèâàíèÿ ñ ôèêñèðîâàííûì
÷èñëîì ðàáîò. Çàäàíî ïðîíóìåðîâàííîå ìíîæåñòâî ðàáîò, ïîäëåæàùèõ âû-
ïîëíåíèþ â ñèñòåìå, R = {R1, . . . , Rn}. Äëÿ êàæäîé ðàáîòû Ri çàäàíà ïîñëå-
äîâàòåëüíîñòü ñîñòàâëÿþùèõ åå îïåðàöèé R̃l = {ri1, . . . , rim}. Äëèòåëüíîñòü
âñåõ îïåðàöèé ïîëàãàåòñÿ ïîñòîÿííîé, ðàâíîé τ . Òàêèì îáðàçîì, â ðàññìàò-
ðèâàåìîé ìîäåëè ðàáîòà èíòåðïðåòèðóåòñÿ êàê ìíîæåñòâî ïîñëåäîâàòåëüíûõ
îïåðàöèé îäíîé è òîé æå äëèòåëüíîñòè. Ïóñòü òàêæå çàäàíû ïðîíóìåðî-
âàííûå êîíå÷íûå ìíîæåñòâà G = {g1, . . . , gk} è P = {p1, . . . , pl}. Ýëåìåíòû
ìíîæåñòâà G áóäåì íàçûâàòü �èñïîëíèòåëÿìè�, à ýëåìåíòû ìíîæåñòâà P -

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé (� 14-07-00880).
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�ìàøèíàìè�, êîòîðûå ìîäåëèðóþò ðåñóðñû ñèñòåìû. Ñîñòàâëåíèå ðàñïèñà-
íèÿ îçíà÷àåò, ÷òî äëÿ êàæäîé îïåðàöèè rij ∈ R̃ íà âðåìåííîé îñè çàäàåò-
ñÿ èíòåðâàë hij ∈ S, êîãäà ýòà îïåðàöèÿ äîëæíà âûïîëíÿòüñÿ. Ðàñïèñàíèå
H = {hij} íàçûâàåòñÿ äîïóñòèìûì, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) âûïîëíåíèå ðàáîòû Ri íà÷èíàåòñÿ íå ðàíåå ìîìåíòà ai, òî åñòü hi1 ≥
ai − 1;

2) âñå îïåðàöèè âûïîëíÿþòñÿ áåç ïðåðûâàíèé è íàðóøåíèÿ òåõíîëîãè÷å-
ñêîé óïîðÿäî÷åííîñòè. Îäíîâðåìåííî íå ìîæåò âûïîëíÿòüñÿ äâóõ îïåðàöèé
îäíîé è òîé æå ðàáîòû hil < hik, åñëè l < k ≤ mi;

3) êàæäûé èñïîëíèòåëü g è êàæäàÿ ìàøèíà p â çàäàííûé èíòåðâàë âðå-
ìåíè S ó÷àñòâóþò â âûïîëíåíèè òîëüêî îäíîé îïåðàöèè.

Îïèøåì òåïåðü êðèòåðèé îöåíêè ðàñïèñàíèÿ, ïðèíÿòûé â ðàññìàòðèâàå-
ìîé ìîäåëè. Ïóñòü fi(t) - ÷èñëî îïåðàöèé ðàáîòû Ri, êîòîðûå äîëæíû áûòü
âûïîëíåíû ê ìîìåíòó t.

Ïóñòü, íàïðèìåð, |R̃i| = mi è di - ïëàíîâûé ñðîê îêîí÷àíèÿ ðàáîòû. Òîãäà
ðàâíîìåðíîìó ðàñïðåäåëåíèþ ðàáîòû Ri íà èíòåðâàëå (ai, di) ñîîòâåòñòâóåò
ôóíêöèÿ fi(t) =

mi(t−ai)
di−ai

, ai < t < di, t ∈ T.
Ïîëîæèì

Fi = max |fi(t)− yi(t)|, (1)

F (H) =

n∑
i=1

Fi(H).

Âàæíî ìèíèìèçèðîâàòü çàïàçäûâàíèå âûïîëíåíèÿ ðàáîò îòíîñèòåëüíî
ïëàíîâûõ ñðîêîâ èõ îêîí÷àíèÿ, ïîýòîìó ìû áóäåì ðàññìàòðèâàòü òîëüêî
íåçàäåðæèâàþùèå ðàñïèñàíèÿ. Ðàñïèñàíèå H∗ áóäåì íàçûâàòü îïòèìàëü-
íûì, åñëè F (H∗) = minF (H) ïðè H ∈ DH , ãäå DH - ìíîæåñòâî äîïóñòèìûõ
íåçàäåðæèâàþùèõ ðàñïèñàíèé.

Ïðèìåíèì ìåòîä ïàðàìåòðè÷åñêîé äåêîìïîçèöèè ýêñòðåìàëüíûõ çàäà÷,
ïðîâåäÿ ñëåäóþùóþ äåêîìïîçèöèþ çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî ðàñïè-
ñàíèÿ. Áóäåì ðàññìàòðèâàòü ðàñïèñàíèå H êàê ïîñëåäîâàòåëüíîñòü ñëîåâ
W (1), W (2), ò.å. äëÿ êàæäîãî ñòàíäàðòíîãî èíòåðâàëà áóäåì óêàçûâàòü òå
îïåðàöèè, êîòîðûå íà íåì âûïîëíÿþòñÿ. Òàêèì îáðàçîì, ïîñòðîåíèå ðàñïè-
ñàíèÿ ðàçáèâàåòñÿ íà ðÿä øàãîâ. Íà êàæäîì øàãå S′ ðåøàåòñÿ çàäà÷à îïòè-
ìàëüíîãî âûáîðà ìíîæåñòâà W (S). Ïðè ýòîì äîëæíû ó÷èòûâàòüñÿ îãðàíè-
÷åíèÿ 1-3.

Ïóñòü Q(S) - ìíîæåñòâî îæèäàþùèõ îïåðàöèé. Â êàæäûé ìîìåíò âðåìå-
íè ìíîæåñòâî îæèäàþùèõ îïåðàöèé åñòü ïîäìíîæåñòâî òåõ îïåðàöèé èç R̃,
äëÿ êîòîðûõ ïðåäøåñòâóþùèå óæå âêëþ÷åíû â ðàñïèñàíèå. Êàæäàÿ âåðøè-
íà èç Q(s) ñîåäèíÿåòñÿ äóãîé ñî ñâîèì äóáëåì èç Q′(s). Ìíîæåñòâî òàêèõ äóã
îáîçíà÷èì ÷åðåç UQ. Ìíîæåñòâî äóã èç Q â P ðåàëèçóåò îòîáðàæåíèå β(r).
Êàæäàÿ âåðøèíà èç P ñîåäèíÿåòñÿ ñî ñòîêîì tk. Áóäåì ðàññìàòðèâàòü ãðàô
N êàê ñåòü ñ îãðàíè÷åíèÿìè íà äóãàõ. Ôóíêöèÿ γ(u) îïðåäåëÿåò îãðàíè÷åíèÿ

γ(u) = 1 äëÿ âñåõ u ∈ U.
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Îïðåäåëèì íà N ôóíêöèþ C , êîòîðàÿ êàæäîé äóãå u ∈ U ñòàâèò â
ñîîòâåòñòâèå ñòîèìîñòü ïîòîêà ïî ýòîé äóãå. Òîãäà

Cs(u) =

{
Zs(w), åñëè u = (w,w′) ∈ UQ,
0, åñëè u /∈ UQ.

Âûâîä I. Ìàêñèìàëüíûé ïîòîê ìàêñèìàëüíîé ñòîèìîñòè ïî ñåòè N äàåò
ðåøåíèå çàäà÷è âûáîðà íà ñëîå.

Äîêàçàòåëüñòâî îñíîâûâàåòñÿ íà ðàññìîòðåíèè ñòðóêòóðû ñåòè N . Ïîë-
íîå ðàñïèñàíèå H ñòðîèòñÿ â ðåçóëüòàòå ïîñëåäîâàòåëüíîãî ðåøåíèÿ çàäà÷
âûáîðà.

Âûâîä 2. Ðàñïèñàíèå H ÿâëÿåòñÿ íåçàäåðæèâàþùèì.
Ðàññìîòðåííàÿ ìîäåëü ïðèìåíèìà äëÿ ñîñòàâëåíèÿ ó÷åáíûõ ðàñïèñàíèé.

Â ýòîì ñëó÷àå G ÿâëÿåòñÿ ìíîæåñòâîì ó÷åáíûõ ãðóïï, à áëîêè ìíîæåñòâà G
ó÷åáíûìè ïîòîêàìè. Ìíîæåñòâî îòîæäåñòâëÿåòñÿ ñ ìíîæåñòâîì ïðåïîäàâà-
òåëåé. Ðàáîòà - ýòî ó÷åáíàÿ äèñöèïëèíà, ïëàíèðóåìàÿ äëÿ ãðóïï íåêîòîðîãî
ïîòîêà. Îãðàíè÷åíèÿ 1-3 âûðàæàþò òðåáîâàíèÿ ê ðàñïèñàíèþ. Íåçàäåðæè-
âàþùèì ðàñïèñàíèÿì ñîîòâåòñòâóþò ó÷åáíûå ðàñïèñàíèÿ ñ ìèíèìàëüíûì
÷èñëîì �îêîí�. Îïòèìèçàöèÿ ðàñïèñàíèÿ â ñîîòâåòñòâèè c êðèòåðèåì (1) ïðè-
âîäèò ê íàèáîëåå ðàâíîìåðíîìó ðàñïðåäåëåíèþ ïîíÿòèé (îïåðàöèé) êàæäîé
äèñöèïëèíû.
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Ðàáîòà ïðèìûêàåò ê èññëåäîâàíèÿì àâòîðîâ ïî çàäà÷àì ñîðòèðîâêè è
âûáîðà, âîçíèêàþùèõ ïðè ïðèíÿòèè óïðàâëåí÷åñêèõ ðåøåíèé [1], [2].

Ïóñòü èìåþòñÿ äâà ó÷àñòíèêà � "Áàíê"è åãî "êëèåíòû"â êîëè÷åñòâå M
ëèö (M ∈ N), ÿâëÿþùèåñÿ âëàäåëüöàìè ïëàòåæíûõ êàðò. Áàíê âûïëà÷èâàåò
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êëèåíòàì ïðîöåíòû íà îñòàòêè äåíåæíûõ ñóìì, èìåþùèõñÿ íà ñ÷åòàõ ýòèõ
êàðò. Ïóñòü òàêæå, D � ÷èñëî, ïðåâûøàþùåå ìàêñèìàëüíîå çíà÷åíèå ýòèõ
ñóìì;

êîðòåæ
{d0, d1, . . . , dp} (1)

� ðàçáèåíèå îòðåçêà [0, D], òàêîå ÷òî 0 = d0 < d1 < d2 < · · · < dp = D;
òàêæå êîðòåæ

{g1, g2, . . . , gq} (2)

� ïðîöåíòíûå ñòàâêè, óñòàíàâëèâàåìûå áàíêîì, íà îñòàòêè äåíåæíûõ ñóìì,
0 < g1 < g2 < · · · < gq; q < p; p, q ∈ N.

Íà îñíîâàíèè êîðòåæåé (1)−(2) Áàíê âûáèðàåò êàêîé-òî ýëåìåíò èç ìíî-
æåñòâà ïàð

P � {(di, gj)|di ∈ {d0, d1, . . . , dp}, gj ∈ {g1, g2, . . . , gq}, i = 1, p, j = 1, q}, (3)

ò.å., åñëè (di∗ , gj∗) ∈ P òî Áàíê âûïëà÷èâàåò gj∗ ïðîöåíòîâ ãîäîâûõ êëè-
åíòàì, ÷üè îñòàòêè ïî ñ÷åòàì ïîïàäàþò â ïîëóèíòåðâàë [di∗−1, di∗), i∗ =
1, p, j∗ = 1, q.

Ïðåäïîëîæèì, ÷òî ÷åì áîëüøå êîëè÷åñòâî êëèåíòîâ, ïîëó÷àþùèõ íèçêèå
ïðîöåíòíûå ñòàâêè èç (2), ïî îñòàòêàì íà ñâîèõ ñ÷åòàõ, òåì áîëüøå îòòîê
êëèåíòîâ èç ýòîãî áàíêà, ò.å. M áóäåò óìåíüøàòüñÿ.

Öåëüþ áàíêà ÿâëÿåòñÿ ìàêñèìèçàöèÿ äîõîäîâ ïîñëå âûïëàòû ïðîöåíòîâ
íà îñòàòêè äåíåæíûõ ñóìì ñâîèõ êëèåíòîâ.

Ïóñòü èìååòñÿ íåñêîëüêî ôóíöèîíàëüíûõ çàâèñèìîñòåé, îïèñûâàþùèõ
ðàçëè÷íûå ñöåíàðèè îòòîêà êëèåíòîâ:

f1(p), f2(p), . . . fm(p), p ∈ P, (4)

òàêèõ, ÷òî çíà÷åíèåì fi(p) ÿâëÿåòñÿ êîëè÷åñòâî êëèåíòîâ Áàíêà è èõ ðàñïðå-
äåëåíèå ïî îñòàòêàì íà ñ÷åòàõ. Î÷åâèäíî, ÷òî ýòè çàâèñèìîñòè � ìîíîòîííî
óáûâàþùèå, ñ óâåëè÷åíèåì êîëè÷åñòâà êëèåíòîâ, ïîïàäàþùèõ ïîä íèçêèå
ïðîöåíòíûå ñòàâêè.

Çàìåòèì, ÷òî ïîñëå âûáðàííîé Áàíêîì ïàðû pk ∈ P è ðåàëèçîâàâøåãî-
ñÿ, âñëåäñòâèå ýòîãî âûáîðà ñöåíàðèÿ îòòîêà êëèåíòîâ èç ýòîãî áàíêà fl(pk)
èç (4) (l ∈ {1, . . . ,m}) ìîæíî òî÷íî âû÷èñëèòü çíà÷åíèå äîõîäîâ Áàíêà îò
îáñëóæèâàíèÿ ïëàòåæíûõ êàðò êëèåíòîâ akl, k ∈ {1, . . . , n}, n = |P |,
ñêëàäûâàþùåãîñÿ èç äîõîäîâ, ïîñòóïàþùèõ îò áîëüøîãî ÷èñëà êëèåíòîâ, èõ
ñóììàðíîé äåíåæíîé ìàññû, çà âû÷åòîì ðàñõîäîâ áàíêà ïî îáñëóæèâàíèþ
ïëàòåæíûõ êàðò êëèåíòîâ.

Äîêàçàíû òåîðåìû, ñîäåðæàòåëüíûé ñìûñë êîòîðûõ çàêëþ÷àåòñÿ â òîì,
÷òî ïðè óìåíüøåíèè ïðîöåíòíûõ ñòàâîê g1, . . . , gq êëèåíòû íå çàèíòåðåñîâà-
íû â óñëóãàõ Áàíêà. È ÷åì áîëüøåå êîëè÷åñòâî êëèåíòîâ ïîëó÷àþò ìàëåíü-
êèå âûïëàòû ïî ïðîöåíòíûì ñòàâêàì, òåì áîëüøå îòòîê êëèåíòîâ èç áàíêà è
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òåì ìåíüøå äåíåæíàÿ ìàññà, êîòîðîé îïðåðèðóåò Áàíê, äëÿ ïîëó÷åíèÿ ñâî-
åãî äîõîäà. Ïîëó÷àþùèéñÿ êîíôëèêò ìåæäó Áàíêîì è êëèåíòàìè õîðîøî
îïèñûâàåòñÿ ñ ïîìîùüþ àïïàðàòà òåîðèè ìàòðè÷íûõ èãð [3].

ËÈÒÅÐÀÒÓÐÀ

1. Åãîðîâ Ð.È., Êàéãîðîäîâ Ñ.Ï., Ìåñòíèêîâ Ñ.Â. Ìîäåëèðîâàíèå PEC-
çàäà÷ ñ ïîìîùüþ òåîðèè èãð // Ìàò. çàìåòêè ßÃÓ. 2007. Ò. 14, âûï. 2.
Ñ. 8�12.

2. Åãîðîâ Ð.È., Êàéãîðîäîâ Ñ.Ï. Îá îäíîì òåîðåòèêî-èãðîâîì ìåòîäå ðåøå-
íèÿ ìíîãîêðèòåðèàëüíîé çàäà÷è âûáîðà èç äâóõ îáúåêòîâ //Ìàò. çàìåòêè
ßÃÓ. 2009. Ò. 16, âûï. 2. Ñ. 7�10.

3. Âîðîáüåâ Í.Í. Îñíîâû òåîðèè èãð. Áåñêîàëèöèîííûå èãðû. Ì.:Íàóêà,
1984.

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÑÈÑÒÅÌÛ
ÓÏÐÀÂËÅÍÈß ÂÈÁÐÎÇÀÙÈÒÍÛÌ ÓÑÒÐÎÉÑÒÂÎÌ ÍÀ

ÎÑÍÎÂÅ ÍÅÉÐÎÍÍÎÃÎ ÐÅÃÓËßÒÎÐÀ

MATHEMATICAL SIMULATION OF A CONTROL SYSTEM OF
A VIBROPROTECTIVE DEVICE ON THE BASE OF NEURAL

CONTROLLER

Êàòêîâñêàÿ Ê.Â.

Íîâîñèáèðñêàÿ àêàäåìèÿ âîäíîãî òðàíñïîðòà, Íîâîñèáèðñê, Ðîññèÿ;
ksumat@ngs.ru

Ïîâûøåííûå òðåáîâàíèÿ ê ñîâðåìåííûì ìàøèíàì è îáîðóäîâàíèþ ïðè-
âåëè ê íåîáõîäèìîñòè ðàçâèòèÿ ñðåäñòâ âèáðîçàùèòû, ïîñêîëüêó âîçäåéñòâèå
âèáðàöèè ìîæåò ïîâëå÷ü âîçíèêíîâåíèå àâàðèéíûõ ñèòóàöèé. Îñîáåííî âàæ-
íî óäåëÿòü âíèìàíèå ñèñòåìàì óïðàâëåíèÿ ñðåäñòâàìè âèáðîçàùèòû, òàê
êàê îò èõ îñîáåííîñòåé è ìåòîäîâ ðåãóëèðîâàíèÿ çàâèñèò ñòåïåíü èõ ïðè-
ìåíèìîñòè. Â ñâÿçè ñ ýòèì íåîáõîäèìî ïðîâîäèòü ïðåäâàðèòåëüíîå ìîäåëè-
ðîâàíèå ñèñòåì óïðàâëåíèÿ âèáðîçàùèòíûìè óñòðîéñòâàìè ñ öåëüþ âûÿâëå-
íèÿ íàèáîëåå îïòèìàëüíûõ ïàðàìåòðîâ ðåãóëèðîâàíèÿ. Íà ñåãîäíÿøíèé äåíü
â êà÷åñòâå ìåõàíèçìà óïðàâëåíèÿ ïðèíÿòî èñïîëüçîâàòü ïðîïîðöèîíàëüíî-
èíòåãðàëüíî-äèôôåðåíöèàëüíûé ðåãóëÿòîð (ÏÈÄ). Îäíàêî â ïîñëåäíåå âðå-
ìÿ òðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê ðåãóëÿòîðàì, âîçðîñëè. Â ÷àñòíîñòè, æåëà-
òåëüíî íàëè÷èå òàêèõ õàðàêòåðèñòèê êàê àäàïòèâíîñòü è ñàìîîáó÷àåìîñòü
ñèñòåìû. Áîëåå òîãî, â ñëó÷àå îäíîâðåìåííîãî èñïîëüçîâàíèÿ íåñêîëüêèõ
âèáðîçàùèòíûõ óñòðîéñòâ, ïðèìåíÿåìûõ ê îäíîìó çàùèùàåìîìó îáúåêòó,
ñèñòåìà óïðàâëåíèÿ äîëæíà îáëàäàòü ñïîñîáíîñòüþ ïàðàëëåëüíîãî ðåãó-
ëèðîâàíèÿ. Ïîýòîìó âîçíèêàåò íåîáõîäèìîñòü ðàçðàáîòêè íîâûõ ñïîñîáîâ
óïðàâëåíèÿ âèáðîçàùèòíûõ óñòðîéñòâ. Îäíèì èç òàêèõ ñïîñîáîâ ÿâëÿåòñÿ
ïðèìåíåíèå ïðèíöèïîâ íåéðîóïðàâëåíèÿ.
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Èñïîëüçîâàíèå íåéðîííûõ ñåòåé ïðè ïîñòðîåíèè ðåãóëÿòîðà äàåò ðÿä ïðå-
èìóùåñòâ, òàêèõ êàê: âîçìîæíîñòü îáó÷åíèÿ íà ïðèìåðàõ è îáîáùåíèÿ äàí-
íûõ, ñïîñîáíîñòü àäàïòèðîâàòüñÿ ê èçìåíåíèþ ñâîéñòâ îáúåêòà óïðàâëåíèÿ è
âíåøíåé ñðåäû, ïðèãîäíîñòü äëÿ ñèíòåçà íåëèíåéíûõ ðåãóëÿòîðîâ è âûñîêàÿ
óñòîé÷èâîñòü ê ïîâðåæäåíèÿì ýëåìåíòîâ áëàãîäàðÿ èçíà÷àëüíî çàëîæåííîé
â íåéðîñåòåâóþ àðõèòåêòóðó âîçìîæíîñòè ðàñïàðàëëåëèâàíèÿ [1].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ìîäåëèðîâàíèå ñèñòåìû óïðàâëåíèÿ âèá-
ðîçàùèòíûì óñòðîéñòâîì ñ ïîìîùüþ íåéðîñåòåâîãî ðåãóëÿòîðà. Â êà÷åñòâå
îáúåêòà óïðàâëåíèÿ áûë âûáðàí ýëåêòðîìàãíèòíûé äåìïôåð. Äëÿ ïîñòðî-
åíèÿ ìîäåëè èñïîëüçîâàëñÿ ïàêåò ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ Matlab,
òàê êàê â äàííîé ñðåäå, ïîìèìî ñòàíäàðòíûõ ìàòåìàòè÷åñêèõ ôóíêöèé,
èìååòñÿ áèáëèîòåêà, ïðåäíàçíà÷åííàÿ äëÿ ïîñòðîåíèÿ íåéðîííûõ ñåòåé. Èñ-
ïîëüçóÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ, îïèñûâàþùèå ïðèíöèï äåéñòâèÿ
ýëåêòðîìàãíèòíîãî äåìïôåðà, ìîäåëü ôóíêöèîíèðîâàíèÿ âèáðîçàùèòíîãî
óñòðîéñòâà ìîæíî ïðåäñòàâèòü â âèäå ïîñëåäîâàòåëüíîñòè áëîêîâ ñðåäû
Matlab [2]. Äëÿ ðåàëèçàöèè íåéðîííîãî ðåãóëÿòîðà ïîòðåáîâàëîñü ïðåäâàðè-
òåëüíîå ñîçäàíèå íåéðîííîé ñåòè, â ñîñòàâ êîòîðîé âîøëè áëîê âõîäíûõ ïåðå-
ìåííûõ, áëîê âåñîâûõ êîýôôèöèåíòîâ, ñóììàòîð è áëîê ôóíêöèè àêòèâàöèè,
îòâå÷àþùèé íåïîñðåäñòâåííî çà ïðåîáðàçîâàíèå ïîëó÷åííûõ äàííûõ â îæè-
äàåìûé ðåçóëüòàò. Â ðåçóëüòàòå óäàëîñü ïîëó÷èòü ìîäåëü ñèñòåìû óïðàâëå-
íèÿ âèáðîçàùèòíûì óñòðîéñòâîì. Ïðîöåññ íàñòðîéêè âåñîâûõ êîýôôèöèåí-
òîâ è îáó÷åíèÿ ñåòè ïðîèñõîäèë ñ èñïîëüçîâàíèåì è äàëüíåéøèì ñðàâíåíèåì
òðåõ òèïîâ àðõèòåêòóð: êîíòðîëëåðà ñ ïðåäñêàçàíèåì, êîíòðîëëåðà ñ àâòîðå-
ãðåññèåé ñî ñêîëüçÿùèì ñðåäíèì è êîíòðîëëåðà íà îñíîâå ýòàëîííîé ìîäåëè.
Âî âñåõ òðåõ ñëó÷àÿõ áûë ïîëó÷åí îäèíàêîâûé ýôôåêò ñóùåñòâåííîãî ñíè-
æåíèÿ àìïëèòóäû êîëåáàíèé [3].

Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïîçâîëÿþò ñäåëàòü âûâîä, ÷òî èñïîëüçîâàíèå
íåéðîííûõ ñåòåé äëÿ óïðàâëåíèÿ âèáðîçàùèòíûìè óñòðîéñòâàìè íå òîëüêî
óïðîùàåò ïðîöåññ èõ ïîäñòðîéêè, íî è ïîìîãàåò äîáèòüñÿ áîëåå ýôôåêòèâ-
íîãî ãàøåíèÿ âèáðàöèè.
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Â äàííîé ðàáîòå èññëåäóþòñÿ èãðû ñðåäíåãî ïîëÿ áîëüøîãî ÷èñëàN àãåí-
òîâ ñ ïðîèçâîëüíûì ìíîæåñòâîì êëàññîâ (òèïîâ) àãåíòîâ, êîòîðûå ñëàáî ñâÿ-
çàíû ÷åðåç ýìïèðè÷åñêèå ìåðû.

Áàçîâàÿ äèíàìèêà òèïè÷íîãî àãåíòà ÿâëÿåòñÿ óïðàâëÿåìûì íåëèíåéíûì
Ìàðêîâñêèì äèôôóçèîííûì ïðîöåññîì ñ ïðûæêàìè. Ïðåäïîëàãàåòñÿ, ÷òî
ïðûæêè ìîãóò áûòü êàê ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, òàê è âî ìíî-
æåñòâå êëàññîâ àãåíòîâ. Ïðûæêè âî ìíîæåñòâå êëàññîâ îçíà÷àþò ìèãðàöèè
ìåæäó òèïàìè àãåíòîâ.

Òàêæå ïðåäïîëàãàåòñÿ, ÷òî êàæäûé àãåíò ìîæåò óïðàâëÿòü ñíîñîì (äðåé-
ôîì) è ïðûæêàìè. Ðàíåå èãðû ñðåäíåãî ïîëÿ ñ êîíå÷íûì ìíîæåñòâîì êëàñ-
ñîâ àãåíòîâ è áåç ïðûæêîâ ìåæäó êëàññàìè áûëè èññëåäîâàíû â ðàáîòàõ
Êåéíñà è äð. (ñì. íàïðèìåð, [1]).

Â ðàáîòå ïîêàçàíî, ÷òî ëþáîå ðåøåíèå ïðåäåëüíîé ñèñòåìû ñâÿçàí-
íûõ �îáðàòíîãî� óðàâíåíèÿ äëÿ ôóíêöèé (óðàâíåíèå Ãàìèëüòîíà-ßêîáè-
Áåëëìàíà) è �ïðÿìîãî� óðàâíåíèÿ äëÿ âåðîÿòíîñòíûõ çàêîíîâ (óðàâíåíèå
Êîëìîãîðîâà) ïîðîæäàåò 1/N -ðàâíîâåñèå Íýøà äëÿ àïïðîêñèìèðóþùåé èã-
ðû N àãåíòîâ.
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Ïðè ïîñòðîåíèè ôóíêöèè ïîñëåäîâàíèÿ â çàäà÷å î ÷àñòè÷íîì ðàçáèåíèè
ñëîæíîãî ïðåäåëüíîãî öèêëà ñèñòåìû âèäà:

dx

dt
= P (x, y) + p (x, y) ,

dy

dt
= Q (x, y) + q (x, y)

âñòà¼ò âîïðîñ îá îòûñêàíèè óñëîâèé, êîòîðûì äîëæíû ïîä÷èíÿòüñÿ âîçìó-
ùåíèÿ ýòîé ñèñòåìû.

Ñ ïîìîùüþ äâóõ ñèñòåì êðèâûõ ñòðîèòñÿ åäèíàÿ ñèñòåìà âëîæåííûõ îá-
ëàñòåé, ñîñòîÿùàÿ èç ìíîæåñòâà äâóõ êàòåãîðèé. È äîêàçûâàåòñÿ ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà 1. Â ïëîñêîñòè ñ ïðÿìîóãîëüíûìè êîîðäèíàòàìè v è w óðàâíå-
íèåì w = Φ(v, α) îïðåäåëÿåòñÿ ïó÷îê êðèâûõ, ïðîõîäÿùèõ ÷åðåç òî÷êè

M =

{
0,
g0 (p2, q2)

g0 (p1, q1)

}
, N =

{
H,

g1 (p2, q2)

g1 (p1, q1)

}
,

êîîðäèíàòû êîòîðûõ íå çàâèñÿò îò α. Ôóíêöèÿ Φ(v, α) (v, α) êàê ôóíêöèÿ
ïåðåìåííîé v, îïðåäåëåíà è íåïðåðûâíà â çàìêíóòîì ïðîìåæóòêå 0 ≤ v ≤
H êàêîâî áû íè áûëî α ( 0 < α ≤ α∗).

Â äàëüíåéøåì ïðåäïîëàãàåòñÿ ïîèñê óñëîâèé, êîòîðûì äîëæíû ïîä÷è-
íÿòüñÿ âîçìóùåíèÿ ýòîé ñèñòåìû. Êàæäîé ïàðå ôóíêöèé p2 (x, y) è q2 (x, y) ,
óäîâëåòâîðÿþùèì íàéäåííûì óñëîâèÿì, íàðÿäó ñ p1 (x, y) è q1 (x, y) , áóäóò
ïîñòðîåíû âîçìóùåíèÿ, ðàçáèâàþùèå ñëîæíûé öèêë íå ìåíåå, ÷åì íà äâà
ïðîñòûõ.
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ÎÁ ÎÄÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÈÃÐÅ
ÎÏÈÑÛÂÀÞÙÅÉ ÇÀÃÐßÇÍÅÍÈÅ ÎÊÐÓÆÀÞÙÅÉ ÑÐÅÄÛ

ON DIFFERENTIAL GAME OF MODELLING OF
ENVIRONMENTAL POLLUTION PROBLEM

Ëóêèí Â.Ñ.

Óïðàâëåíèÿ èíôîðìàòèçàöèè ÍÁ ÐÑ(ß), ßêóòñê, Ðîññèÿ;
lukinvasiliy@hotmail.com

Â äàííîé ðàáîòå èññëåäóåòñÿ äâóìåðíàÿ ìîäåëü ïðîáëåìû çàãðÿçíåíèÿ
çàìêíóòîãî âîäîåìà, êîòîðàÿ ôîðìàëèçóåòñÿ äèôôåðåíöèàëüíîé áåñêîàëè-
öèîííîé èãðîé äâóõ ëèö ñ ðàçäåëåííîé äèíàìèêîé èãðîêîâ è ñ ôèêñèðîâàí-
íîé ïðîäîëæèòåëüíîñòüþ T <∞.

Ñóùåñòâîâàíèå ñèòóàöèé ε-ðàâíîâåñèÿ â êëàññå ñòðàòåãèé êóñî÷íî-
ïðîãðàììíîãî òèïà â ðàññìàòðèâàåìîé äèôôåðåíöèàëüíîé èãðå ñëåäóåò èç
ðåçóëüòàòîâ ðàáîò [1, 2].

Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîé ðåàëèçàöèè ïîñòðîåííîé
äâóìåðíîé òåîðåòèêî-èãðîâîé ìîäåëè ïðîáëåìû çàãðÿçíåíèÿ îêðóæàþùåé
ñðåäû. ×èñëåííûé ìåòîä, îñíîâûâàåòñÿ íà ñî÷åòàíèè êîíå÷íî-ðàçíîñòíîãî
ìåòîäà è ìåòîäà äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ.

ËÈÒÅÐÀÒÓÐÀ

1. Troeva M. Existence of equilibrium point for noncooperative di�erential game
in Banach space. In: Simos T.E., Psihoyios G., Tsitouras Ch., Anastassi Z.
(eds.) Numerical Analysis and Applied Mathematics (ICNAAM 2012). AIP
Conf. Proc., 2012. vol. 1479, pp. 1234-1237.

2. Troeva M., Lukin V. On a game-theoretic model of environmental pollution
problem // Advances in Dynamic Games. 2013. Vol. 13. pp. 223-236.
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×ÈÑËÅÍÍÎÅ ÏÎÑÒÐÎÅÍÈÅ ÈÍÔÎÐÌÀÖÈÎÍÍÛÕ
ÌÍÎÆÅÑÒÂ Â ÈÃÐÅ ÏÐÎÑÒÎÃÎ ÏÎÈÑÊÀ Ñ ÍÀÐßÄÎÌ

ÏÐÅÑËÅÄÎÂÀÒÅËÅÉ È ÎÖÅÍÊÈ ÂÅÐÎßÒÍÎÑÒÈ
ÎÁÍÀÐÓÆÅÍÈß

NUMERICAL CONSTRUCTION OF THE INFORMATION SETS
IN THE SIMPLE SEARCH GAME WITH A TEAM OF
PURSUERS AND ESTIMATES FOR THE DETECTION

PROBABILITY

Ìåñòíèêîâ Ñ.Â.1, Ïåòðîâ Í.Â.2, Ýâåðñòîâà Ã.Â.3

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

1mestv@mail.ru, 2stalker_pnv@mail.ru, 3mestv@mail.ru

Â ðàáîòå ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíûå èãðû ïðîñòîãî ïîèñêà. Èã-
ðîê P ñòðåìèòñÿ ìàêñèìèçèðîâàòü âåðîÿòíîñòü îáíàðóæåíèÿ óêëîíÿþùåãîñÿ
îáúåêòà E. Ñìåøàííûå ñòðàòåãèè èùóùåãî îïðåäåëÿþòñÿ ïîìîùüþ âñïîìî-
ãàòåëüíîé èãðû ñ íàðÿäîì ïðåñëåäîâàòåëåé [1-3]. Äèíàìèêà èãðû îïèñûâà-
åòñÿ ñèñòåìîé äèôôåðåíöèàëüíûx óðàâíåíèé:

P: ẋ = u, ∥u∥ ≤ α, x(0) = x0, ∥x0∥ = r + l, x, u ∈ R2,

E: ẏ = v, ∥v∥ ≤ β, y(0) = y0, ∥y0∥ ≤ r, β ≤ α, y, v ∈ R2,

ãäå r > 0 - ðàäèóñ îáëàñòè íåîïðåäåëåííîñòè íà÷àëüíîãî ìåñòîïîëîæåíèÿ
èãðîêà E, âåëè÷èíû r, l, α, è β - ïàðàìåòðû èãðû. Îáëàñòüþ îáíàðóæåíèÿ
èãðîêà P ÿâëÿåòñÿ êðóã ðàäèóñà l ñ öåíòðîì â ìåñòîïîëîæåíèè ïðåñëåäîâàòå-
ëÿ. Äëÿ îïðåäåëåíèÿ, êàêóþ âåðîÿòíîñòü îáðàðóæåíèÿ ìîæåò ãàðàíòèðîâàòü
èùóùèé èãðîê, ðàññìîòðèì âñïîìîãàòåëüíóþ èãðó ìåæäó ïðÿ÷óùèìñÿ E è
íàðÿäîì P̄ = {P1, . . . , Pk} ïðåñëåäîâàòåëåé, èìåþùèõ îäèíàêîâûå õàðàêòå-
ðèñòèêè, äåéñòâóþùèõ êàê îäèí èãðîê. Áóäåì ãîâîðèòü, ÷òî íàðÿä P̄ ãàðàí-
òèðóåò k∗-îáíàðóæåíèå, åñëè ïî êðàéíåé ìåðå k∗, k∗ ≤ k ïðåñëåäîâàòåëåé
îáíàðóæàò óáåãàþùåãî.

Äëÿ ýòîé âñïîìîãàòåëüíîé îïðåäåëèì èíôîðìàöèîííîå ìíîæåñòâî
Ωk,k∗(t), ãäå ìîæåò íàõîäèòñÿ ïðÿ÷óùèéñÿ èãðîê, åñëè åãî îáíàðóæèëè íå
áîëüøå k∗ ïðåñëåäîâàòåëåé èç íàðÿäà P̄ . Åñëè äëÿ ìîìåíòà âðåìåíè t äëÿ
âñïîìîãàòåëüíîé èãðû ñ íàðÿäîì P̄ èíôîðìàöèîííîå ìíîæåñòâî Ωk,k∗(t) áó-
äåò ïóñòûì , òî ñóùåñòâóåò ñìåøàííàÿ ñòðàòåãèÿ èãðîêà P ãàðàíòèðóþùàÿ
âåðîÿòíîñòü îáíàðóæåíèÿ

V ≥ k∗
k
.

Â ðàáîòå èññëåäîâàíû ïðîáëåìû àïïðîêñèìàöèè è ÷èñëåííîãî ïîñòðîå-
íèÿ èíôîðìàöèîííîå ìíîæåñòâî Ωk,k∗(t). ×èñëåííî ïîñòðîåíû ïðèáëèæåí-
íûå èíôîðìàöèîííûå ìíîæåñòâà äëÿ ñëó÷àåâ âñïîìîãàòåëüíîé èãðû ñ äâóìÿ
è òðåìÿ ïðåñëåäîâàòåëÿìè.

97



VII Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ

ËÈÒÅÐÀÒÓÐÀ

1. Ïåòðîñÿí Ë.À., Çåíêåâè÷ Í.À. Îïòèìàëüíûé ïîèñê â óñëîâèÿõ êîíôëèê-
òà. Ë.,1986.

2. Ïåòðîñÿí Ë.À., Ãàðíàåâ À.Þ. Èãðû ïîèñêà. ÑÏá: Èçä-âî ÑÏáÃÓ, 1992.

3. Çåíêåâè÷ Í.À., Ìåñòíèêîâ Ñ.Â. Äèíàìè÷åñêèé ïîèñê ïîäâèæíîãî îáúåê-
òà â óñëîâèÿõ êîíôëèêòà. // Âîïðîñû ìåõàíèêè è ïðîöåññîâ óïðàâëåíèÿ.
1991, Ò 14. Ñ. 68�76.

Ê ÂÎÏÐÎÑÓ Î ÑÒÐÓÊÒÓÐÍÎ ÓÏÐÀÂËßÅÌÛÕ
ÎÁÐÀÒÈÌÛÕ ÑÈÑÒÅÌÀÕ

TO THE QUESTION OF STRUCTURAL CONTROL SYSTEMS
REVERSIBLE

Ôëåãîíòîâ À.Â.1, 2

1Ðîññèéñêèé Ãîñóäàðñòâåííûé Ïåäàãîãè÷åñêèé Óíèâåðñèòåò èì. À.È.
Ãåðöåíà, Ñàíêò-Ïåòåðáóðã, Ðîññèÿ;

2×óêîòñêèé ôèëèàë Ñåâåðî-Âîñòî÷íîãî Ôåäåðàëüíîãî Óíèâåðñèòåòà èì.
Ì.Ê. Àììîñîâà, Àíàäûðü, Ðîññèÿ;

flegontoff@yandex.ru

Ðàññìàòðèâàåòñÿ ñòðóêòóðíûé àíàëèç íåêîòîðîãî êëàññà ñèñòåì, óðàâíå-
íèÿ äèíàìèêè êîòîðûõ îäíîçíà÷íî ôóíêöèîíàëüíî ðàçðåøèìû îòíîñèòåëüíî
óïðàâëåíèÿ íà çàäàííîì ïîäïðîñòðàíñòâå. Òàêèå ñèñòåìû ïðèíÿòî íàçûâàòü
îáðàòèìûìè óïðàâëÿåìûìè ñèñòåìàìè [1]. Áóäåì ïðåäïîëàãàòü, ÷òî ñòðóê-
òóðà óïðàâëåíèé äëÿ ýòèõ ñèñòåì åùå è îïðåäåëÿåòñÿ ñîñòîÿíèåì ñàìîé ñè-
ñòåìû, êàê äèíàìè÷åñêîé ñèñòåìû ñ ôèêñèðîâàííûì óïðàâëåíèåì.

Íàïðèìåð, ðàññìîòðèì äèíàìè÷åñêóþ ñèñòåìó 2-îãî ïîðÿäêà ñ óïðàâëå-
íèåì u â âèäå {

y′′ + ay′ + by = Ψ(u),
Ψ(u) = α1y

′ + β1y.
(1)

Åå ðåøåíèå â êîíå÷íîì âèäå íå ïðåäñòàâëÿåò çàòðóäíåíèé. Îäíà èç òðåõ
ôîðì ïðåäñòàâëåíèÿ ðåøåíèÿ ïðè y0 = y(x0), y1 = y′(x0) è a21 = 4b1, ãäå
a1 = a− α1, b1 = b− β1 èìååò âèä:


y(x) = ea1(x0−x)/2[(y1 + (a1/2)y0)(x− x0) + y0],

Ψ(u) = ea1(x0−x)/2[(β1 − α1a1
2

)((y1 + (a1/2)y0)(x− x0) + y0)+
+α1(y1 + (a1/2)y0)].

(2)

Ñèñòåìû òàêîãî òèïà îáîáùàþòñÿ (ñïåöèàëèçèðóþòñÿ) íà øèðîêèé êëàññ
êàê ëèíåéíûõ, òàê è íåëèíåéíûõ ïîäñèñòåì. Òàê, íàïðèìåð, â êëàññå ëèíåé-
íûõ ñèñòåì ëåãêî âûäåëèòü ïîäêëàññ ïîäñèñòåì
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{
y′′ + p1(x, a)y

′ + p2(x, b)y = u,
u(x, y, y′) = q1(x, a1)y

′ + q2(x, b1)y,
(3)

êîòîðûå ñâîäÿòñÿ ê âûðîæäåííîìó ãèïåðãåîìåòðè÷åñêîìó óðàâíåíèþ. Äèñ-
êðåòíûå ñèììåòðèè åãî ïðåäñòàâëÿþòñÿ â âèäå âûðîæäåííîé (ñîäåðæàùåé
ñèíãóëÿðíîñòè) îñíîâíîé êóáîîêòàýäðàëüíîé ïîäãðóïïû 48 ïîðÿäêà áåñêî-
íå÷íîé ãðóïïû ïðåîáðàçîâàíèé. Ïðè ýòîì ÷àñòíûå ðåøåíèÿ (3) â âèäå ðÿäà
Êóììåðà [2] ìîæíî çàïèñàòü â ýëåìåíòàðíûõ ôóíêöèÿõ, ëèáî â âèäå íåïîë-
íîé ãàììà-ôóíêöèè, ëèáî ÷åðåç èíòåãðàë âåðîÿòíîñòåé, ëèáî â âèäå ìíîãî-
÷ëåíîâ Ëàãåððà è ò.ï.

Ïðè

p1(x) = a, p2(x) = b; q1(x) = (a+ 1− a1
x
), q2(x) = (b+

b1
x
)

óðàâíåíèå (3) ïðèìåò âèä óðàâíåíèÿ 2.1.65 èç ñïðàâî÷íèêà [2], äëÿ êîòîðîãî è
ïðèâåäåíû ÷àñòíûå ñëó÷àè ôóíêöèè Êóììåðà. Ïðè ýòîì ïîëó÷èì ñëåäóþùèå
÷àñòíûå óïðàâëåíèÿ â âèäå: äëÿ ëþáûõ a, b

u = 1 + (1 + a+ b)ex;

äëÿ ëþáûõ a, b; a1 = 2, b1 = 1

u =
1

2
+

(1 + a+ b)x− 1

x2
ex sinhx;

äëÿ ëþáûõ a, b; a1 = a1 + 1, b1 = a1

u =
a1

a1 + 1
+

(1 + a+ b)x− 1

x
a1x−a

1
∫ x

0

etta
1−1dt;

äëÿ ëþáûõ a, b; a1 = 3
2
, b1 = 1

2

u =
1

3
+

(1 + a+ b)x− 1

x

√
π

2
erf(x) =

1

3
+

(1 + a+ b)x− 1

x

√
π

2

∫ x

0

e−t
2

dt;

äëÿ ëþáûõ a, b, b1, n; a1 = b1, b1 = −n

u = − n

b1
+

−(n+ b1) + (1 + a+ b)x

b1(b1 + 1) . . . (b1 + n− 1)
x−b

1

ex
dn

dxn
(t−xxn+b

1−1).
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NEW RESULTS ABOUT COMBINATORIAL STRUCTURE OF
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Áîðîäèí Î.Â.1, Èâàíîâà À.Î.2

1Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ; brdnoleg@math.nsc.ru

2Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ; shmgnanna@mail.ru

Îäíîé èç öåíòðàëüíûõ îáëàñòåé òåîðèè ãðàôîâ ÿâëÿåòñÿ ðàñêðàñêà ãðà-
ôîâ. Ðàçâèòèå òåîðèè ðàñêðàñêè ïëîñêèõ ãðàôîâ (êàðò), êàê è òåîðèè ãðàôîâ
â öåëîì, áûëî èíèöèèðîâàíî ïîïûòêàìè ðåøåíèÿ çíàìåíèòîé ïðîáëåìû ÷å-
òûðåõ êðàñîê, ïîñòàâëåííîé â ñåðåäèíå XIX âåêà. Ýòà ïðîáëåìà áûëà ðåøåíà
â 1976 ã. Àïïåëåì è Õàêåíîì, ïðè÷åì ðåøåíèå âûëèëîñü â 3700 ñòðàíèö òåê-
ñòà è îñíîâàíî íà íåñêîëüêèõ òûñÿ÷àõ ÷àñîâ êîìïüþòåðíûõ âû÷èñëåíèé.

Íîâûå ðåçóëüòàòû î ðàñêðàñêå ïëîñêèõ ãðàôîâ îñíîâûâàþòñÿ íà óñòà-
íîâëåíèè âñå áîëåå òîíêèõ ñòðóêòóðíûõ ñâîéñòâ ïëîñêèõ ãðàôîâ. Ñèëüíûé
ðåçóëüòàò î ñòðîåíèè ïëîñêèõ ãðàôîâ ìîæåò ïðèâåñòè ê ïðîãðåññó ñðàçó â
íåñêîëüêèõ çàäà÷àõ ðàñêðàñêè.

Â 2013�2014 ãã. íàìè ïîëó÷åí ðÿä íåóëó÷øàåìûõ ðåçóëüòàòîâ î ñòðîå-
íèè 3-öåïåé [1] è çâåçä ïðè ìëàäøèõ âåðøèíàõ [2, 3] â íîðìàëüíûõ ïëîñêèõ
êàðòàõ (ÍÏÌ), 3-ãðàíåé â ïëîñêèõ òðèàíãóëÿöèÿõ [4], à òàêæå î âûñîòå öèê-
ëîâ äëèíû 6 â 3-ìíîãîãðàííèêàõ [5]. Ïîïóòíî äîêàçàí èëè îïðîâåðãíóò ðÿä
äîëãîå âðåìÿ ñòîÿâøèõ çàðóáåæíûõ ãèïîòåç. À èìåííî äîêàçàíî ñëåäóþùåå:

(1) Êàæäàÿ ÍÏÌ, à òàêæå êàæäûé 3-ìíîãîãðàííèê, ñîäåðæèò öåïü èç
òðåõ âåðøèí, ñòåïåíè êîòîðûõ îãðàíè÷åíû îäíèì èç ñëåäóþùèõ òðèïëå-
òîâ: (3, 3,∞), (3, 4, 11), (3, 7, 6), (3, 10, 4), (3, 15, 3), (4, 4, 9), (6, 4, 8), (7, 4, 7) è
(6, 5, 6). Íè îäèí èç ïàðàìåòðîâ äàííîãî îïèñàíèÿ íå ìîæåò áûòü óëó÷øåí.

(2) Êàæäàÿ ÍÏÌ ñîäåðæèò ëèáî (3, 10−)-ðåáðî, ëèáî (5−, 4, 9−)-öåïü, ëè-
áî (6, 4, 8−)-öåïü, ëèáî (7, 4, 7)-öåïü, ëèáî (5; 4, 5, 5)-çâåçäó, ëèáî (5; 5, b, c)-
çâåçäó ñ 5 ≤ b ≤ 6 è 5 ≤ c ≤ 7, ëèáî (5; 6, 6, 6)-çâåçäó. Êðîìå òîãî, íè îäèí
èç ïåðå÷èñëåííûõ âèäîâ íå ìîæåò áûòü íè óëó÷øåí, íè îïóùåí. Â ÷àñòíî-
ñòè, ýòèì óñèëåíî íåñêîëüêî èçâåñòíûõ ðåçóëüòàòîâ è îïðîâåðãíóòà ãèïîòåçà
Õàðàíòà è Éåíäðîëÿ (2007).

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ 12-01-98510, 12-01-00631 è 12-01-00448 è
ãðàíòîì Ïðåçèäåíòà Ðîññèè äëÿ âåäóùèõ íàó÷íûõ øêîë ÍØ-1939.2014.1.
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(3) Ëåáåã (1940) äîêàçàë, ÷òî êàæäàÿ ÍÏÌ M5 ñ ìèíèìàëüíîé ñòåïå-
íüþ 5 ñîäåðæèò 5-âåðøèíó âåñà 26. Äðóãèìè ñëîâàìè, êàæäàÿ M5 ñîäåðæèò
4-çâåçäó âåñà íå áîëåå 31 ñ öåíòðîì â 5-âåðøèíå. Áîðîäèí è Âóäàë (1998)
óñèëèëè 31 äî òî÷íîé ãðàíèöû 30. Ìû ïðåäñòàâëÿåì øåñòü M5 òàêèõ, ÷òî
êàæäàÿ 4-çâåçäà ïðè 5-âåðøèíå èìååò âåñ íå ìåíåå 30 è äëÿ êàæäîãî èç øå-
ñòè âîçìîæíûõ òèïîâ (5, 5, 5, 10), (5, 5, 6, 9), (5, 5, 7, 8), (5, 6, 6, 8), (5, 6, 7, 7) è
(6, 6, 6, 7) òàêèõ çâåçä, 4-çâåçäû ýòîãî òèïà ïðè 5-âåðøèíå ïðèñóòñòâóþò â
òî÷íîñòè â îäíîé èç ýòèõ øåñòè M5.

(4) Â 1999 ã. Éåíäðîëü óëó÷øèë îïèñàíèå ãðàíåé â ïëîñêèõ òðèàíãóëÿöè-
ÿõ, äàííîå Ëåáåãîì â 1940 ã., çà èñêëþ÷åíèåì òðèïëåòîâ (4, 4,∞) è (4, 6, 11),
è ïðåäïîëîæèë, ÷òî òî÷íîå îïèñàíèå èìååò âèä: (3, 4, 30), (3, 5, 18), (3, 6, 20),
(3, 7, 14), (3, 8, 14), (3, 9, 12), (3, 10, 12), (4, 4,∞), (4, 5, 10), (4, 6, 15), (4, 7, 7),
(5, 5, 7), (5, 6, 6). Ìû äàåì îïèñàíèå, â êîòîðîì êàæäûé ïàðàìåòð òî÷åí:
(3, 4, 31), (3, 5, 21), (3, 6, 20), (3, 7, 13), (3, 8, 14), (3, 9, 12), (3, 10, 12), (4, 4,∞),
(4, 5, 11), (4, 6, 10), (4, 7, 7), (5, 5, 7), (5, 6, 6).

(5) Â 1999 ã. Éåíäðîëü è Ìàäàðàø äîêàçàëè, ÷òî êàæäàÿ ïëîñêàÿ òðèàí-
ãóëÿöèÿ ñ ìèíèìàëüíîé ñòåïåíüþ 5 ñîäåðæèò 6-öèêë, ñòåïåíè âñåõ âåðøèí
êîòîðîãî íå ïðåâûøàþò 11, à Ìîõàð èØêðåêîâñêèé (2003) äîêàçàëè, ÷òî äëÿ
3-ìíîãîãðàííèêîâ ýòî çíà÷åíèå íå ïðåâûøàåò 107. Ìû äîêàçûâàåì, ÷òî è äëÿ
3-ìíîãîãðàííèêîâ ýòî çíà÷åíèå íå ïðåâûøàåò 11, ïðè÷åì îöåíêà íåóëó÷øàå-
ìà.

ËÈÒÅÐÀÒÓÐÀ
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normal plane maps // Discrete Math.. 2013. Ò. 313, � 17. P. 1700�1709.

3. Borodin O.V., Ivanova A.Î. Describing 4-stars at 5-vertices in normal plane
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4. Borodin O.V., Ivanova A.Î., Kostochka A.V. Describing faces in plane
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ÊÎÌÁÈÍÀÒÎÐÍÎÅ ÑÒÐÎÅÍÈÅ ÒÐÈÀÍÃÓËÈÐÎÂÀÍÍÛÕ
3-ÌÍÎÃÎÃÐÀÍÍÈÊÎÂ Ñ ÌÈÍÈÌÀËÜÍÎÉ ÑÒÅÏÅÍÜÞ 51

COMBINATORIAL STRUCTURE OF TRIANGULATED
3-POLYTOPES WITH MINIMUM DEGREE 5

Èâàíîâà À.Î.1, Íèêèôîðîâ Ä.Â.2

1Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ; shmgnanna@mail.ru

2ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ; zerorebelion@mail.ru

Èíòåðåñ ê ñòðîåíèþ ïëîñêèõ ãðàôîâ ñ ìèíèìàëüíîé ñòåïåíüþ 5 ÷àñòè÷-
íî îáúÿñíÿåòñÿ èõ ðîëüþ â ðåøåíèè èçâåñòíîé ïðîáëåìû ÷åòûðåõ êðàñîê.
Âàæíîé âåõîé íà ýòîì ïóòè áûëà òàáëèöà Ëåáåãà (1940 ã.), äàþùàÿ ïðèáëè-
çèòåëüíîå îïèñàíèå îêðóæåíèé âåðøèí ñòåïåíè 5 â ïëîñêèõ òðèàíãóëÿöèÿõ
ñ ìèíèìàëüíîé ñòåïåíüþ 5. Äëÿ ðåøåíèÿ ïðîáëåìû ÷åòûðåõ êðàñîê Àïïå-
ëþ è Õàêåíó â 1976 ã. ïîòðåáîâàëîñü èçó÷èòü ñòðîåíèå îêðåñòíîñòåé âòîðîãî
ïîðÿäêà âåðøèí ñòåïåíè 5, ò. å. øàðîâ ðàäèóñà 2 ñ öåíòðàìè â 5-âåðøèíàõ,
òîãäà êàê òàáëèöà Ëåáåãà äàåò îïèñàíèå îêðåñòíîñòåé ïåðâîãî ïîðÿäêà.

Êàê äîêàçàíî Øòåéíèöåì (1922 ã.), êîíå÷íûå 3-ñâÿçíûå ïëîñêèå ãðà-
ôû âçàèìíî-îäíîçíà÷íî îòâå÷àþò êîíå÷íûì âûïóêëûì òðåõìåðíûì ìíî-
ãîãðàííèêàì, íàçûâàåìûì 3-ìíîãîãðàííèêàìè. Ïîýòîìó, èçó÷àÿ ñòðîåíèå
ïëîñêèõ ãðàôîâ, ìû èçó÷àåì, â ÷àñòíîñòè, êîìáèíàòîðíîå ñòðîåíèå 3-
ìíîãîãðàííèêîâ.

Ñòåïåíü d(v) âåðøèíû v â ïëîñêîì ãðàôå G åñòü ÷èñëî èíöèäåíòíûõ åé
ðåáåð; k-, k−, k+-âåðøèíà � âåðøèíà ñòåïåíè k, íå ìåíåå k è íå áîëåå k,
ñîîòâåòñòâåííî.

Â 1904 ã. Âåðíèêå äîêàçàë, ÷òî â ëþáîì ïëîñêîì ãðàôå ñ ìèíèìàëüíîé
ñòåïåíüþ 5 ñóùåñòâóåò 5-âåðøèíà, ñìåæíàÿ ñ 6−-âåðøèíîé, ÷òî â 1922 ã. óñè-
ëèë Ôðàíêëèí, äîêàçàâ, ÷òî ëþáîé ïëîñêèé ãðàô ñ ìèíèìàëüíîé ñòåïåíüþ
5 ñîäåðæèò 5-âåðøèíó, ñìåæíóþ ñ äâóìÿ 6−-âåðøèíàìè.

Âåðøèíà v èìååò òèï (d1, . . . , d5), åñëè d(vi) ≤ di, ãäå v1, . . . , vd(v) � ñîñå-
äè âåðøèíû v â öèêëè÷åñêîì ïîðÿäêå âîêðóã v. Åñëè ïîðÿäîê ñîñåäåé â òèïå
íå âàæåí, òî íàä ñîîòâåòñòâóþùèìè ñòåïåíÿìè ñòàâèòñÿ ÷åðòà. Ñëåäóþùåå
îïèñàíèå îêðåñòíîñòåé 5-âåðøèí â ïëîñêèõ òðèàíãóëÿöèÿõ ñ ìèíèìàëüíîé
ñòåïåíüþ 5, T5, äàíî Ëåáåãîì è âêëþ÷àåò ðåçóëüòàòû Âåðíèêå è Ôðàíêëèíà:

Òåîðåìà 1. Â ëþáîé ïëîñêîé òðèàíãóëÿöèè ñ ìèíèìàëüíîé ñòåïåíüþ 5
ñóùåñòâóåò 5-âåðøèíà îäíîãî èç ñëåäóþùèõ òèïîâ:

(6, 6, 7, 7, 7), (6, 6, 6, 7, 9), (6, 6, 6, 6, 11), (5, 6, 6, 6, 17), (5, 6, 6, 7, 11), (5, 6, 6, 8, 8),
(5, 6, 6, 9, 7), (5, 6, 7, 7, 8), (5, 7, 6, 6, 12), (5, 8, 6, 6, 10), (5, 5, 7, 6, 12), (5, 5, 7, 7, 8),

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ 12-01-98510, 12-01-00631 è 12-01-00448 è
ãðàíòîì Ïðåçèäåíòà Ðîññèè äëÿ âåäóùèõ íàó÷íûõ øêîë ÍØ-1939.2014.1.
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(5, 5, 8, 6, 10), (5, 6, 5, 7, 12), (5, 6, 5, 8, 10), (5, 7, 5, 6, 13), (5, 7, 5, 7, 10),
(5, 7, 5, 8, 8), (5, 8, 5, 6, 11), (5, 8, 5, 7, 9), (5, 9, 5, 6, 10), (5, 10, 5, 7, 8),

(5, 11, 5, 6, 9), (5, 13, 5, 7, 7), (5, 11, 5, 6, 8), (5, 17, 5, 6, 7), (5, 5, 11, 5, 13),
(5, 5, 10, 5, 14), (5, 5, 9, 5, 17), (5, 5, 8, 5, 23), (5, 5, 7, 5, 41), (5, 6, 6, 5,∞).

Òàáëèöà Ëåáåãà â êà÷åñòâå ñëåäñòâèé äàåò ðàçëè÷íûå ôàêòû î ñòðîå-
íèè ïëîñêèõ ãðàôîâ ñ ìèíèìàëüíîé ñòåïåíüþ 5, äîïóñêàþùèå óëó÷øåíèÿ.
Íåñêîëüêî òàêèõ ñëåäñòâèé äîâåäåíî äî íåóëó÷øàåìûõ ðåçóëüòàòîâ, íî íà
ýòî ïîòðåáîâàëèñü äåñÿòêè ëåò è íîâûå èäåè. Â öåëîì æå íàì íåèçâåñòíû
óëó÷øåíèÿ íè îäíîãî èç ïàðàìåòðîâ ýòîé òàáëèöû, íå óõóäøàþùèå îñòàëü-
íûõ åå ïàðàìåòðîâ.

Ëåáåã íå äàåò äîêàçàòåëüñòâà òåîðåìû 1, à ëèøü óêàçûâàåò åãî èäåþ.
Êðîìå òîãî, íàìè áûëè çàìå÷åíû ÿâíûå íåòî÷íîñòè (èëè îïå÷àòêè) â òåîðå-
ìå 1. Â ñâÿçè ñ ýòèì ìû íåçàâèñèìî äîêàçàëè òåîðåìó 1, èñïðàâèâ ñëåäóþ-
ùèå íåòî÷íîñòè: (1) â òèïå (5, 11, 5, 6, 8) âìåñòî 11 äîëæíî áûòü 15; (2) â òèïå
(5, 17, 5, 6, 7) âìåñòî 17 äîëæíî áûòü 27; (3) â òèïàõ (6, 6, 6, 6, 11) è (5, 6, 7, 7, 8)
èçëèøíåé ÿâëÿåòñÿ ÷åðòà (ñì. [1]).

Äàëåå ñ ïîìîùüþ äîïîëíèòåëüíûõ ñîîáðàæåíèé ìû óñèëèëè ïîëó÷åííûé
íàìè èñïðàâëåííûé âàðèàíò òåîðåìû 1, çàìåíèâ ïàðàìåòðû 41, 23 è 17 â
òèïàõ (5, 5, 7, 5, 41), (5, 5, 8, 5, 23) è (5, 5, 9, 5, 17) íà 31, 22 è 16, ñîîòâåòñòâåííî
.

ËÈÒÅÐÀÒÓÐÀ
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ÊËÎÍÛ ÍÀ ÒÐÅÕÝËÅÌÅÍÒÍÎÌ ÌÍÎÆÅÑÒÂÅ

HYPERIDENTITIES SEPARATING QUASILINEAR CLONES ON
THE THREE-ELEMENT SET

Ìàëüöåâ È.À.

Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ;
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Ïóñòü fn1
1 , . . . , f

nk
k � âñå ôóíêöèîíàëüíûå ñèìâîëû è x1, . . . , xn � âñå

ïðåäìåòíûå ñèìâîëû, âõîäÿùèå â òåðìû T1 è T2, g
m1
1 , . . . , gms

s � âñå ôóíê-
öèîíàëüíûå ñèìâîëû è x1, . . . , xr � âñå ïðåäìåòíûå ñèìâîëû, âõîäÿùèå â
òåðìû Q1, . . . , Qu. Ïåðâîå èç âûðàæåíèé

∀fn1
1 . . .∀fnk

k ∀x1 . . . ∀xn (T1 = T2),
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∀gm1
1 . . .∀gms

s ∀x1 . . . ∀xr (Q1 = Q2 ∨ . . . ∨Qu−1 = Qu)

íàçûâàåòñÿ ãèïåðòîæäåñòâîì, âòîðîå � ãèïåðôîðìóëîé. Ãîâîðÿò, ÷òî ãèïåð-
òîæäåñòâî (ãèïåðôîðìóëà) ðàçäåëÿåò äâà êëîíà, åñëè îíî (îíà) èñòèííî (èñ-
òèííà) íà îäíîì èç íèõ, íî ëîæíî (ëîæíà) íà äðóãîì.

Èçó÷àåòñÿ ïðîáëåìà ðàçäåëåíèÿ êëîíîâ, îáðàçîâàííûõ îäíîìåñòíûìè
ôóíêöèÿìè è ôóíêöèÿìè, ïðåäñòàâèìûìè â âèäå

f(g1(x1)⊕ . . .⊕ gn(xn)),

ãäå n ≥ 1, âñå ôóíêöèè îïðåäåëåíû íà ìíîæåñòâå {0, 1, 2}, èõ çíà÷åíèÿ ïðè-
íàäëåæàò ìíîæåñòâó {0, 1}, ñëîæåíèå âåäåòñÿ ïî ìîäóëþ 2. Òàêèå ôóíêöèè
ïðèíàäëåæàò êëàññó ôóíêöèé, íàçûâàåìûõ êâàçèëèíåéíûìè. Íàçîâåì ôóíê-
öèþ óêàçàííîãî âèäà íå êðåàòèâíîé, åñëè ïðè ïîäñòàíîâêå â íåå ëþáîé äðó-
ãîé êâàçèëèíåéíîé ôóíêöèè ñî çíà÷åíèÿìè â ìíîæåñòâå {0, 1} ÷èñëî ñóùå-
ñòâåííûõ ïåðåìåííûõ íå âîçðàñòàåò. Ñóùåñòâóåò áåñêîíå÷íî ìíîãî êëîíîâ,
â êîòîðûõ âñå îòëè÷íûå îò ñåëåêòîðîâ ôóíêöèè íå êðåàòèâíû. Ïîäðîáíî
ýòè êëîíû, îáðàçóåìàÿ èìè ðåøåòêà è ôóíêöèè, ïîðîæäàþùèå òàêèå êëîíû,
îïèñàíû â ðàáîòàõ [1-2], à ãèïåðòîæäåñòâà, ðàçäåëÿþùèå ïîäîáíûå êëîíû, â
[4]. Èìååòñÿ òîëüêî êîíå÷íîå ÷èñëî êëîíîâ, ñîäåðæàùèõ êðåàòèâíûå êâàçè-
ëèíåéíûå ôóíêöèè ñî çíà÷åíèÿìè â ìíîæåñòâå {0, 1}, îäíàêî îíè ñîäåðæàò â
êà÷åñòâå ïîäêëîíîâ êëîíû íå êðåàòèâíûõ ôóíêöèé è ïîòîìó óñòðîåíû ñëîæ-
íåå. Ñîåäèíÿÿ íîâûå ðåçóëüòàòû ñ îïèñàííûìè â [4], ïîëó÷àåì ñëåäóþùåå
óòâåðæäåíèå.

Òåîðåìà. Ëþáûå äâà êëîíà, îáðàçîâàííûå êâàçèëèíåéíûìè ôóíêöèÿ-
ìè, îïðåäåëåííûìè íà ìíîæåñòâå {0, 1, 2}, ñî çíà÷åíèÿìè â ìíîæåñòâå {0, 1},
ìîæíî ðàçäåëèòü ëèáî ãèïåðòîæäåñòâîì, ëèáî ãèïåðôîðìóëîé.

Ïðèìåð. Ââåäåì ñëåäóþùèå ôóíêöèè: c0(x) � êîíñòàíòà 0, c1(x) � êîí-
ñòàíòà 1, ⊕ � ñëîæåíèå ïî ìîäóëþ 2,

γ(0) = γ(1) = 0, γ(2) = 1; φ(0) = φ(2) = 0, φ(1) = 1.

Ïóñòü Hφψ � êëîí, ïîðîæäàåìûé ôóíêöèÿìè φ(x) ⊕ γ(y), c0(x), c1(x), G �
êëîí, ïîðîæäàåìûé ôóíêöèÿìè φ(x)⊕ γ(y), φ(x)⊕ 1, c0(x). Ãèïåðòîæäåñòâî

∀F∀G [G(F (F (G(G(x))))) = G(G(F (F (G(x)))))]

îòäåëÿåò êëîí G îò êëîíà Hφψ.
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Íèêèòèí È.Â.
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Â íàñòîÿùåé ðàáîòå ìû ïðîäîëæàåì èçó÷åíèå ôóíêöèîíàëüíûõ ñèñòåì
P (A) ïîëèíîìîâ ñ êîýôôèöèåíòàìè èç ôèêñèðîâàííîãî ìíîæåñòâà A è èõ
çàìêíóòûõ êëàññîâ. Ýëåìåíòû x, y ∈ A, ïðèíàäëåæàùèå îäíîìó êëàññó ðàç-
áèåíèÿ, íàçûâàþòñÿ ýêâèâàëåíòíûìè è çàïèñûâàþòñÿ â âèäå x ∼ y. Ôóíêöèÿ
f : An → A ñîõðàíÿåò ðàçáèåíèå ìíîæåñòâà A, åñëè èç ýêâèâàëåíòíîñòåé
àðãóìåíòîâ x1 ∼ y1, . . . , xn ∼ yn ñëåäóåò ýêâèâàëåíòíîñòü çíà÷åíèé ôóíêöèè
f(x1, . . . , xn) ∼ f(y1, . . . , yn).

Ðàâíîìåðíîå ðàçáèåíèå íà áëîêè ñî ñäâèãîì íà ìíîæåñòâå íåîòðè-
öàòåëüíûõ öåëûõ ÷èñåë îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: N = {0, 1, . . . ,
l − 1} ∪

∪
m∈N0

{l + km, . . . , l + km + k − 1}, ãäå k è l � ïàðàìåòðû ðàçáèåíèÿ.

Îáîçíà÷àåòñÿ Dkl.
Òåîðåìà 1. Ïðè l ≤ k êëàññ L(N0) ∩ U(Dkl) ñîñòîèò â òî÷íîñòè èç âñåõ

êîíñòàíò èç N0 è âñåõ îäíîìåñòíûõ ïîëèíîìîâ âèäà x + kn, n ∈ N0. Ïðè
l > k êëàññ L(N0) ∩ U(Dkl) ñîñòîèò òîëüêî èç âñåõ êîíñòàíò èç N0 è âñåõ
ñåëåêòîðíûõ ôóíêöèé. Ñèñòåìà ôóíêöèé {0, 1, . . . , k − 1, x, x + k} ÿâëÿåòñÿ
áàçèñîì êëàññà L(N0) ∩ U(Dkl) ïðè l ≤ k.
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Ðàâíîìåðíîå ðàçáèåíèå íà áëîêè ñî ñäâèãîì íà ìíîæåñòâå öåëûõ ÷èñåë
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: Z =

∪
m∈Z

{l+ km, . . . , l+ km++k− 1}, ãäå

k è l � ïàðàìåòðû ðàçáèåíèÿ, 0 ≤ l < k. Îáîçíà÷àåòñÿ Dkl.
Òåîðåìà 2. Êëàññ L(Z) ∩ U(Dkl) ñîñòîèò â òî÷íîñòè èç âñåõ êîíñòàíò

èç Z, âñåõ îäíîìåñòíûõ ïîëèíîìîâ âèäà x + kn, n ∈ Z è âñåõ îäíîìåñòíûõ
ïîëèíîìîâ âèäà −x+2l−1+km,m ∈ Z. Ñèñòåìà ôóíêöèé {l, l++1, . . . , l+n−
1, x+k,−x+2l−1} ÿâëÿåòñÿ áàçèñîì êëàññà L(Z)∩U(Dkl) ïðè k = 2n, n ∈ Z.
Ñèñòåìà ôóíêöèé {l, l+1, . . . , l+n, x+k,−x+2l−1} ÿâëÿåòñÿ áàçèñîì êëàññà
L(Z) ∩ U(Dkl) ïðè k = 2n+ 1, n ∈ Z.

Ðàâíîìåðíîå ðàçáèåíèå íà áëîêè íà ìíîæåñòâå ðàöèîíàëüíûõ è âåùå-
ñòâåííûõ ÷èñåë îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: A =

∪
m∈Z

{(k − −1)m ≤

x < km}, ãäå k � ïàðàìåòð ðàçáèåíèÿ. Îáîçíà÷àåòñÿ Dk.
Òåîðåìà 3. Êëàññ L(A) ∩ U(Dkl), ãäå A = Q,R, ñîñòîèò â òî÷íîñòè èç

âñåõ êîíñòàíò èç A è âñåõ îäíîìåñòíûõ ïîëèíîìîâ âèäà x
n
+ km

n
, n ∈ N,m ∈ Z.

Ñèñòåìà ôóíêöèé {0, x − k, x + k, x
2
, x
3
, x
5
, . . . , x

p
, . . . }, ãäå p � ïðîñòûå ÷èñëà,

ÿâëÿåòñÿ áàçèñîì êëàññà L(Q) ∩ U(Dk).
Ðàâíîìåðíîå ðàçáèåíèå íà áëîêè íà ìíîæåñòâå ðàöèîíàëüíûõ c èððàöè-

îíàëüíûì ïàðàìåòðîì ÷èñåë îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: Q = {0 ≤
x < k} ∪

∪
m∈Z

{(k − 1)m < x < km}, ãäå k ∈ R \ Q � ïàðàìåòð ðàçáèåíèÿ.

Îáîçíà÷àåòñÿ D′
k.

Òåîðåìà 4. Êëàññ L(Q) ∩ U(D′
kl) ñîñòîèò â òî÷íîñòè èç âñåõ êîíñòàíò

èç Q è âñåõ îäíîìåñòíûõ ïîëèíîìîâ âèäà x
n
, n ∈ N. Êëàññ L(Q) ∩ U(D′

kl) íå
èìååò áàçñà. Ïîëíîé ñèñòåìîé â í¼ì ÿâëÿåòñÿ {. . . ,−2,−1, 0,
1, 2, . . . , x, x

2
, x
3
, x
5
, . . . , x

p
, . . . }, ãäå p � ïðîñòûå ÷èñëà.
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ÑÕÎÄÈÌÎÑÒÜ ÏÎÒÎÊÀ ÁÈÑÑÅÊÒÐÈÑ ÄËß ÑÒÐÎÃÎ
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Ïîñëåäîâàòåëüíîñòü ìíîãîóãîëüíèêîâ ñ m âåðøèíàìè {A1
nA

2
n . . . A

m
n }∞n=1

íà êîìïëåêñíîé ïëîñêîñòè C ìû íàçûâàåì ïîòîêîì áèññåêòðèñ, åñëè îíà çà-
äàíà ðåêóððåíòíûì ñîîòíîøåíèåì

Ain+1 = Ain + vin, i = 1, . . . ,m, n ∈ N, (1)

ãäå vin � åäèíè÷íûé âåêòîð, íàïðàâëåííûé ïî áèññåêòðèñå âíåøíåãî óãëà
∠Ai−1

n AinA
i+1
n . Ïîòîê, íàçûâàåìûé ïîòîêîì ìåäèàí, îïðåäåëÿåòñÿ ðåêóððåíò-

íûì ñîîòíîøåíèåì (1), ãäå âåêòîð vin ðàâåí cA
i
nM

i
n, ãäå c ∈ (0; 1

3
], M i

n � öåíòð
ìàññ òðåóãîëüíèêà Ai−1

n AinA
i+1
n . Òàêîé ïîòîê áûë ðàññìîòðåí â [1] êàê äèñ-

êðåòíûé àíàëîã àôôèííîãî óêîðà÷èâàþùåãî äëèíó êðèâîé ïîòîêà [2].
Ïóñòü Ω1 è Ω2 � m-óãîëüíèêè ñ óãëàìè α1, . . . , αm è β1, . . . , βm è ñòîðî-

íàìè a1, . . . , am è b1, . . . , bm ñîîòâåòñòâåííî. Îïðåäåëèì ìåòðèêó

ρ(Ω1,Ω2) =

√√√√ m∑
i=1

(αi − βi)2 +

m∑
i=1

(ai − bi)2.

Ïðèâåäåì îñíîâíîé ðåçóëüòàò [1].
Òåîðåìà 1, [1]. Ïóñòü {Σn} � ïîòîê ìåäèàí ñ c ∈ (0; 1

3
] è ïðîèçâîëüíûì

íà÷àëüíûì ìíîãîóãîëüíèêîì Σ0 = B1B2 . . . Bm òàêèì, ÷òî õîòÿ áû îäíî

èç óñëîâèé B1 + B2e±
2πi
m + B3e±

2πi
m

2 + . . . + B± 2πi
m

(m−1) ̸= 0 âåðíî. Òîãäà
ïîñëåäîâàòåëüíîñòü {H(Σn)}, ãäå H � íîðìèðóþùàÿ ïåðèìåòð ãîìîòåòèÿ,
ÿâëÿåòñÿ ñõîäÿùåéñÿ â ìåòðè÷åñêîì ïðîñòðàíñòâå ñ ìåòðèêîé ρ. Ïðåäåëîì
limn→∞H(Ωn) ÿâëÿåòñÿ âïèñàííûé â ýëëèïñ ìíîãîóãîëüíèê.

Â ýòîé ðàáîòå äîêàçàíà ñëåäóþùàÿ òåîðåìà
Òåîðåìà 1. Ïóñòü {Ωn} � ïîòîê áèññåêòðèñ ñ ïðîèçâîëüíûì íà÷àëüíûì

ñòðîãî âûïóêëûì ìíîãîóãîëüíèêîì Ω0. Òîãäà ïîñëåäîâàòåëüíîñòü {H(Ωn)},
ãäå H � íîðìèðóþùàÿ ïåðèìåòð ãîìîòåòèÿ, ñõîäèòñÿ â ìåòðè÷åñêîì ïðî-
ñòðàíñòâå ñ ìåòðèêîé ρ. Ïðåäåëîì limn→∞H(Ωn) ÿâëÿåòñÿ ïðàâèëüíûé ìíî-
ãîóãîëüíèê.

1Ïåðâûé àâòîð ïîääåðæàí ãðàíòîì Ïðåçèäåíòà ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæ-
êå ìîëîäûõ ðîññèéñêèõ èññëåäîâàòåëåé, ÌÊ-1526.2013.1, âòîðîé àâòîð ïîääåðæàí
ãðàíòàìè ÍØ-4382.2014.1 è ÐÔÔÈ-12-01-00124à.
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Î ÊËÎÍÎÂÎÌ ÏÎÄÕÎÄÅ Ê ÍÅÊÎÒÎÐÛÌ ÒÅÎÐÅÌÀÌ Î
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Ïîëÿêîâ Í.Ë.

Ôèíàíñîâûé Óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ, Ìîñêâà, Ðîññèéñêàÿ
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Â òåîðèè ñîöèàëüíîãî âûáîðà (ñì. [1]) äîêàçàí ðÿä ðåçóëüòàòîâ, îáû÷íî
íàçûâàåìûõ òåîðåìàìè î íåâîçìîæíîñòè. Íàèáîëåå èçâåñòíîé ñðåäè íèõ
ÿâëÿåòñÿ òåîðåìà (ïàðàäîêñ) Ýððîó (ñì. [2]), êîòîðàÿ óòâåðæäàåò, ÷òî íå
ñóùåñòâóåò åñòåñòâåííûõ íå-äèêòàòîðñêèõ ïðàâèë àãðåãèðîâàíèÿ, ñîõðàíÿþ-
ùèõ ëèíåéíûå óïîðÿäî÷åíèÿ àëüòåðíàòèâ. Â ðàáîòå [3] òåîðåìà Ýððîó áûëà
ðàñïðîñòðàíåíà íà çíà÷èòåëüíî áîëåå øèðîêèé êëàññ ñèñòåì èíäèâèäóàëü-
íûõ ïðåäïî÷òåíèé. Íàì óäàëîñü ïîëó÷èòü ïîëíóþ êëàññèôèêàöèþ ñèììåò-
ðè÷íûõ êëàññîâ ôóíêöèé âûáîðà, îáëàäàþùèõ ñâîéñòâîì Ýððîó (ñì. [4]).

Ìû èñïîëüçóåì ñëåäóþùóþ ñèñòåìó ïîíÿòèé. Ïóñòü äàíû íåïóñòûå êî-
íå÷íûå ìíîæåñòâà ó÷àñòíèêîâ X = {1, 2, . . . , l} è àëüòåðíàòèâ A. Èíäè-
âèäóàëüíîé ñèñòåìîé ïðåäïî÷òåíèé êàæäîãî ó÷àñòíèêà íàçûâàåòñÿ íåêî-
òîðàÿ r-ôóíêöèÿ âûáîðà íà ìíîæåñòâå A, ãäå r åñòü íåêîòîðîå ïîëîæè-
òåëüíîå íàòóðàëüíîå ÷èñëî, íå ïðåâîñõîäÿùåå |A|, à ïîä r-ôóíêöèåé âûáîðà
ïîíèìàåòñÿ ïðîèçâîëüíàÿ ôóíêöèÿ c èç ìíîæåñòâà [A]r âñåõ r-ýëåìåíòíûõ
ïîäìíîæåñòâ ìíîæåñòâà A â ìíîæåñòâî A, êîòîðàÿ óäîâëåòâîðÿåò óñëî-
âèþ (∀B ∈ [A]r) c(B) ∈ B. Ìíîæåñòâî âñåõ èíäèâèäóàëüíûõ ñèñòåì ïðåä-
ïî÷òåíèé îáîçíà÷àåòñÿ ñèìâîëîì Cr(A). Ìíîæåñòâî D ⊆ Cr(A) íàçûâà-
åòñÿ ñèììåòðè÷íûì åñëè äëÿ ïðîèçâîëüíîé ïåðåñòàíîâêè σ ìíîæåñòâà
A îíî âìåñòå ñ êàæäîé ôóíêöèåé c ñîäåðæàò òàêóþ ôóíêöèþ cσ, ÷òî
∀B ∈ [A]r cσ(B) = σ−1c(σB). Ïðîôèëåì ó÷àñòíèêîâ íàçûâàåòñÿ ïðîèçâîëü-
íûé êîðòåæ èç (Cr(A))

l. Ïðàâèëîì àãðåãèðîâàíèÿ íàçûâàåòñÿ ôóíêöèÿ, êî-
òîðàÿ êàæäîìó ïðîôèëþ ó÷àñòíèêîâ ñòàâèò â ñîîòâåòñòâèå êîëëåêòèâíóþ
ñèñòåìó ïðåäïî÷òåíèé, ò.å. íåêîòîðóþ ôóíêöèþ c ∈ Cr(A). Ïðàâèëî àãðåãè-
ðîâàíèÿ íàçûâàåòñÿ íîðìàëüíûì, åñëè îíî êàæäîìó ïðîôèëþ (c1, c1, . . . , cl)
ñòàâèò â ñîîòâåòñòâèå òàêóþ r-ôóíêöèþ âûáîðà c, ÷òî (∀B ∈ [A]r)c(B) =
f(B, c1(B), c2(B), . . . , cl(B)) äëÿ íåêîòîðîé ôóíêöèè f : [A]r × Al → A, óäî-
âëåòâîðÿþùåé óñëîâèþ f(B, p) ∈ ran p. Ïðàâèëî àãðåãèðîâàíèÿ íàçûâàåòñÿ
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äèêòàòîðñêèì, åñëè îíî åñòü ïðîåêöèÿ. Ïðàâèëî àãðåãèðîâàíèÿ ñîõðàíÿåò
ìíîæåñòâî r-ôóíêöèé âûáîðà D, åñëè äëÿ ëþáîãî ïðîôèëÿ Π êîëëåêòèâíàÿ
ñèñòåìà ïðåäïî÷òåíèé ïðèíàäëåæèò ìíîæåñòâó D. Ìíîæåñòâî D îáëàäàåò
ñâîéñòâîì Ýððîó, åñëè îíî ñîõðàíÿåòñÿ òîëüêî äèêòàòîðñêèìè íîðìàëüíûìè
ïðàâèëàìè àãðåãèðîâàíèÿ.

Äëÿ ôîðìóëèðîâêè îñíîâíîé òåîðåìû ïîòðåáóþòñÿ ñëåäóþùèå îïðåäåëå-
íèÿ. Ïóñòü |A| = 4 è K åñòü ÷åòâåðíàÿ ãðóïïà Êëåéíà. Äëÿ êàæäûõ ìíîæåñòâ
p, q ∈ [A]3 ñóùåñòâóåò åäèíñòâåííàÿ ïåðåñòàíîâêà σp,q ∈ K, äëÿ êîòîðîé
q = σp,qp. Ñèìâîëîì CK

3 (A) îáîçíà÷èì ìíîæåñòâî âñåõ ôóíêöèé c ∈ C3(A),
äëÿ êîòîðûõ (∀p, q ∈ [A]3) c(q) = σp,qc(p).

Ïóñòü òåïåðü A åñòü ïðîèçâîëüíîå êîíå÷íîå ìíîæåñòâî. Êàæäîé ôóíê-
öèè c ∈ C2(A) ìîæíî ïîñòàâèòü âî âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ïîëíûé
îðèåíòèðîâàííûé ãðàô (òóðíèð) Γc = (A,E), ãäå E = {(a, b) ∈ A × A : a ̸=
b ∧ c({a, b}) = b}. Ìíîæåñòâî âñåõ ôóíêöèé c ∈ C2(A), äëÿ êîòîðûõ êàæäàÿ
âåðøèíà ãðàôà Γc èìååò ÷åòíóþ (íå÷åòíóþ) ñòåïåíü çàõîäà, îáîçíà÷èì C0

2(A)
(ñîîòâåòñòâåííî, C1

2(A)).
Îñíîâíàÿ òåîðåìà. Äëÿ ëþáîãî êîíå÷íîãî ìíîæåñòâà A è íàòóðàëüíîãî
÷èñëà r ëþáîå íåïóñòîå ñîáñòâåííîå ñèììåòðè÷íîå ïîäìíîæåñòâî D ìíîæå-
ñòâà Cr(A) íå îáëàäàåò ñâîéñòâîì Ýððîó â ýòèõ è òîëüêî ýòèõ ñëó÷àÿõ:
(1) r = 2, |A| ðàâíî 0 èëè 1 (mod 4) è D = C0

2(A);
(2) r = 2, |A| ðàâíî 0 èëè 3 (mod 4) è D = C1

2(A);
(3) r = 2, |A| = 0 (mod 4) è D = C0

2(A) ∪ C1
2(A);

(4) r = 3, |A| = 4 è D = CK
3 (A).

Îñíîâíîé èäååé äîêàçàòåëüñòâà ÿâëÿåòñÿ ðàññìîòðåíèÿ ñîîòâåòñòâèÿ Ãà-
ëóà äëÿ êëàññîâ äèñêðåòíûõ ôóíêöèé. Â ò.í. ïðîñòîì ñëó÷àå (ñì. [3]) ïðàâèëà
àãðåãèðîâàíèÿ, ñîõðàíÿþùèå ìíîæåñòâî D ìîæíî îòîæäåñòâèòü ñ ïîëèìîð-
ôèçìàìè íåêîòîðîãî ìíîæåñòâà ïðåäèêàòîâ. Îíè îáðàçóþò ñèììåòðè÷íûé
êëîí ôóíêöèé, ñîõðàíÿþùèõ ëþáîé îäíîìåñòíûé ïðåäèêàò.
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ÑÒÐÎÃÎ ×ÀÑÒÍÎÅ ÐÅØÅÍÈÅ È ÑÎÂÌÅÑÒÍÎÑÒÜ
ÁÅÑÊÎÍÅ×ÍÛÕ ÑÈÑÒÅÌ1

A STRICTLY PARTICULAR SOLUTION AND CONSISTENCY
OF INFINITE SYSTEMS

Ôåäîðîâ Ô.Ì.1, Èâàíîâà Î.Ô.2, Ïàâëîâ Í.Í.3

1Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ; foma_46@mail.ru
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Â äàííîì äîêëàäå ðå÷ü ïîéäåò îá îñîáîì ÷àñòíîì ðåøåíèè áåñêîíå÷íûõ
ñèñòåì, êîòîðîå âñåãäà ñóùåñòâóåò, åñëè èñõîäíàÿ ñèñòåìà ñîâìåñòíà. Íå íà-
ðóøàÿ îáùíîñòè ïðåäïîëàãàåì, ÷òî ðàññìàòðèâàåìûå áåñêîíå÷íûå ñèñòåìû
äîïóñêàþò ãàóññîâó ôîðìó.

Ïóñòü äàíà ñëåäóþùàÿ íåîäíîðîäíàÿ áåñêîíå÷íàÿ ñèñòåìà â ãàóññîâîé
ôîðìå â êðàòêîé çàïèñè:

∞∑
p=0

aj,j+pxj+p = bj , j = 0, 1, 2, ... . (1)

Äëÿ ðåøåíèÿ áåñêîíå÷íîé ñèñòåìû (1) èçó÷åíû, óðåçàííûå îò ñèñòåìû
(1) ìåòîäîì ðåäóêöèè â óçêîì ñìûñëå, êîíå÷íûå ñèñòåìû è ïîëó÷åíû èõ
ðåøåíèÿ â âèäå:

n
xj= Bn−j , j = 0, 1, ..., n, (2)

Bn−j =
bj
aj,j

−
n−j−1∑
p=0

aj,n−p
aj,j

Bp, B0 =
bn
an,n

, j = 0, n− 1. (3)

Òåîðåìà 1. Ïóñòü ñóùåñòâóåò ïðåäåë lim
n→∞

Bn−j = B(j) è â âûðàæåíèè (3)

äîïóñòèì ïðåäåëüíûé ïåðåõîä ïî÷ëåííî, ò.å. èìååò ìåñòî ñîîòíîøåíèå

lim
n→∞

n∑
p=0

aj,p
aj,j

Bn−p =

∞∑
p=j+1

aj,p
aj,j

lim
n→∞

Bn−p,

òîãäà ïðåäåëüíîå çíà÷åíèå B(j) ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì áåñêîíå÷íîé
ñèñòåìû (1).

Îïðåäåëåíèå. ×àñòíîå ðåøåíèå xj = B(j) íåîäíîðîäíîé ãàóññîâîé áåñ-
êîíå÷íîé ñèñòåìû (1) íàçûâàåòñÿ ñòðîãî ÷àñòíûì ðåøåíèåì ñèñòåìû (1).

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ áàçîâîé ÷àñòè
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò �3047)
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Òåîðåìà 2. Ïóñòü ñóùåñòâóåò ïðåäåë lim
n→∞

Bn−j = B(j). Ïðåäåëüíûé

ïåðåõîä âîçìîæåí â âûðàæåíèè (3) òîãäà è òîëüêî òîãäà, êîãäà ñîâîêóï-
íîñòü ÷èñåë B(j) j = 0, 1, ... ÿâëÿåòñÿ ñòðîãî ÷àñòíûì ðåøåíèåì ãàóññîâîé
ñèñòåìû (1).

Òåîðåìà 3. Åñëè íåîäíîðîäíàÿ ãàóññîâà ñèñòåìà (1) ñîâìåñòíà, òî âñå-
ãäà ñóùåñòâóåò åå ñòðîãî ÷àñòíîå ðåøåíèå.

Òåîðåìà 4. Íåîäíîðîäíàÿ ãàóññîâà ñèñòåìà (1) ñîâìåñòíà òîãäà è
òîëüêî òîãäà, êîãäà ñóùåñòâóåò åå ñòðîãî ÷àñòíîå ðåøåíèå.

Íåîáõîäèìî îòìåòèòü ÷ðåçâû÷àéíóþ âàæíîñòü ñëåäóþùèõ ñâîéñòâ ñòðî-
ãî ÷àñòíîãî ðåøåíèÿ.

Ñâîéñòâî 1. Ñòðîãî ÷àñòíîå ðåøåíèå íåîäíîðîäíîé ãàóññîâîé ñèñòåìû
(1) ïîëó÷åíî ìåòîäîì ðåäóêöèè â óçêîì ñìûñëå. Òàêèì îáðàçîì, ñóùåñòâî-
âàíèå ñòðîãî ÷àñòíîãî ðåøåíèÿ äîêàçûâàåò ñõîäèìîñòü ìåòîäà ðåäóêöèè â
óçêîì ñìûñëå.

Ñâîéñòâî 2. Ó îäíîðîäíîé ãàóññîâîé ñèñòåìû (1) òðèâèàëüíîå ðåøåíèå
ÿâëÿåòñÿ åå ñòðîãî ÷àñòíûì ðåøåíèåì.

Ñâîéñòâî 3. Ñòðîãî ÷àñòíîå ðåøåíèå íå ñîäåðæèò êàê àääèòèâíîå ñëà-
ãàåìîå íåòðèâèàëüíîå ðåøåíèå ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû.

Â ñâÿçè ñ ýòèì ñâîéñòâîì ÷àñòíîå ðåøåíèå B(j) è íàçâàí ñòðîãî ÷àñòíûì
ðåøåíèåì.

Ñâîéñòâî 4. Ñîâìåñòíàÿ ãàóññîâà ñèñòåìà (1) âñåãäà èìååò åäèíñòâåííîå
÷àñòíîå ðåøåíèå, êîòîðîå âûðàæàåòñÿ ôîðìóëàìè Êðàìåðà.

Ñâîéñòâî 5. Ãëàâíîå ðåøåíèå áåñêîíå÷íîé ñèñòåìû ÿâëÿåòñÿ åå ñòðîãî
÷àñòíûì ðåøåíèåì.
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Ñåêöèÿ III. ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ
ÌÎÄÅËÈÐÎÂÀÍÈÅ È ×ÈÑËÅÍÍÀß
ÐÅÀËÈÇÀÖÈß ÂÛ×ÈÑËÈÒÅËÜÍÛÕ

ÌÅÒÎÄÎÂ

MATHEMATICAL MODEL 3.5D CONCENTRATION OF MASS,
THE ALGORITHM AND THE CALCULATION EXPERIMENT

Glasko Y.V.1, Volotskov M.Y.2, Skachkov S. A.2

1Scienti�c Research Computing Center M.V. Lomonosov Moscow State
University, Moscow, Russia; glaskoyv@mail.ru

2Russian State Geological Prospecting University, Moscow, Russia;

Inverse problem interpretation of gravitational �eld at the Earth's surface
consists of several objects. For de�ne of morphology and density of deposit (in
our case - oil's deposit) we suggest method concentration into three-dimensional
cube (3.5D problem).

Model sweeping of the density from domain Ω to sides of cube Γ ≡
∂V is speci�ed by initial-boundary problem for parabolic equation. Problem
concentration of mass from sides Γ into V has aim to de�ne Ω and the density
δ(ω), ω ∈ Ω. Model concentration consists of equations of the model sweeping
and aim conditions. First aim condition describes distribution of density on
Γ at end moment T. Second aim condition describes conservation of density:∫
Γ

δΓ(s
∗, T )ds∗ =

∫
Ω

δ(ω, 0)dω. The �rst condition gives a priori information about

the density δ(ω), the second condition connects surface of the density on Γ at the
end moment T with morphology the domain Ω.

Operator's form of the problem concentration has view:

Ap = δΓ(s
∗), s∗ ∈ Γ (1)

,where p = {Ω, δ(ω)}, Ω =
N∪
j=1

Ωj ⊂ V , δ = {δj(ω)}, j = 1, ..., N .

Numerical 3D sweeping realized via 6 points scheme of D. Zidarov. This
approach demands from the density at most: δ(ω) ∈ C(Ω). Algorithm of the
concentration is to minimization square residual of the bound density δΓ(s

∗).
In doing so, the bound density is calculating by iteration cycle computation of
δ(ω), ω ∈ Ω using method Monte-Carlo and the sweeping δ(ω) in Γ. The domain
Ω is de�ned by the second aim condition. The problem minimization square of
residual is solved for system of nested compacts:
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p̂ = arginf ρ2(Ap, δΓ(s
∗)), V → V̂ (2)

,where ρ2(Ap, δΓ(s∗)) = ∥Ap− δΓ(s
∗)∥2L2

.
The process concentration is inverse the process sweeping. In case of large

error at input data and de�ciency of a priori information instead of residual we
use Tikhonov's stabilizing functional.

We solve the problem concentration using a priori information about δΓ(s∗)
for case of partial de�ned Ω and δ(ω). The solving of the problem involves a
two-step process. At the �rst step we de�ne morphology of the domain Ω by
density isolines on sides of V . At the second step we de�ne δ(ω) by statistical
regularization.

We use additional a priori information about the domain Ω and the density
(δ(ω) ∈ [0.4 g/cm3; 1 g/cm3]). The computing experiments is conducted in V =
[0; 1 km]× [0; 1 km]× [1/3 km; 4/3 km].

At the �rst step by interpreting calculated maps, we locate topology of
the domain Ω as: the full-sphere minor radius puts at depth 1 km (model 1);
two full-spheres at di�erent depth (model 2); two horizontal circular cylinders
(models 3,4); the topological product of full-sphere by two mutually perpendicular
segments (segments are parallel X-axis and Y-axis). For less step of the grid we
localize following morphology of the domain Ω: the cube is centered within the
domain V ; the parallelepiped (model 7); two 1-tuply connected domains - two
cubes (model 8).

At the second step of concentration we search the domain densities by (2).
For exact value of the density δ̄Γ(s∗) error of result ϵ = ∥δ(ω)− δ̄(ω)∥2L2

≤ 1.5%.
For δ̃Γ(s∗) : δ = ∥δ̃Γ(s∗)− δ̄Γ(s

∗)∥2L2
≤ 5% ϵ ≤ 5%.

The algorithm concentration is included into software package interpretation
for oil�elds.
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TOWARDS THE MODELING LOW-FORMALIZED DOMAINS

Guzev M.A.1, Kradin N.N.2, Nikitina E.Y.3

1Institute for Applied Mathematics, FEBRAS, Vladivostok, Russia;
guzev@iam.dvo.ru
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Extraction of information from the collected data in many lowformalized
domains is often carried out to study the behavior of the modeled domain objects.
The di�culty of solving this problem requires the development of new methods
and approaches for the analysis of the collected data. The central idea of our
approach is the construction of rank distributions for the functions that de�ne the
values of characteristics and factors. Then we analyze a projection of a function
on an axis de�ning values of parameter of characteristics or factors. It is supposed
that a factor a�ects a characteristic, if the rank distribution of the factor coincides
with the distribution of characteristic values.

The proposed approach was performed for the di�erent subject domains:
biology (identi�cation of factors in�uencing the structure of populations of
salmon), criminology (identi�cation of factors a�ecting the state of crime, analysis
of changes in the Criminal Code), bibliometrics (study of the e�ectiveness
of scienti�c publications), history and archeology (solution of the problem of
separation of polities based on the characteristics of their internal structure and
form factors).

The analysis of the data distributions allows us to point out the lacunar
area in sets of characteristics, to give recommendations for adjustments and the
acquisition of new data.

ÐÀÁÎÒÀ ÐÅÀÊÒÎÐÀ Â ÏÑÅÂÄÎÎÆÈÆÅÍÍÎÌ ÑËÎÅ

WORKS OF REACTOR IN FLUIDIZING BED

Àáäóðàõèìîâ À.

Òàøêåíòñêèé àðõèòåêòóðíî ñòðîèòåëüíûé èíñòèòóò, Òàøêåíò,
Óçáåêèñòàí;

abduraximov1943@mail.ru

Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ñòàáèëèçàöèè íåóñòîé÷èâîãî ðåæèìà ðà-
áîòû õèìè÷åñêîãî ðåàêòîðà ñ íåîäíîðîäíûì êèïÿùèì ñëîåì äëÿ îäíîñòà-
äèéíîé ðåàêöèè. Îïðåäåëåí äèàïàçîí ïàðàìåòðà ñòàáèëèçàöèè, â êîòîðîì
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ìîæíî ïîëó÷èòü óñòîé÷èâûé ðåæèì ðàáîòû ðåàêòîðà. Ïîñòðîåíà îáëàñòü
óñòîé÷èâîñòè ñðåäíåãî ñòàöèîíàðíîãî ðåæèìà ïðè èäåàëüíîì ðåãóëèðîâàíèè
â çàâèñèìîñòè îò ãèäðîäèíàìè÷åñêèõ ïàðàìåòðîâ.

Êàê ïîêàçàë àíàëèç âëèÿíèÿ ãèäðîäèíàìè÷åñêèõ ïàðàìåòðîâ íà ðåæèì
ðàáîòû ðåàêòîðà [1] ñ íåîäíîðîäíûì êèïÿùèì ñëîåì äëÿ àäèàáà-òè÷åñêîãî
ðåàêòîðà ( α = 0 ) â ñëó÷àå ìàëîé èíòåíñèâíîñòè ìàññîáìåíà ìåæäó ôàçàìè
(À¾1) ñòàöèîíàðíûõ ðåæèìîâ â çàâèñèìîñòè îò çíà÷åíèé À, Â, T”0, β, u1, u2

ìîæåò áûòü îò îäíîãî äî òðåõ, ïðè÷åì îíè ñîîòâåòñòâóþò âûñîêî òåìïåðà-
òóðíîìó, ñðåäíåìó è íèçêî òåìïåðàòóðíîìó ðåæèìàì T 01

1 , T 02
1 , T 03

1 . Îáû÷íî
íèæíèå è âåðõíèå ñòàöèîíàðíûå ðåæèìû óñòîé÷èâû.

Ñðåäíèé ñòàöèîíàðíûé ðåæèì T 02
1 îáû÷íî îêàçûâàåòñÿ íàèáîëåå öåëåñî-

îáðàçíûì ñ òî÷êè çðåíèÿ ïðîâåäåíèÿ õèìèêî-òåõíîëîãè÷åñêèõ ïðîöåññîâ. Íî
êàê ðàç ýòîò ðåæèì íå óñòîé÷èâ è âîçíèêàåò çàäà÷à åãî ñòàáèëèçàöèè.

Ïîýòîìó èññëåäóåì âîçìîæíîñòü ñòàáèëèçàöèè ñðåäíåãî ðåæèìà ðàáîòû
ðåàêòîðà. Ïðè ýòîì óðàâíåíèÿ ìàññî-è òåïëîïåðåíîñà â áåçðàçìåðíîì âèäå
èìååò [1].

Óðàâíåíèÿ äëÿ ïëîòíîé ôàçû

dZ1

dτ
+ u1

dZ1

dx
= (1− Z1) ge

(
− β

T1

)
−A (Z1 − Z2) (1)

dT1

dτ
= α(T

′
0 −T1)+wu1(T

′′
0 −T1)+wge

(
− β

T1

)
1

∫
0
(1−Z1)dx−B(T1−

1

∫
0
T2dx) (2)

Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ

τ = 0; Z1 (x, 0) = Z01 (x) , T1(0) = T
′′
(0) x = 0; Z1(0, τ) = 0 (3)

Äëÿ ðàçáàâëåííîé ôàçû

dZ2

dτ
+ u2

dZ2

dx
= A (Z1 − Z2) (4)

dT2

dτ
+ u2

dT2

dx
= B (T1 − T2) (5)

Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ

τ = 0; Z2 (x, 0) = Z02 (x) , T2(x, 0) = T02(x) (6)

x = 0; Z1(0, τ) = 0, T2(0, τ) = T ′′
0 (7)

Çäåñü îáîçíà÷åíèÿ ïðèíèìàåòñÿ êàê â ðàáîòå [1].
Îïðåäåëåíèè îáëàñòè ïàðàìåòðîâ ñòàáèëèçàöèè çàäà÷à ñâîäèòñÿ ê âûÿâ-

ëåíèþ êîðíåé êâàçèïîëèíîìà øåñòîé ñòåïåíè â êîìïëåêñíîé ïëîñêîñòè.
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Ðàññìîòðèì èäåàëüíîå ðåãóëèðîâàíèå. Åñëè çàïàçäûâàþùèé àðãóìåíò
τ = 0 òî èìååì:

ψ(p) = p6 + a11p
5 + a12p

4 + a13p
3 + a14p

2 + a15p+ a16+
+(a21p

3 + a22p
2 + a23p+ a24) · exp(−p \ u1)+

+(a31p
3 + a32p

2 + a33p) · exp(−p \ u1)+
+d(a41p

4 + a42p
3 + a43p

2 + a44p)+
+(a51p

3 + a52p
2 + a53p) · exp(−p \ u1)

(8)

ãäå aij � ôóíêöèè ãèäðîäèíàìè÷åñêèõ ïàðàìåòðîâ ðåàêòîðà.
Èññëåäîâàíèå ñèñòåìà óñòîé÷èâîñòè ïðîâîäèëñÿ ñ ïîìîùüþ ìåòîäà D-

ðàçáèåíèÿ.
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Ðàññìàòðèâàåòñÿ ÷èñëåííîå ðåøåíèå çàäà÷è Ñòåôàíà, êîòîðàÿ îïèñûâàåò
ïðîöåññ ðàñïðîñòðàíåíèÿ òåïëà â ìíîãîëåòíåìåðçëûõ ãðóíòàõ[1] ïðè âîçäåé-
ñòâèè áåñêàíàëüíûõ ïîäçåìíûõ òðóáîïðîâîäîâ[2]. Ðàñ÷åòíàÿ îáëàñòü ïðåä-
ñòàâëÿåò ñîáîé ïðÿìîóãîëüíèê ñ òðåìÿ ñå÷åíèÿìè òðóáîïðîâîäîâ è íåñêîëü-
êèìè ñëîÿìè ãðóíòîâ. Äëÿ êàæäîãî ñëîÿ ãðóíòà ó÷èòûâàåòñÿ åãî ôèçè÷å-
ñêèå ñâîéñòâà[3]: òåïëîïðîâîäíîñòü, òåïëîåìêîñòü, òåìïåðàòóðà çàìåðçàíèÿ,
âëàæíîñòü è ïëîòíîñòü. ×èñëåííîå ðåøåíèå çàäà÷è ðåàëèçîâàíî ìåòîäîì êî-
íå÷íûõ ýëåìåíòîâ íà òðåóãîëüíîé ñåòêå. Ïîëó÷åííûå ðåçóëüòàòû ñðàâíèâà-
þòñÿ ñ ðåçóëüòàòàìè íàòóðíûõ íàáëþäåíèé.
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Ìîäåëèðîâàíèå òåïëîâîãî ïðîöåññà ñâàðêè ïîëèýòèëåíîâûõ (ÏÝ) òðóá
ïðè íèçêèõ òåìïåðàòóðàõ âîçäóõà ðàññìàòðèâàåòñÿ â ðàáîòå [1], ãäå ïðåä-
ëàãàþòñÿ ìåòîäèêè âûáîðà ïðîäîëæèòåëüíîñòè íàãðåâà (t) òîðöîâ òðóá è
îïðåäåëåíèÿ ðàçìåðà òåïëîèçîëÿöèîííîé êàìåðû ïðè îõëàæäåíèè ñâàðíîãî
ñîåäèíåíèÿ. Ïðè âûáîðå òåõíîëîãè÷åñêèõ ðåæèìîâ ñâàðêè ÏÝ òðóá, à òàêæå
ïðè èññëåäîâàíèè êà÷åñòâà ñâàðíîãî ñîåäèíåíèÿ áîëüøóþ ðîëü èìååò îïðå-
äåëåíèå ãðàíèöû çîíû òåðìè÷åñêîãî âëèÿíèÿ (ÇÒÂ), â êîòîðîé ïðîèñõîäÿò
ñòðóêòóðíûå èçìåíåíèÿ ñâàðèâàåìûõ ìàòåðèàëîâ. Îáû÷íî ÇÒÂ îïðåäåëÿåò-
ñÿ ýêñïåðèìåíòàëüíî ïóòåì èññëåäîâàíèåì ñòðóêòóðíûõ ïîêàçàòåëåé. Ïðè-
ìåì ïðåäïîëîæåíèå î òîì, ÷òî ñòðóêòóðíûå èçìåíåíèÿ ïðîèñõîäÿò ïðè òåì-
ïåðàòóðàõ âûøå òåìïåðàòóðû ðàçìÿã÷åíèÿ ìàòåðèàëà [2]. Ìàòåìàòè÷åñêè
çàäà÷à ñâîäèòñÿ ê îòûñêàíèþ íàèáîëåå óäàëåííîé îò ñòûêà êðèâîé, â êàæ-
äîé òî÷êå êîòîðîé äîñòèãàåòñÿ ìàêñèìàëüíàÿ òåìïåðàòóðà ðàâíàÿ òåìïåðà-
òóðå ðàçìÿã÷åíèÿ ìàòåðèàëà 80 ◦Ñ. Ãðàíèöà ÇÒÂ îïðåäåëÿåòñÿ êàê ïðîåêöèÿ
êðèâîé íà ïëîñêîñòü zOr, ò.å. ãðàíèöà íå çàâèñèò îò âðåìåíè, ïðè êîòîðîé
äîñòèãíóòà òåìïåðàòóðà ðàçìÿã÷åíèÿ. Òåì íå ìåíåå, ïîñòðîèâ ïðîåêöèè íàé-
äåííîé êðèâîé íà ïëîñêîñòè zOt è rOt, ìîæíî ïîëó÷èòü äàííûå î âðåìåíè
ôîðìèðîâàíèÿ ãðàíèöû ÇÒÂ.

Ïðè ìèíèìàëüíî è ìàêñèìàëüíî äîïóñòèìûõ òåìïåðàòóðàõ îêðóæàþùå-
ãî âîçäóõà (ÎÂ) ðàññ÷èòàíû ãðàíèöû ÇÒÂ, îãðàíè÷èâàþùèå îáëàñòü äîïó-
ñòèìîãî ìåñòîïîëîæåíèÿ ãðàíèöû (ðèñ. 1à, á) è îïðåäåëåíî ìèíèìàëüíîå
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âðåìÿ åå ôîðìèðîâàíèÿ (t), êîòîðîå ñîñòàâëÿåò 30 ñ. Ãðàíèöà ÇÒÂ, ñôîðìè-
ðîâàííàÿ ïîñëå íàãðåâà ñ ïðîäîëæèòåëüíîñòüþ ñîãëàñíî íîðìàòèâíûì äî-
êóìåíòàì ïðè òåìïåðàòóðå ÎÂ -40 ◦Ñ ïîêàçàíà íà ðèñ. 1â. Ïðè òåìïåðà-
òóðàõ ñðåäû íèæå íîðìàòèâíûõ íàãðåâ òîðöîâ ñ ïðîäîëæèòåëüíîñòüþ, ðå-
êîìåíäóåìîé ïðè ìèíèìàëüíîé äîïóñòèìîé òåìïåðàòóðå âîçäóõà, ïðèâîäèò
ê ôîðìèðîâàíèþ ãðàíèöû ÇÒÂ çà ïðåäåëàìè äîïóñòèìîé îáëàñòè ìåñòîïî-
ëîæåíèÿ (ðèñ. 1â), ïðè ýòîì ïåðèîä âðåìåíè åå ôîðìèðîâàíèÿ çíà÷èòåëüíî
ñîêðàùàåòñÿ, ÷òî ìîæåò îêàçàòü âëèÿíèå íà ïðî÷íîñòü ñâàðíîãî ñîåäèíåíèÿ.
Ïîêàçàíî, ÷òî ïðè îáåñïå÷åíèè îäèíàêîâîãî ìåñòîïîëîæåíèÿ ãðàíèöû ïðî-
ïëàâëåíèÿ ïðè íèçêèõ òåìïåðàòóðàõ ÎÂ è îõëàæäåíèè ñâàðíîãî ñîåäèíåíèÿ
â òåïëîèçîëÿöèîííîé êàìåðå è áåç íåå ãðàíèöû ÇÒÂ îòëè÷àþòñÿ íåçíà÷è-
òåëüíî (ðèñ. 1ã, ä). Ýòî ñâèäåòåëüñòâóåò î òîì, ÷òî ìåñòîïîëîæåíèå ãðàíèöû
ÇÒÂ â ýòîì ñëó÷àå ìàëî çàâèñèò îò òåìïåðàòóðû ÎÂ. Ñóùåñòâåííî îòëè-
÷àþòñÿ ïåðèîäû âðåìåíè ôîðìèðîâàíèÿ ÇÒÂ, ÷òî ïîäòâåðæäàåò ðàçëè÷èå
òåìïîâ îõëàæäåíèÿ. Íàïðèìåð, âðåìÿ ôîðìèðîâàíèÿ ÇÒÂ ïðè îõëàæäåíèè
áåç òåïëîèçîëÿöèîííîé êàìåðû ñîñòàâëÿåò 15 ñ, ÷òî â äâà ðàçà ïðåâûøàåò
íåîáõîäèìûé òåìï ôîðìèðîâàíèÿ. Â òî æå âðåìÿ, ôîðìèðîâàíèå ãðàíèöû
ÇÒÂ ïðè òåìïåðàòóðå ÎÂ -40 ◦Ñ ñ ïðèìåíåíèåì òåïëîèçîëÿöèîííîé êàìåðû
íà ýòàïå îñàäêè ïðîèñõîäèò çà 50 ñ.

à á â

ã ä
Ðèñ. 1. ÇÒÂ ïðè ðàçëè÷íûõ òåìïåðàòóðàõ ÎÂ: à) 20 ◦Ñ, t=70 ñ; á) -15 ◦Ñ,
t=75 ñ, t=30 ñ; â) -40 ◦Ñ, t=75 ñ, t=5 ñ; ã) -40 ◦Ñ, t=96 ñ, áåç êàìåðû, t=15
ñ; ä) -40 ◦Ñ, t=96 ñ, ñ òåïëîèçîëÿöèîííîé êàìåðîé, t=50 ñ
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Ñîãëàñíî íîðìàòèâíûì äîêóìåíòàì ñâàðêó ïîëèýòèëåíîâûõ òðóá äëÿ ãà-
çîïðîâîäîâ ìîæíî ïðîâîäèòü ïðè òåìïåðàòóðàõ îêðóæàþùåãî âîçäóõà (ÎÂ)
îò -5◦Ñ äî ïëþñ 40◦Ñ [1]. Ïðè áîëåå øèðîêîì èíòåðâàëå òåìïåðàòóð ñâàðî÷-
íûå ðàáîòû ðåêîìåíäóåòñÿ âûïîëíÿòü â óêðûòèÿõ, îáåñïå÷èâàþùèõ ñîáëþ-
äåíèå çàäàííîãî òåìïåðàòóðíîãî èíòåðâàëà. Îäíàêî òàêàÿ ñâàðêà ñâÿçàíà ñ
áîëüøèìè ýíåðãåòè÷åñêèìè, íåïðîèçâîäèòåëüíûìè çàòðàòàìè è äëèòåëüíîé
ïîäãîòîâêîé, ÷òî íåäîïóñòèìî â àâàðèéíûõ ñèòóàöèÿõ. Àêòóàëüíîé ïðîáëå-
ìîé ÿâëÿåòñÿ ðàçðàáîòêà ìåòîäîâ è ñðåäñòâ îïåðàòèâíîé ñâàðêè ïîëèýòèëå-
íîâûõ òðóá â çèìíèõ óñëîâèÿõ â ðåãèîíàõ ñ õîëîäíûì êëèìàòîì, ãäå òåìïåðà-
òóðû ÎÂ äîñòèãàþò çíà÷åíèé íèæå -5◦Ñ. Òåîðåòè÷åñêèå ðåçóëüòàòû ðàñ÷åòîâ
äèíàìèêè òåìïåðàòóð õîðîøî ñîâïàäàþò ñ ýêñïåðèìåíòàëüíûìè äàííûìè
òîëüêî íà ýòàïå íàãðåâà, íà ýòàïå îõëàæäåíèÿ äîñòîâåðíûõ ñîïîñòàâëåíèé
òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ äàííûõ â ëèòåðàòóðå íå ïðèâîäèòñÿ,
÷òî ñâèäåòåëüñòâóåò î íåäîñòàòî÷íîé èçó÷åííîñòè ïðîöåññà îñòûâàíèÿ ïðè
ýëåêòðîìóôòîâîé ñâàðêå, ïðè êîòîðîì ïðîèñõîäèò ôîðìèðîâàíèå ñâàðíîãî
ñîåäèíåíèÿ.

Â ñèëó ñèììåòðèè ðàññìàòðèâàåòñÿ îäíà èç ïîëîâèí ñîåäèíåíèÿ ìóô-
òû ñ îòðåçêîì òðóáû. Ïðåäïîëàãàåòñÿ, ÷òî ðàñïðåäåëåíèå òåìïåðàòóðû ïî
îêðóæíîñòè ëþáîãî ïîïåðå÷íîãî ñå÷åíèÿ òðóáû è ìóôòû îäíîðîäíîå. Òåì-
ïåðàòóðà T (r, z, t) óäîâëåòâîðÿåò äâóìåðíîìó óðàâíåíèþ òåïëîïðîâîäíîñòè
â öèëèíäðè÷åñêèõ êîîðäèíàòàõ:

C (T ) ρ (T )
∂T

∂t
=

1

r

∂

∂r
(rλ(T )

∂T

∂r
) +

∂

∂z

(
λ (T )

∂T

∂z

)
, (1)
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0 < t < tm, r1 < r < r3, 0 < z < zìóô, r1 < r < r2, zìóô < z < zòðóá

ãäå Ñ(Ò) � óäåëüíàÿ òåïëîåìêîñòü, ρ (T )- ïëîòíîñòü è λ (T ) - êîýôôèöèåíò
òåïëîïðîâîäíîñòè áåðóòñÿ ðàçëè÷íûìè â æèäêîé è òâåðäîé ôàçàõ, äëÿ òâåð-
äîé ôàçû ñ èíäåêñîì 1, äëÿ æèäêîé � ñ èíäåêñîì 2.

Íàãðåâàòåëüíûé ýëåìåíò ðàññìàòðèâàåòñÿ êàê ñîñðåäîòî÷åííûé èñòî÷-
íèê òåïëà. Â ìåñòå ðàñïîëîæåíèÿ èñòî÷íèêà òåïëà ðåøåíèå çàäà÷è óäîâëå-
òâîðÿåò óñëîâèÿì ñîïðÿæåíèÿ;

λ (T )
∂T

∂r
|rM−0 − λ(T )

∂T

∂r
|rM+0 = Q(t), z1 ≤ z ≤ z2, (2)

T |rM−0 = T |rM+0 z1 ≤ z ≤ z2. (3)

ãäå Q(t) � ìîùíîñòü èñòî÷íèêà.
Íà ãðàíèöå òðóáû è ìóôòû çàäàåòñÿ óñëîâèå èäåàëüíîãî òåïëîâîãî êîí-

òàêòà:

λ (T )
∂T

∂r
|r2−0 = λ(T )

∂T

∂r
|r2+0, (4)

T (r2 − 0, z, t) = T (r2 + 0, z, t) . (5)

Íà ëåâîé ãðàíèöå ðàññìàòðèâàåìîé îáëàñòè âûïîëíÿåòñÿ óñëîâèå, âûòå-
êàþùåå èç ñèììåòðèè òåìïåðàòóðíîãî ïîëÿ:

∂T

∂z

∣∣∣∣
z=0

= 0, (6)

íà ïðàâîé � óñëîâèå ïåðâîãî ðîäà:

T (r, L1, t) = Tîêð, (7)

Íà ñâîáîäíûõ ïîâåðõíîñòÿõ âûïîëíÿþòñÿ óñëîâèÿ òåïëîîáìåíà ñ îêðó-
æàþùåé ñðåäîé ñ òåìïåðàòóðîé Tîêð:

λ(T )
∂T

∂n

∣∣∣∣
G

= −a(T |G − Tîêð) (8)

Â íà÷àëüíûé ìîìåíò âðåìåíè:

T (r, z, 0) = Tîêð (9)

Çàäà÷à ðåøàëàñü ìåòîäîì êîíå÷íûõ ðàçíîñòåé ñ èñïîëüçîâàíèåì ýêîíî-
ìè÷íîé ñõåìû ñêâîçíîãî ñ÷åòà ïðè ñëåäóþùèõ èñõîäíûõ äàííûõ: z1 = 0, 012;
z2 = 0, 03; zìóô = 0, 048; zòðóá = 0, 2; r1 = 0, 025; r2 = 0, 0315; r3 = 0, 0395;

rM = 0, 03175ì; λ1 = 0, 46; λ2 = 0, 24Âò/(ì · Ê); ρ1 = 950; ρ2 = 800 êã/ì3;
c1 = 2000; c2 = 2400Äæ/(êã · Ê); òåìïåðàòóðà ïëàâëåíèÿ Tïë = 128; òåìïå-
ðàòóðà êðèñòàëëèçàöèè Têðèñò = 111◦ C; L = 177 êÄæ/êã.
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Ìîùíîñòü èñòî÷íèêà òåïëà âû÷èñëÿëàñü ïî ôîðìóëå:

Q (t) =
U2

R · (1 + β (T (rM , z, t)− 20))S
, (10)

ãäå U � ñâàðî÷íîå íàïðÿæåíèå; R � ñîïðîòèâëåíèå ñïèðàëè ïðè òåìïåðàòóðå
20◦ C; β - òåìïåðàòóðíûé êîýôôèöèåíò ñîïðîòèâëåíèÿ; S - ïëîùàäü ïîâåðõ-
íîñòè èñòî÷íèêà òåïëà.

ÎÖÅÍÊÀ ÏÐÎÔÈËÅÉ ÏÎÒÅÍÖÈÀËÀ ÑÐÅÄÍÅÉ ÑÈËÛ
ÌÅÒÎÄÎÌ UMBRELLA SAMPLING ÄËß

ÒÐÀÍÑÌÅÌÁÐÀÍÍÎÃÎ ÏÅÐÅÍÎÑÀ ÌÎËÅÊÓËÛ ÂÎÄÛ

POTENTIAL OF MEAN FORCE ESTIMATION FOR
TRANSMEMBRANE TRANSFER OF WATER MOLECULE
USING SERIES OF UMBRELLA SAMPLING SIMULATIONS

Àíòîíîâ Ì.Þ.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

mikhail.antonoff@yandex.ru

Ìîäåëèðîâàíèå ïàññèâíîãî òðàíñìåìáðàííîãî òðàíñïîðòà ìàëûõ ìîëå-
êóë ìåòîäàìè ìîëåêóëÿðíîãî ìîäåëèðîâàíèÿ ñîïðÿæåíî ñ ðÿäîì ñëîæíî-
ñòåé ïî òîé ïðè÷èíå, ÷òî çà äîñòóïíûå âðåìåíà ìîäåëèðîâàíèÿ ïðàêòè÷åñêè
íåâîçìîæíî íàáëþäàòü ïðîöåññ ñïîíòàííîé äèôôóçèè è èçìåðÿòü óñðåäíåí-
íûå ìàêðîñêîïè÷åñêèå õàðàêòåðèñòèêè ïðîöåññà. Â ñâÿçè ñ ýòèì, èíòåðåñ
âûçûâàåò èñïîëüçîâàíèå ïîäõîäîâ è ìåòîäîâ, ïîçâîëÿþùèé çà äîñòèæèìîå
âðåìÿ ïîëó÷èòü ðåçóëüòàò, ïîçâîëÿþùèé ïðîâîäèòü ñðàâíèòåëüíîå èçó÷å-
íèå èëè ñðàâíåíèå ñ íàòóðíûìè ýêñïåðèìåíòàëüíûìè äàííûìè. Äîñòàòî÷íî
øèðîêî ðàñïðîñòðàíåííîé ìåòîäèêîé ÿâëÿåòñÿ èçó÷åíèå òðàíñìåìáðàííîãî
òðàíñïîðòà ñ èñïîëüçîâàíèåì ìåòîäîâ óïðàâëÿåìîé ìîëåêóëÿðíîé äèíàìè-
êè. Ïðè ýòîì ìîæíî ïîëó÷àòü çíà÷åíèÿ ¾ýôôåêòèâíîé¿ ìèêðîâÿçêîñòè áèñ-
ëîÿ, à òàêæå îöåíêó êîýôôèöèåíòà äèôôóçèè, êîòîðûå ìîæíî èñïîëüçîâàòü
äëÿ ñðàâíèòåëüíîãî àíàëèçà. Íåäîñòàòêîì ýòîãî ïîäõîäà ÿâëÿåòñÿ äîñòàòî÷-
íî ñèëüíàÿ çàâèñèìîñòü ðåçóëüòàòîâ îò ïðîòîêîëà âû÷èñëèòåëüíîãî ýêñïåðè-
ìåíòà, à òàêæå îòñóòñòâèå îöåíêè êîýôôèöèåíòà ðàçäåëåíèÿ ðàñòâîðèòåëü-
ìåìáðàíà [1,2]. Â äàííîé ðàáîòå ñ ïîìîùüþ ìåòîäîâ óïðàâëÿåìîé ìîëåêó-
ëÿðíîé äèíàìèêè è ìåòîäà umbrella sampling èçó÷åí ïðîöåññ òðàíñìåìáðàí-
íîãî òðàíñïîðòà ìîëåêóë âîäû ÷åðåç ëèïèäíûé áèñëîé. Èñïîëüçîâàí áèñëîé
äèìèðèñòîèë-ôîñôàòèäèëõîëèíà (ÄÌÔÕ), â ñèëîâîì ïîëå OPLS-AA. Ñòàð-
òîâûå êîíôèãóðàöèè ïîëó÷åíû ìåòîäîì pull ñî ñêîðîñòüþ 0.001 íì/ïñ, âûáîð
ñòàðòîâûõ êîíôèãóðàöèé ñ øàãîì 0.5 è 1 À. Ïðîèçâåäåíî ñðàâíåíèå ïîëó-
÷àåìûõ ïðîôèëåé êàê ïðè ðàçëè÷íîì ïðîñòðàíñòâåííîì ïîëîæåíèè ïðîáíîé
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(ïðîíèêàþùåé ÷åðåç áèñëîé) ìîëåêóëû âîäû, òàê è ïðè ðàçíîì øàãå âûáî-
ðà ñòàðòîâûõ êîíôèãóðàöèé, à òàêæå ïðè ðàçëè÷íûõ íà÷àëüíûõ çíà÷åíèÿõ
ñêîðîñòåé àòîìîâ â ñèñòåìå. Òàêèì îáðàçîì, â ðàìêàõ ïîäõîäà ïðîèçâåäåíà
îöåíêà êèíåòè÷åñêèõ ïàðàìåòðîâ ïðîíèêíîâåíèÿ, à òàêæå ïðîèçâåäåíà îöåí-
êà ïðîôèëÿ ïîòåíöèàëà ñðåäíåé ñèëû, ïðîèçâåäåíî èçó÷åíèå çàâèñèìîñòè
âû÷èñëÿåìûõ çíà÷åíèé îò íà÷àëüíûõ äàííûõ ýêñïåðèìåíòà.
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íà, È.Í. Íèêîëàåâ, Ì.Ï. Êèðïè÷íèêîâ Ñðàâíèòåëüíîå èçó÷åíèå ìîëåêó-
ëÿðíîé äèíàìèêè, äèôôóçèè è ïðîíèöàåìîñòè ïî îòíîøåíèþ ê ëèãàíäàì
äëÿ áèîìåìáðàí ñ ðàçëè÷íûì ëèïèäíûì ñîñòàâîì // Áèîëîãè÷åñêèå ìåì-
áðàíû, 2008, 25(1). Ñ. 75-83.
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Â.È.Âàñèëüåâà, ßêóòñê, Èçäàòåëüñêèé äîì ÑÂÔÓ. Ñ. 16-29.

ÈÍÒÅÃÐÀËÜÍÛÅ ÌÎÄÅËÈ ÄÎËÃÎÑÐÎ×ÍÎÃÎ ÐÀÇÂÈÒÈß
ÝÝÑ ÐÎÑÑÈÈ1

INTEGRAL MODELS OF LONG-TERM DEVELOPMENT OF
RUSSIA'S ELECTRIC POWER SYSTEM

Àïàðöèí À.Ñ.1, Ñèäëåð È.Â.2

Èíñòèòóò ñèñòåì ýíåðãåòèêè èì. Ë.À. Ìåëåíòüåâà ÑÎ ÐÀÍ, Èðêóòñê,
Ðîññèÿ;

1apartsyn@isem.sei.irk.ru, 2krlv@isem.sei.irk.ru

Â ðàáîòå [1] ðàññìàòðèâàëàñü èíòåãðàëüíàÿ ìîäåëü ðàçâèòèÿ ýëåêòðî-
ýíåðãåòè÷åñêîé ñèñòåìû (ÝÝÑ) Ðîññèè íà îñíîâå íåêëàññè÷åñêîãî óðàâíåíèÿ
Âîëüòåððà I ðîäà

t∫
a(t)

K(t, s)x(s)ds = y(t), t ∈ [t0, T ], x(t) = x0(t), t ∈ [a(t0), t0), (1)

â êîòîðîì K(t, s) � êîýôôèöèåíò ýôôåêòèâíîñòè èñïîëüçîâàíèÿ â ìîìåíò t
åäèíèöû ìîùíîñòè, ââåäåííîé ðàíåå â ìîìåíò s; y(t) � ýêñïåðòíî çàäàâàåìàÿ
äèíàìèêà ðàñïîëàãàåìîé ìîùíîñòè; t − a(t) � ñðîê ñëóæáû ñàìîãî ñòàðîãî

1Ðàáîòà ïîääåðæàíà Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðî-
åêò � 12-01-00722-à).
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â ìîìåíò t ýíåðãîáëîêà; x0(t) � èçâåñòíàÿ äèíàìèêà ââîäîâ ìîùíîñòåé íà
[a(t0), t0).

Óðàâíåíèå (1) ñîîòâåòñòâóåò îäíîñåêòîðíîìó âàðèàíòó ìîäåëè Â.Ì.
Ãëóøêîâà [2].

Â [3] â îñíîâó ìîäåëèðîâàíèÿ ðàçâèòèÿ ÝÝÑ ïîëîæåíî îáîáùàþùåå (1)
óðàâíåíèå

n∑
i=1

ai−1(t)∫
ai(t)

Ki(t, s)x(s)ds = y(t), t ∈ [t0, T ], a0(t) ≡ t, an(t0) ≤ t0, (2)

â êîòîðîì i-å ñëàãàåìîå ñîîòâåòñòâóåò i-îé âîçðàñòíîé ãðóïïå ýëåìåíòîâ ñè-
ñòåìû. Ïðè ýòîì ñïåöèôèêà ôóíêöèé ai(t), îïðåäåëÿþùèõ ñóùåñòâîâàíèå
ðåøåíèÿ è åãî ïðèíàäëåæíîñòü òîìó èëè èíîìó êëàññó, çàâèñèò îò ãèïîòåç î
äèíàìèêå ñòàðåíèÿ îáîðóäîâàíèÿ ýëåêòðîñòàíöèé. Äëÿ íåêîòîðûõ ÷àñòíûõ
ñëó÷àåâ äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ (2)
â C[t0,T ] ïðèâåäåíû â [4].

Ïðèìåíèòåëüíî ê ÝÝÑ Ðîññèè â [3] ñ èñïîëüçîâàíèåì èíôîðìàöèè î ââî-
äàõ ãåíåðèðóþùèõ ìîùíîñòåé ñ 1950 ïî 2009 ãîäû äàí àíàëèç ñòðàòåãèé
ðàçâèòèÿ íà ïåðñïåêòèâó äî 2050 ãîäà.

Â íàñòîÿùåé ðàáîòå, â ðàçâèòèå ðåçóëüòàòîâ [3], ó÷òåíû äàííûå ïî ââîäàì
ìîùíîñòåé â 2010-2013 ãîäàõ. Ñóùåñòâåííîå óâåëè÷åíèå ââîäîâ â ïîñëåäíèå
ãîäû äåëàåò ðåàëèñòè÷íîé ïðåäëàãàåìóþ ñòðàòåãèþ óìåíüøåíèÿ ê 2020 ãîäó
ñðåäíåãî âîçðàñòà ãåíåðèðóþùåãî îáîðóäîâàíèÿ ñ 35 äî 32 ëåò. Ðàññìîòðåíà
òàêæå ïîñòàíîâêà çàäà÷è îïòèìàëüíîãî âûáîðà â (2) ôóíêöèè an(t), îïðåäå-
ëÿþùåé äèíàìèêó âûâîäà èç ýêñïëóàòàöèè óñòàðåâøåãî îáîðóäîâàíèÿ. Ïðè
ýòîì â êà÷åñòâå êðèòåðèÿ îïòèìèçàöèè âûáðàí ôóíêöèîíàë ñóììàðíûõ çà-
òðàò çà T − t0 (ëåò) íà ââîä íîâîãî è ðåìîíò è ýêñïëóàòàöèþ èìåþùåãîñÿ
îáîðóäîâàíèÿ, à ôàçîâàÿ ïåðåìåííàÿ óäîâëåòâîðÿåò èíòåãðàëüíîìó îãðàíè-
÷åíèþ (2).
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Â ìîäåëè ôèðìà õàðàêòåðèçóåòñÿ ôîðìàòîì òîðãîâëè[1], ïðèìåíÿåìîé
åþ òåõíîëîãèåé S̄m, êîòîðàÿ îïèñûâàåòñÿ ïàðîé êîýôôèöèåíòîâ çàòðàò
(akm, alm), ãäå akm � äîëÿ çàòðàò êàïèòàëà, alm � äîëÿ çàòðàò òðóäà, ÷èñ-
ëåííîñòüþ ñîòðóäíèêîâ L ïëîùàäüþ òîðãîâîãî çàëà è îáú¼ìîì îñíîâíîãî
êàïèòàëà K. Ñîñòîÿíèå îòðàñëè â ïåðèîä t � ýòî ñïèñîê ñîñòîÿíèé ôèðì âî
âðåìÿ t.

Ïîèñê íîâîé òåõíîëîãèè ïðîèñõîäèò ñëåäóþùèì îáðàçîì. Äëÿ êàæäîãî
ôîðìàòà çàäàåòñÿ ïîñòîÿííîå ìíîæåñòâî òåõíîëîãè÷åñêèõ âîçìîæíîñòåé[2].
Ôèðìà ìîæåò âåñòè ïîèñê òîëüêî ñðåäè òåõíîëîãèé, çàäàííûõ äëÿ åå ôîðìà-
òà. Äëÿ ëþáîé ôèðìû, çàíÿòîé òàêèì îáñëåäîâàíèåì, ïîèñê ëîêàëåí â òîì
ñìûñëå, ÷òî ðàñïðåäåëåíèå âåðîÿòíîñòåé òîãî, ÷òî íàéäåíî, ñîñðåäîòî÷åíî
íà òåõíîëîãèÿõ, áëèçêèõ òåêóùåé. Çàíÿòàÿ ïîèñêîì ôèðìà ìîæåò ïðèñìàò-
ðèâàòüñÿ ê òîìó, ÷òî äåëàþò äðóãèå ôèðìû, èñïîëüçóþùèå òîò æå ôîðìàò
òîðãîâëè, ÷òî è îíà.

Ïîèñê òåõíîëîãèè ïðîèñõîäèò â ñëåäóþùåé ïîñëåäîâàòåëüíîñòè: Ôèðìû
äåëÿòñÿ íà èìèòàòîðîâ è íîâàòîðîâ. Ñ âåðîÿòíîñòüþ IM ôèðìà ÿâëÿåòñÿ
èìèòàòîðîì, ïðè ýòîì ïîèñê ïðîèñõîäèò òàê:

S′t
i : ξ =

{
S̄m, S̄m ∈

[
S̄1, S̄OT

]
, P
(
ξ = S̄m

)
=

∑Nt
j=1Q

t
j

(
S̄m
)∑Nt

j=1Q
t
j

}
,

i = 1..Nt, t = 1..n,

ãäå Qtj � äîõîä j-îé ôèðìû, èñïîëüçóþùåé òåõíîëîãèþ Sm â ïåðèîä t.
Ñ âåðîÿòíîñòüþ (1− IM) ôèðìà ñàìîñòîÿòåëüíî èùåò òåõíîëîãèþ:

S′t
i : ξ =

{
S̄m, D

(
S̄ti , S̄m

)
∈ [−D,D] , P

(
ξ = S̄m

)
=

1−R

D
(
S̄ti , S̄m

)} ,
i = 1..Nt, t = 1..n,

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (ãîñóäàðñòâåííîå çàäà-
íèå � 2014/36).
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ãäå D
(
S̄ti , S̄m

)
� ðàññòîÿíèå ìåæäó òåõíîëîãèÿìè S̄ti è S̄m.

Åñëè ôèðìà íàøëà íîâóþ òåõíîëîãèþ, òî îíà ïðîâåðÿåò å¼ íà ïðèáûëü-
íîñòü:

Kt
i · akti + Lti · alti < Kt

i · ak′
t
i + Lti · al′

t
i

Åñëè òåõíîëîãèÿ âûäåðæèâàåò äàííûé òåñò, òî îíà ïðèíèìàåòñÿ, èíà÷å îñòà-
¼òñÿ ñòàðàÿ òåõíîëîãèÿ.

Äàííàÿ ìîäåëü áûëà àïðîáèðîâàíà íà ïðèìåðå ðîçíè÷íîé òîðãîâëè
ã. Âëàäèâîñòîêà. Èñõîäíûå äàííûå äëÿ ìîäåëèðîâàíèÿ áûëè ñîñòàâëåíû íà
îñíîâå ñòàòèñòè÷åñêîé èíôîðìàöèè[4,5] è ýêñïåðòíûõ îöåíîê.

Íà îñíîâàíèè ïðîâåäåííîãî àíàëèçà ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ìîæíî
ñäåëàòü âûâîä, ÷òî ìîäåëü àäåêâàòíî îòðàæàåò äèíàìèêó îñíîâíûõ ïîêàçà-
òåëåé ðîçíè÷íîé òîðãîâëè ãîðîäà Âëàäèâîñòîêà. Ñëåäîâàòåëüíî, ìîäåëü ìî-
æåò áûòü èñïîëüçîâàíà äëÿ ïðîãíîçèðîâàíèÿ ðàçâèòèÿ ðîçíè÷íîé òîðãîâëè.
Ñòîèò îòìåòèòü âàæíóþ îñîáåííîñòü ýâîëþöèîííîãî ïîäõîäà, ïîçâîëÿþùåãî
ìîäåëèðîâàòü äèíàìèêó ïðîöåññîâ ìåçî- è ìàêðî-óðîâíÿ ýêîíîìèêè ñ ó÷åòîì
ïðîöåññîâ, ïðîòåêàþùèõ íà ìèêðî-óðîâíå ýêîíîìèêè. Ïîëó÷åííûå ðåçóëü-
òàòû ïîäòâåðæäàþò ýôôåêòèâíîñòü èñïîëüçîâàíèÿ ýâîëþöèîííîãî ïîäõîäà
äëÿ ìîäåëèðîâàíèÿ ìàêðî-ýêîíîìè÷åñêîé äèíàìèêè.

ËÈÒÅÐÀÒÓÐÀ
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NUMERICAL SIMULATION OF NATURAL GAS FILTRATION
ON THE BASIS OF DOUBLY POROSITY MODEL

Áîíäàðåâ Ý.À.1, Ãðèãîðüåâ À.Â.2

1Èíñòèòóò ïðîáëåì íåôòè è ãàçà ÑÎ ÐÀÍ, ßêóòñê, Ðîññèÿ;
bondarev@ipng.ysn.ru

2ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ; re5itsme@gmail.com

Ðîññèÿ ÿâëÿåòñÿ êðóïíåéøèì ïîñòàâùèêîì è ìèðîâûì ëèäåðîì ïî çà-
ïàñàì ãàçà. Íà ïðàêòèêå ÷àñòî âñòðå÷àþòñÿ ãàçîíîñíûå ïëàñòû ñ íàëè÷èåì
ðàçâèòîé ñèñòåìû òðåùèí. Ïðè ìîäåëèðîâàíèè ïîäîáíûõ ïëàñòîâ âîçíèêà-
åò íåîáõîäèìîñòü ó÷èòûâàòü ñèñòåìó òðåùèí. Äëÿ ýòîãî äàííûé ïëàñò ðàñ-
ñìàòðèâàåòñÿ êàê òðåùèíîâàòî-ïîðèñòàÿ ñðåäà (êîíöåïöèÿ âëîæåííûõ ñðåä).
Òðåùèíîâàòî-ïîðèñòàÿ ñðåäà ðàññìàòðèâàåòñÿ êàê ñèñòåìà ïîðîâûõ áëîêîâ
ðàçäåëåííàÿ ñèñòåìîé òðåùèí. Ãàç íàñûùàåò êàê ïîðîâûå áëîêè, òàê è òðå-
ùèíû. Îñíîâíûå çàïàñû ãàçà õðàíÿòñÿ â ïîðîâûõ áëîêàõ, òðåùèíû, â ñâîþ
î÷åðåäü, îòâå÷àþò çà ïåðåíîñ äàííûõ çàïàñîâ. Îïèñàííûå ñâîéñòâà ñòðóêòó-
ðû ïóñòîòíîãî ïðîñòðàíñòâà òðåùèíîâàòî-ïîðèñòîé ñðåäû ÷àñòî íàçûâàþò
ñðåäîé ñ äâîéíîé ïîðèñòîñòüþ, êîòîðàÿ îòðàæåíà â ðàáîòàõ Áàðåíáëàòòà,
Æåëòîâà, Êî÷èíîé. Çàìåòèì, ÷òî çà ìåõàíèçì ïåðåòîêà ìåæäó òðåùèíàìè è
ïîðèñòûìè áëîêàìè îòâå÷àåò ðàçíîñòü äàâëåíèé. Ðàññìàòðèâàþòñÿ ìîäåëè
äâîéíîé ïîðèñòîñòè, êîòîðûå ïðåäñòàâëÿþò èç ñåáÿ ñèñòåìó äâóõ ñâÿçàí-
íûõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà. Îñíîâíûì âàðèàíòîì äàííîãî êëàññà
ìîäåëåé ÿâëÿåòñÿ ìîäåëü Áàðåíáëàòòà, â êîòîðîé ñâÿçü ìåæäó óðàâíåíèÿ-
ìè îñóùåñòâëÿåòñÿ ÷åðåç îáìåííûé ïåðåòîê ìåæäó ñðåäàìè. Ìîäåëèðîâàíèå
ïðèðîäíîãî ãàçà èìååò ñâîè îñîáåííîñòè. Îáñóæäàåòñÿ îáîáùåíèå ìîäåëè
äâîéíîé ïîðèñòîñòè äëÿ ñëó÷àÿ ôèëüòðàöèè ãàçà.
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1Èíñòèòóò ïðîáëåì áåçîïàñíîãî ðàçâèòèÿ àòîìíîé ýíåðãåòèêè ÐÀÍ,
Ìîñêâà, Ðîññèÿ; vabishchevich@gmail.com
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Õîòÿ ëþäè ïî-ïðåæíåìó èùóò ýôôåêòèâíûå ñïîñîáû ýêñïëóàòàöèþ âîç-
îáíîâëÿåìûõ èñòî÷íèêîâ ýíåðãèè, àòîìíûå ýëåêòðîñòàíöèè ïðîäîëæàþò èã-
ðàòü âàæíóþ ðîëü â êà÷åñòâå èñòî÷íèêà ýíåðãèè â ìèðå. Òàê êàê íåâîçìîæ-
íî ýêñïåðèìåíòàëüíî ïðîâåðèòü áåçîïàñíîñòü â ñëó÷àå íåèñïðàâíîñòè èëè
àâàðèè, ÷èñëåííûå ìîäåëèðîâàíèÿ ÿäåðíûõ ðåàêòîðîâ èìååò ïåðâîñòåïåííîå
çíà÷åíèå. Ìîäåëèðîâàíèå àêòèâíîé çîíû ðåàêòîðà, êàê ïðàâèëî, ðàçäåëÿþò
íà òåðìîãèäðàâëè÷åñêóþ ìîäåëü, êîòîðàÿ îïèñûâàåò ïîòîê òåïëà â îõëàæäà-
þùåé æèäêîñòè ðåàêòîðà è íà óðàâíåíèå íåéòðîííîãî áàëàíñà, îïèñûâàþùàÿ
ÿäåðíîå äåëåíèå â òîïëèâíûõ ñòåðæíÿõ. Ñòàíäàðòíîé ìîäåëüþ äëÿ îïèñà-
íèÿ áàëàíñà íåéòðîíîâ â ÿäåðíîì ðåàêòîðå, ÿâëÿåòñÿ óðàâíåíèå äèôôóçèè
íåéòðîíîâ. Ðàññìàòðèâàåòñÿ äâóõãðóïïîâîå óðàâíåíèå äèôôóçèè íåéòðîíîâ
â ãåêñàãîíàëüíîé ãåîìåòðèè. Ðåøåíèåì äàííîãî óðàâíåíèÿ ÿâëÿåòñÿ ýôôåê-
òèâíûé êîýôôèöèåíò ðàçìíîæåíèÿ íåéòðîíîé, êîòîðûé ÿâëÿåòñÿ ìåðîé êðè-
òè÷íîñòè ðåàêòîðà. Äëÿ ÷èñëåííîãî ðåøåíèÿ èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ
ýëåìåíòîâ ñ ïîìîùüþ âû÷èñëèòåëüíîãî ïàêåòà Fenics, à äëÿ ïîñòðîåíèÿ è
ãåíåðàöèè ñåòêè ïàêåò Gmsh.
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Ðàññìàòðèâàåòñÿ ñèñòåìà äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâà-
þùàÿ ðàçâèòèå ïîïóëÿöèè ïðè íàëè÷èè îõðàíÿåìîé òåððèòîðèè:{

ẋ = gx+ d1(y − x)− hx2 − b,
ẏ = ay + d2(x− y)− cy2.

(1)

Çäåñü x è y � ÷èñëåííîñòè ïîïóëÿöèè, a è g � êîýôôèöèåíòû ïðèðîñòà ïî-
ïóëÿöèè, c, h � êîýôôèöèåíòû âíóòðèâèäîâîé êîíêóðåíöèè, ñîîòâåòñòâåííî,
íà îõðàíÿåìîé òåððèòîðèè è âíå å¼; d1 è d2 � êîýôôèöèåíòû îáìåíà ìåæäó
îõðàíÿåìîé òåððèòîðèåé è îñòàëüíîé ÷àñòüþ àðåàëà; b � âåëè÷èíà äîáû÷è
ïîïóëÿöèè âíå îõðàíÿåìîé òåððèòîðèè. Êîýôôèöèåíò g � ëþáîå äåéñòâè-
òåëüíîå ÷èñëî, âñå îñòàëüíûå êîýôôèöèåíòû ïîëîæèòåëüíû.

Èçó÷àåòñÿ ñëó÷àé, êîãäà â ñèñòåìå ÷ëåíû d1(y−x) è d2(x−y) èìåþò âèäû
d1y è −d2y. Ýòî îçíà÷àåò, ÷òî ïðîèñõîäèò íåïðåðûâíîå ïîïîëíåíèå íåîõðà-
íÿåìîé ñóáïîïóëÿöèè çà ñ÷åò ñóáïîïóëÿöèè íà îõðàíÿåìîé òåððèòîðèè. Ïðè
ýòîì áóäåì ïðåäïîëàãàòü, èñõîäÿ èç óñëîâèÿ íåâûìèðàíèÿ îõðàíÿåìîé ñóá-
ïîïóëÿöèè, ÷òî a− d2 > 0.

Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷åíèå âîçìîæíûõ ðàñïîëîæåíèé òðàåêòîðèé
ñèñòåìû (1) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ ñèñòåìû.

Â îòëè÷èå îò ñëó÷àÿ, ðàññìîòðåííîãî â [1], êîëè÷åñòâî îñîáûõ òî-
÷åê â ñèñòåìå (1) ìîæåò èçìåíÿòüñÿ îò 0 äî 4. Ýòî ñåäëî â òî÷êå

M1

(
g+

√
g2−4hb

2h
, 0

)
, íåóñòîé÷èâûé óçåë â òî÷êå M2

(
g−

√
g2−4hb

2h
, 0

)
, óñòîé-

÷èâûé óçåë â òî÷êå M3

(
g+D
2h

, a−d2
c

)
è ñåäëî â òî÷êå M4

(
g−D
2h

, a−d2
c

)
. Çäåñü

D =

√
g2 − 4h

(
b− d1(a−d2)

c

)
.

Òî÷êè K
(
g
2h
, 0
)
, L
(
g
2h
, a−d2

c

)
ïîëó÷àþòñÿ â ïðåäåëüíûõ ñëó÷àÿõ, êîãäà

òî÷êè M1 è M2, òî÷êè M3 è M4 ñòÿãèâàþòñÿ â îäíó òî÷êó � ñåäëî-óçåë.
Òàêèì îáðàçîì, â ñèñòåìå èìåþòñÿ äâà áèôóðêàöèîííûõ ïàðàìåòðà b =

g2

4h
, b = g2

4h
+ d1(a−d2)

c
, èçìåíåíèÿ çíàêîâ êîòîðûõ ïðèâîäÿò ê èçìåíåíèþ

ôàçîâûõ ïîðòðåòîâ òðàåêòîðèé.
Ïðè g < 0 ìîæåò ñóùåñòâîâàòü òîëüêî îäíà îñîáàÿ òî÷êà � óñòîé÷èâûé

óçåë, èëè îñîáûõ òî÷åê âîîáùå íå áóäåò. Áèôóðêàöèííûé ïàðàìåòð òàêæå
áóäåò òîëüêî îäèí. Òàêèì îáðàçîì, ïðè ïîïîëíåíèè âûðîæäàþùåéñÿ ïîïó-
ëÿöèè èìååòñÿ òîëüêî äâà âàðèàíòà å¼ ðàçâèòèÿ âî âðåìåíè.
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Ðèñ 1.

a) g = 2, a = 4, d1 = 1.4, d2 = 1.5, h = 1, c = 1.2, b = 3.92, L(1, 2.083) - ñåäëî-
óçåë;

b) g = 2.5, a = 3, d1 = 1.4, d2 = 1.5, h = 1.2, c = 2.2, b = 1, M1(1.543, 0) -
ñåäëî, M2(0.54, 0) - íå óñòîé÷èâûé óçåë, M3(2.065, 0.682) - óñòîé÷èâûé óçåë,
M4(0.018, 0.682) - ñåäëî
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ÓÏÐÎÙÅÍÍÀß ÒÐÅÕÌÅÐÍÀß ÌÎÄÅËÜ ÒÅÏËÎÂÎÃÎ
ÏÐÎÖÅÑÑÀ È ÎÏÐÅÄÅËÅÍÈÅ ÔÓÍÊÖÈÈ

ÒÅÏËÎÎÁÐÀÇÎÂÀÍÈß Â ÏÎËÈÌÅÐÍÛÕ ÏÎÄØÈÏÍÈÊÀÕ
ÑÊÎËÜÆÅÍÈß

SIMPLIFIED 3D MODEL OF THERMAL PROCESS AND
DEFINITION OF HEAT GENERATION FUNCTION IN

POLYMER SLIDING BEARING

Âàñèëüåâà Ì.À., Êîíäàêîâ À.Ñ., Ñòàðîñòèí Í.Ï.1

Èíñòèòóò ïðîáëåì íåôòè è ãàçà ÑÎ ÐÀÍ, ßêóòñê, Ðîññèÿ;
1eowa@mail.ru

Òåìïåðàòóðíîå ïîëå â ïîäøèïíèêå ñêîëüæåíèÿ áóäåì ðàññìàòðèâàòü â
íåïîäâèæíîé öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò (r, φ, z). Ïðèìåì äîïóùå-
íèå îá îäíîðîäíîñòè ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî äëèíå ïîäøèïíèêà è
êîðïóñà. Òîãäà â ïðåäåëàõ çîíû êîíòàêòà ñ âòóëêîé ðàñïðåäåëåíèå òåìïåðà-
òóðû íà ïîâåðõíîñòè âàëà ïî îñåâîé êîîðäèíàòå òàêæå íåîáõîäèìî ñ÷èòàòü
îäíîðîäíûì è îïðåäåëÿòü ïóòåì îñðåäíåíèÿ èñòèííîãî ðàñïðåäåëåíèÿ. Äåé-
ñòâèòåëüíî, ðåçóëüòàòû ðàñ÷åòîâ ïîêàçûâàþò, ÷òî ïðè äëèíå âòóëêè 2 ñì
ðàçíèöà ìåæäó ìàêñèìàëüíîé è ìèíèìàëüíîé òåìïåðàòóðîé ïî îñåâîé êîîð-
äèíàòå ñîñòàâëÿåò 1− 2◦C [1]. Îòêëîíåíèå èñòèííîé òåìïåðàòóðû ïîâåðõíî-
ñòè âàëà îò îñðåäíåííîé â ïðåäåëàõ äëèíû âòóëêè íå ïðåâûñèò 0, 5◦C. Ïî
óãëîâîé êîîðäèíàòå â çîíå êîíòàêòà âàëà ðàñïðåäåëåíèå òåìïåðàòóðû áóäåò
íåîäíîðîäíûì.

Òåìïåðàòóðíîå ïîëå U(r, φ, z, t) â âàëå îïèñûâàåòñÿ òðåõìåðíûì óðàâ-
íåíèåì òåïëîïðîâîäíîñòè ñ êîíâåêòèâíûì ÷ëåíîì, ó÷èòûâàþùèì âðàùåíèå
âàëà:

C1(U)
∂U

∂t
=

1

r

∂

∂r

(
rλ1(U)

∂U

∂r

)
+

1

r2
∂

∂φ

(
λ1(U)

∂U

∂φ

)
+

+Ω(t)C1(U)
∂U

∂φ
+

∂

∂z

(
λ1(U)

∂U

∂z

)
.

(1)

Ðàñïðåäåëåíèå òåìïåðàòóðû T (r, φ, t) âî âòóëêå ñ îáîéìîé îïèñûâàåò-
ñÿ äâóìåðíûì óðàâíåíèåì òåïëîïðîâîäíîñòè ñ ðàçðûâàìè êîýôôèöèåíòîâ
Cp(T ), λp(T ) íà ãðàíèöå ñîïðÿæåíèÿ âòóëêè ñ îáîéìîé ïðè r = R2:

Cp(T )
∂T

∂t
=

1

r

∂

∂r

(
rλp(T )

∂T

∂r

)
+

1

r2
∂

∂φ

(
λp(T )

∂T

∂φ

)
, (2)

p = 2 - äëÿ âòóëêè, p = 3 - äëÿ îáîéìû.
Â êîíòàêòíîé çîíå çàïèñûâàåòñÿ óñëîâèå ðàâåíñòâà ñóììàðíîãî òåïëîâîãî

ïîòîêà îò òðåíèÿ ñóììå òåïëîâûõ ïîòîêîâ, èäóùèõ âî âòóëêó è âàë

λ1(U)
∂U(r, φ, z, t)

∂r

∣∣∣∣
r=R V2

− λ2(T )
∂T (r, φ, t)

∂r

∣∣∣∣
r=R1

=
Q(φ, t)

S
, (3)
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ãäå S = 2φ0R1l4, |φ| ≤ φ0, L1 ≤ z ≤ L2, è óñëîâèå ðàâåíñòâà òåìïåðàòóðû
âòóëêè è îñðåäíåííîé ïî îñåâîé êîîðäèíàòå òåìïåðàòóðû âàëà

T (R1, φ, t) =

∫ L2

L1

U(RV2, φ, z, t)dz/(L2 − L1), |φ| ≤ φ0. (4)

Íà÷àëüíîå è ãðàíè÷íûå óñëîâèÿ îñòàþòñÿ òàêèìè æå, êàê â ðàáîòå [2].
Äàííàÿ ïðÿìàÿ çàäà÷à (1) − (4) ðåøàåòñÿ ÷èñëåííî ìåòîäîì ðàñùåïëåíèÿ
ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, çàêëþ÷àþùèìñÿ â ïîýòàïíîì ðåøåíèè
îäíîìåðíûõ ðàçíîñòíûõ óðàâíåíèé.

Äëÿ òåïëîâîé äèàãíîñòèêè òðåíèÿ ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ îáðàòíàÿ
çàäà÷à òåïëîâîé äèàãíîñòèêè òðåíèÿ ñ èñïîëüçîâàíèåì óïðîùåííîé ìîäåëè
(1)−(4). Ïðèâîäÿòñÿ ðåçóëüòàòû ñðàâíåíèÿ ðàñïðåäåëåíèé òåìïåðàòóð, ïîëó-
÷åííûõ ðåøåíèåì ïðÿìûõ çàäà÷ ñ èñïîëüçîâàíèåì äâóìåðíîãî è óïðîùåííîé
òðåõìåðíîé òåïëîâûõ ìîäåëåé. Äëÿ îöåíêè ýôôåêòèâíîñòè ðàçðàáîòàííîãî
ìåòîäà òåïëîâîé äèàãíîñòèêè òðåíèÿ ïðîâåäåíà ýêñïåðèìåíòàëüíàÿ ïðîâåð-
êà âîññòàíîâëåíèÿ ïî çàìåðàì òåìïåðàòóðû ñèëû òðåíèÿ, èçìåíÿþùåéñÿ âî
âðåìåíè
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Âàñèëüåâà Ì.À., Ñòàðîñòèí Í.Ï.1
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Ñîãëàñíî íîðìàòèâíûì äîêóìåíòàì, ðàçìàòûâàíèå äëèííîìåðíûõ ïîëè-
ýòèëåíîâûõ òðóá äëÿ ãàçîïðîâîäîâ èõ áóõò îñóùåñòâëÿåòñÿ ïðè òåìïåðàòóðå
íàðóæíîãî âîçäóõà íå íèæå ïëþñ 10◦C. Ïðè áîëåå íèçêîé òåìïåðàòóðå íà-
ðóæíîãî âîçäóõà òðóáû â áóõòàõ ïîäîãðåâàþò äî òðåáóåìîé òåìïåðàòóðû,
ðàçìåùàÿ èõ íà âðåìÿ íå ìåíåå 4 ÷àñîâ â îòàïëèâàåìîå ïîìåùåíèå èëè ðàçî-
ãðåâàþò ïðè ïîìîùè âîçäóõîäóâíîé ìàøèíû äî äîñòèæåíèÿ òåìïåðàòóðû
íàðóæíîé è âíóòðåííåé ïîâåðõíîñòè áóõòû íå íèæå (15±5)◦C [1].
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Ðèñ. 1. Ñîïîñòàâëåíèå ðàñ÷åòíûõ T1 è ýêñïåðèìåíòàëüíûõ T2

çàâèñèìîñòåé òåìïåðàòóð â òî÷êå (R2, 100)

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ óïðîùåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü òåïëî-
âîãî ïðîöåññà ïîäîãðåâà íàãðåòûì âîçäóõîì äëèííîìåðíîé ïîëèýòèëåíîâîé
òðóáû â áóõòå, èìåþùåé òåìïåðàòóðó íàðóæíîãî âîçäóõà, è óêðûòîé âîçäó-
õîíåïðîíèöàåìûì ìàòåðèàëîì (ïîëèýòèëåíîâîé ïëåíêîé). Â ìîäåëè ó÷èòû-
âàåòñÿ îõëàæäåíèå ïî äëèíå òðóáû ïîäàâàåìîãî íàãðåòîãî âîçäóõà çà ñ÷åò
òåïëîîòäà÷è â ñòåíêó òðóáû. Ïîäîãðåâ áóõòû ñ òðóáîé îñóùåñòâëÿëñÿ ïîä
óêðûòèåì ñ òåìïåðàòóðîé 20◦C. Òåìïåðàòóðà ïîäàâàåìîãî íàãðåòîãî âîçäó-
õà ðàâíà 60◦C, îêðóæàþùåãî âîçäóõà ðàâíà ìèíóñ 12◦C. Ñêîðîñòü ïîòîêà
ïîäàâàåìîãî âîçäóõà ðàâíà 8 ì/ñ. Ïîñòàâëåííàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì
êîíå÷íûõ ðàçíîñòåé ñ èñïîëüçîâàíèåì ðàñùåïëåíèÿ ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì è ôèçè÷åñêèì ïðîöåññàì [2]. Ðàñ÷åòàìè ïîêàçàíî, ÷òî ïðîäîë-
æèòåëüíîñòü ïîäîãðåâà, îïðåäåëÿåìîå âðåìåíåì íåîáõîäèìûì äëÿ äîñòèæå-
íèÿ â ñòåíêå íà êîíöå òðóáû òåìïåðàòóðû 15◦C, ñîñòàâëÿåò 1÷. 35 ìèí (ðèñ.
1).

Ïðåäëîæåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ìîæåò áûòü èñïîëüçîâàíà äëÿ
ïðîãíîçèðîâàíèÿ ïðîäîëæèòåëüíîñòè ïîäîãðåâà òðóáû â áóõòå ïðè ðàçëè÷-
íûõ òåìïåðàòóðàõ îêðóæàþùåãî âîçäóõà. Ïðåäëàãàåìûé ïîäõîä ïðèáëèæåí-
íîãî ðàñ÷åòà èçìåíåíèÿ òåìïåðàòóðû ñòåíêè òðóá ïðè âûíóæäåííîì òå÷åíèè
âîçäóõà â êðóãëîé òðóáå ìîæåò áûòü èñïîëüçîâàí äëÿ ðàñ÷åòà ïðîäîëæèòåëü-
íîñòè ïîäîãðåâà ïîëèýòèëåíîâûõ òðóá ðàçëè÷íîãî òèïîðàçìåðà.
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Ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà

∂w

∂t
=

∂

∂z
(D(w)

∂w

∂z
)− k′(w)

∂w

∂z
, 0 < z < s(t), 0 < t ≤ T, (1)

â îáëàñòè ñ íåèçâåñòíîé ïîäâèæíîé ãðàíèöåé s(t), ñî ñëåäóþùèìè óñëîâèÿìè

−D(w)
∂w

∂z
+ k(w) = q(t), z = 0, 0 < t ≤ T, (2)

w(z, t) = ws, z = s(t), 0 < t ≤ T, (3)

ãäå s(0) = 0, s′(t) > 0, t > 0. Ôóíêöèè ws, k(w), D(w), q(t) ñ÷èòàþòñÿ çàäàí-
íûìè. Çàäà÷à (1) − (3) îïèñûâàåò ôèëüòðàöèè æèäêîñòåé â ïîðèñòîé ñðåäå
ñ ÷àñòè÷íûì íàñûùåíèåì, à òàêæå èíôèëüòðàöèè � ïðîíèêíîâåíèÿ â ïî÷âó
ñëîÿ æèäêîñòåé, ðàçëèòûõ ïî ïîâåðõíîñòè çåìëè.

Ó÷èòûâàÿ, ÷òî çàêîí ïåðåìåùåíèÿ ïîäâèæíîé ãðàíèöû íåèçâåñòåí, çàäà-
åòñÿ äîïîëíèòåëüíîå óñëîâèå íà èçâåñòíîé ÷àñòè ãðàíèöû

w(z, t) = wp(t), z = 0, 0 < t ≤ T. (4)

Çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèé w(x, t),s(t), óäîâëåòâîðÿþ-
ùèõ óðàâíåíèþ (1) è çàäàííûì óñëîâèÿì (2)−(4). Çàäà÷à (1)−(4) îòíîñèòñÿ
ê êëàññó êðàåâûõ çàäà÷ ñî ñâîáîäíîé ãðàíèöåé. Îäíàêî èç-çà òîãî, ÷òî äî-
ïîëíèòåëüíîå óñëîâèå çàäàíî íà èçâåñòíîé ÷àñòè ãðàíèöû, çàäà÷à (1) − (4)
ÿâëÿåòñÿ íåêîððåêòíîé.

Äëÿ ÷èñëåííîãî ðåøåíèÿ ïîñòàâëåííîé íåêîððåêòíîé çàäà÷è ïîñòðîåí
ðàçíîñòíûé àíàëîã çàäà÷è è ïðåäëîæåí áåçûòåðàöèîííûé àëãîðèòì ðåøå-
íèÿ ïîëó÷åííîé ñèñòåìû ðàçíîñòíûõ óðàâíåíèé.
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NONSTATIONARY COMPLEX HEAT TRANSFER PROBLEM

Ãðåíêèí Ã.Â.1,2, ×åáîòàðåâ À.Þ.1,2

1Äàëüíåâîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò, Âëàäèâîñòîê, Ðîññèÿ;
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Ýâîëþöèîííàÿ íîðìàëèçîâàííàÿ äèôôóçèîííàÿ ìîäåëü, îïèñûâàþùàÿ
ðàäèàöèîííûé, êîíäóêòèâíûé è êîíâåêòèâíûé òåïëîîáìåí â îãðàíè÷åííîé
îáëàñòè Ω ⊂ R3, èìååò ñëåäóþùèé âèä [1, 2]:

∂θ/∂t− a∆θ + v · ∇θ + bκa(|θ|θ3 − φ) = 0, (1)

ν∂φ/∂t− α∆φ+ κa(φ− |θ|θ3) = 0, x ∈ Ω, t ∈ (0, T ). (2)

Çäåñü θ � íîðìàëèçîâàííàÿ òåìïåðàòóðà, φ � íîðìàëèçîâàííàÿ èíòåíñèâ-
íîñòü èçëó÷åíèÿ, óñðåäíåííàÿ ïî âñåì íàïðàâëåíèÿì, v � çàäàííîå ïîëå ñêî-
ðîñòåé, κa � êîýôôèöèåíò ïîãëîùåíèÿ, a, b, α � ïîëîæèòåëüíûå ÷èñëà.

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè θ, φ, îïèñûâàþùèå ïðîöåññ ñëîæíî-
ãî òåïëîîáìåíà, óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì íà ãðàíèöå Γ = ∂Ω è
íà÷àëüíûì óñëîâèÿì:

a∂nθ + β(θ − θb)|Γ = 0, α∂nφ+ γ(φ− θ4b )
∣∣
Γ
= 0, (3)

θ|t=0 = θ0, φ|t=0 = φ0. (4)

Çäåñü ÷åðåç ∂n îáîçíà÷àåì ïðîèçâîäíóþ â íàïðàâëåíèè âíåøíåé íîðìàëè n.
Íåîòðèöàòåëüíàÿ ôóíêöèÿ θb, ôóíêöèè β = β(x), γ = γ(x), x ∈ Γ, îïèñû-
âàþùèå, â ÷àñòíîñòè, îòðàæàþùèå ñâîéñòâà ãðàíèöû, è íà÷àëüíûå ôóíêöèè
θ0, φ0 ÿâëÿþòñÿ çàäàííûìè.

Áóäåì ïðåäïîëàãàòü, ÷òî èñõîäíûå äàííûå óäîâëåòâîðÿþò óñëîâèÿì:
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(i) v ∈ L∞(0, T ;H1(Ω)), divv = 0.
(ii) β, γ ∈ L∞(Σ), β ≥ β0 > 0, γ ≥ γ0 > 0, β0, γ0 = const, 0 ≤ θb ∈

L∞(Σ).
(iii) 0 ≤ θ0, φ0 ∈ L∞(Ω).
(iv) β + (v · n) ≥ 0 íà òîé ÷àñòè Σ, ãäå (v · n) < 0. Çäåñü Σ = Γ× (0, T ).
Ðåçóëüòàòû äàííîé ðàáîòû çàêëþ÷àþòñÿ â äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ

è åäèíñòâåííîñòè ðåøåíèÿ ðàññìàòðèâàåìîé ñèñòåìû. Êðîìå òîãî, óñòàíîâ-
ëåíû äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî Ëÿïóíîâó äëÿ
äàííîé äèíàìè÷åñêîé ñèñòåìû.

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ïîëó÷åíû
àïðèîðíûå îöåíêè, îçíà÷àþùèå, ÷òî âñÿêîå ðåøåíèå ñèñòåìû îãðàíè÷åíî. Ñ
ïîìîùüþ ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé ìîæíî äîêàçàòü ëîêàëüíóþ
ïî âðåìåíè ðàçðåøèìîñòü. Òàê êàê àïðèîðíûå îöåíêè íå çàâèñÿò îò äëèíû
èíòåðâàëà ñóùåñòâîâàíèÿ ëîêàëüíîãî ðåøåíèÿ, ëîêàëüíîå ðåøåíèå ìîæíî
ïðîäîëæèòü íà âåñü èíòåðâàë (0, T ).

Îáîçíà÷èì Q = Ω × (0, T ), V = H1(Ω), W = {y ∈ L2(0, T ;V ) : dy/dt ∈
L2(0, T ;V ′)}.

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (i)�(iv). Òîãäà íà ëþáîì êî-
íå÷íîì ïðîìåæóòêå âðåìåíè [0, T ], 0 < T < ∞ çàäà÷à (1)�(4) îäíîçíà÷-
íî ðàçðåøèìà, à ñëàáîå ðåøåíèå çàäà÷è (1)�(4) îãðàíè÷åíî â L∞(Q) ∩ W
è óäîâëåòâîðÿåò íåðàâåíñòâàì 0 ≤ θ ≤ M , 0 ≤ φ ≤ M4, ãäå M =

max
{
∥θb∥L∞(Σ), ∥θ0∥L∞(Ω), ∥φ0∥1/4L∞(Ω)

}
.

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè, êîòîðûå îçíà÷àþò, ÷òî
ñòàöèîíàðíîå òåìïåðàòóðíîå ïîëå θs èìååò ìàëûé ðàçáðîñ çíà÷åíèé.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (i)�(iv), 0 ≤ µ1 ≤ 4θ3s ≤ µ2,
âåëè÷èíà (µ2 − µ1) äîñòàòî÷íî ìàëàÿ è ∥θ0 − θs∥, ∥φ0 − φs∥ ìàëûå. Òîãäà
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå {θ, φ} ∈ L∞(0,+∞;H) ∩ L2

loc(0,+∞;V ),
òàêîå, ÷òî ∥θ − θs∥2 + ∥φ− φs∥2 ≤ Ce−kt, k > 0.

Âîïðîñ îá óñòîé÷èâîñòè ñòàöèîíàðíûõ ðåøåíèé çàäà÷è ñëîæíîãî òåïëî-
îáìåíà, äëÿ êîòîðûõ íå âûïîëíÿþòñÿ óêàçàííûå äîñòàòî÷íûå óñëîâèÿ, ÿâëÿ-
åòñÿ ïîêà îòêðûòûì. Ïðîâåäåííàÿ ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî-
êàçàëà ñóùåñòâîâàíèå ñòàöèîíàðíûõ ïîëåé, äëÿ êîòîðûõ äîñòàòî÷íûå óñëî-
âèÿ óñòîé÷èâîñòè íå âûïîëíÿþòñÿ, íî, òåì íå ìåíåå, ðåøåíèå ýâîëþöèîííîé
çàäà÷è ñòàáèëèçèðóåòñÿ.
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Ãðèãîðüåâ Þ.Ì.
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Äâèæåíèÿ æèäêîãî è òâåðäîãî ÿäåð Çåìëè èãðàþò ñóùåñòâåííóþ ðîëü â
ðàçëè÷íûõ ãåîôèçè÷åñêèõ ïðîöåññàõ. Â ÷àñòíîñòè, ïî òåîðèè "ãåîìàãíèòíîãî
äèíàìî"ìàãíèòíîå ïîëå Çåìëè îáðàçóåòñÿ çà ñ÷åò ýòîãî äâèæåíèÿ ïðîâîäÿ-
ùèõ ìàññ. Â 1996 ã. [1] áûëî îòêðûòî ÿâëåíèå äèôôåðåíöèàëüíîãî âðàùåíèÿ
òâåðäîãî ÿäðà Çåìëè, ïðèâåäåíà îöåíêà ÿâëåíèÿ - ÿäðî ïðîâîðà÷èâàåòñÿ îò-
íîñèòåëüíî ìàíòèè ïðèìåðíî íà 2 ãðàäóñà çà ãîä. Èçó÷åíèþ ýòîãî è äðóãèõ
ÿâëåíèé, ïðîèñõîäÿùèõ âíóòðè Çåìëè, ïîñâÿùåíî ìíîæåñòâî ðàáîò. Åñòü òðè
ïîäõîäà ê èçó÷åíèþ ïðîáëåì äèíàìèêè âíóòðåííèõ ìàññ Çåìëè. Ïåðâûé - îá-
ðàáîòêà ñåéñìè÷åñêèõ äàííûõ. Èìåííî ýòèì ïîäõîäîì ïîëó÷åíû äàííûå, êî-
òîðûå èíòåðïðåòèðîâàíû êàê ðåçóëüòàò äèôôåðåíöèàëüíîãî âðàùåíèÿ òâåð-
äîãî ÿäðà Çåìëè (Song X., Richards P.G., Îâ÷èííèêîâ Â.Ì., Àäóøêèí Â.Â.,
Àí Â.À. è äð.). Îäíàêî âîçìîæíû è äðóãèå èíòåðïðåòàöèè ýòèõ æå äàííûõ
(A. Souriau, R. Garcia, G. Poupinet), èç êîòîðûõ íå ñëåäóåò ôàêò äèôôåðåí-
öèàëüíîãî âðàùåíèÿ ÿäðà Çåìëè. Ðÿä àâòîðîâ ïðèäåðæèâàåòñÿ ìíåíèÿ, ÷òî
èìååò ìåñòî çàïàäíûé äðåéô òâåðäîãî ÿäðà Çåìëè. Âòîðîé ïîäõîä - óïîìÿíó-
òîå âûøå ëàáîðàòîðíîå ìîäåëèðîâàíèå (À.Ô. Ðåâóæåíêî). Òàêîé ìåòîä ïîç-
âîëÿåò ïîëó÷àòü òîëüêî êà÷åñòâåííûå ðåçóëüòàòû. È íàêîíåö, òðåòèé ïîäõîä,
- ìåòîä ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ (Îâ÷èííèêîâ Â.Ì., Àäóøêèí Â.Â.,
Àí Â.À., Ðåøåòíÿê Ì.Þ., Ðåâóæåíêî À.Ô., Ãðèãîðüåâ Þ.Ì., Æàðîâ Â.Å.,
Ïàñûíîê Â.Å., Âèëüêå Â.Ã., Áàðêèí Þ.Â., Øàéäóðîâ Â.Â.). Òàêîé ïîäõîä
ìîæåò äàòü êàêèå òî êîëè÷åñòâåííûå ðåçóëüòàòû ïî äàííîé ïðîáëåìàòèêå.
Äëÿ ïîëó÷åíèÿ ïîëíîé êàðòèíû ñèòóàöèè ïðåäñòàâëÿåòñÿ íåîáõîäèìûì ó÷è-
òûâàòü ðåçóëüòàòû âñåõ òðåõ ìåòîäîâ, êàê âçàèìîäîïîëíÿþùèõ äðóã äðóãà.
Ñóäÿ ïî ïîñëåäíèì ïóáëèêàöèÿì, îöåíêà âåëè÷èíû ñêîðîñòè äèôôåðåíöè-
àëüíîãî âðàùåíèÿ ÿäðà Çåìëè, ïîëó÷àåìàÿ ñåéñìè÷åñêèìè ìåòîäàìè, óïàëà
äî äîëåé ãðàäóñà â ãîä (R. Deguen). Òåîðåòè÷åñêèõ îöåíîê äàííîãî ÿâëåíèÿ
ïðàêòè÷åñêè íåò. Â ñâÿçè ñ ýòèì àêòóàëüíûì ÿâëÿåòñÿ ðàçðàáîòêà ìàòåìàòè-
÷åñêèõ ìîäåëåé ïðèëèâíûõ äåôîðìàöèé Çåìëè, êîòîðûå âûçûâàþò ïåðåíîñ
åå âíóòðåííèõ ìàññ. Â ðàáîòàõ [2, 3] ïîñòðîåíû êèíåìàòè÷åñêèå äâóìåðíûå

1Ðàáîòà âûïîëíåíà ïî ãðàíòó ÐÔÔÈ � 12-01-00507-à.
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ìîäåëè, êîòîðûå îïèñûâàþò âêëàä ïðèëèâíûõ äåôîðìàöèé íà âåëè÷èíó âî-
ñòî÷íîãî äèôôåðåíöèàëüíîãî âðàùåíèÿ òâåðäîãî ÿäðà Çåìëè. Â ýòèõ ìîäå-
ëÿõ íà ãðàíèöå òâåðäîãî è æèäêîãî ÿäåð Çåìëè çàäàâàëîñü óñëîâèå ïîëíîãî
ïðèëèïàíèÿ.

Â äàííîé ðàáîòå ðàçðàáîòàíà äâóìåðíàÿ ìîäåëü ïåðåíîñà âíóòðåííèõ
ìàññ Çåìëè ïðèëèâíûìè äåôîðìàöèÿìè ñ ó÷åòîì íàëè÷èÿ åå òâåðäîãî ÿä-
ðà è óñëîâèåì ÷àñòè÷íîãî ïðîñêàëüçûâàíèÿ íà ãðàíèöå òâåðäîãî è æèäêî-
ãî ÿäåð. Â ïðåäëîæåííîå ãðàíè÷íîå óñëîâèå âõîäÿò âÿçêîñòü æèäêîãî ÿäðà
Çåìëè, îäèí ðàçìåðíûé è îäèí áåçðàçìåðíûé ïàðàìåòðû. Âû÷èñëèòåëüíàÿ
ðåàëèçàöèÿ ìîäåëè ïðîâåäåíà ìåòîäîì ìàëîãî ïàðàìåòðà äî ïåðâîãî ïîðÿä-
êà ìàëîñòè. Âûÿâëåíî, ÷òî â ýòîì ïîðÿäêå ïðèáëèæåíèÿ âÿçêîñòü æèäêîãî
ÿäðà Çåìëè â íå îêàçûâàåò âëèÿíèÿ íà óãëîâóþ ñêîðîñòü äèôôåðåíöèàëü-
íîãî âðàùåíèÿ. Îöåíêà âåëè÷èíû äèôôåðåíöèàëüíîãî âðàùåíèÿ òâåðäîãî
ÿäðà Çåìëè ìîäåëè ñ óñëîâèåì ÷àñòè÷íîãî ïðîñêàëüçûâàíèÿ ñîñòàâèëà 0,39
ìèí/ãîä ñ âîñòî÷íûì íàïðàâëåíèåì.
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ÊÎÌÏËÅÊÑÎÌ ÑÂÎÉÑÒÂ ÏÐÈ ÂÎÇÄÅÉÑÒÂÈÈ ÓÏÐÓÃÈÕ,
ÑÅÉÑÌÈ×ÅÑÊÈÕ ÂÎËÍ 1

DEVELOPMENT AND APPLICATION OF MATHEMATICAL
AND COMPUTER MODELING FOR SOLVING OPTIMAL

DESIGN OF COMPOSITE STRUCTURES

Ãóñåâ Å.Ë.1,2
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Ìåòîäàìè ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïðîâåäåíî
èññëåäîâàíèå âàðèàöèîííûõ ïîñòàíîâîê çàäà÷ îïòèìàëüíîãî ñèíòåçà ôèçèêî-
ìåõàíè÷åñêîé è ãåîìåòðè÷åñêîé ñòðóêòóðû êîìïîçèöèîííûõ ìàòåðèàëîâ è
êîíñòðóêöèé ñ òðåáóåìûì êîìïëåêñîì ñâîéñòâ ïðè âîëíîâûõ âîçäåéñòâè-
ÿõ. Íà îñíîâå êîíñòðóêòèâíîãî àíàëèçà íåîáõîäèìûõ óñëîâèé îïòèìàëüíî-
ñòè óñòàíîâëåíû êà÷åñòâåííûå çàêîíîìåðíîñòè âçàèìîñâÿçè ïàðàìåòðîâ â
êîìïîçèöèîííûõ êîíñòðóêöèÿõ, ðåàëèçóþùèõ ïðåäåëüíûå âîçìîæíîñòè ïî
äîñòèæåíèþ òðåáóåìîãî êîìïëåêñà ñâîéñòâ ïðè âîëíîâûõ âîçäåéñòâèÿõ.

Øèðîêèé êðóã çàäà÷, ñâÿçàííûé êàê ñ ðåøåíèåì ïðîáëåì ñåéñìîëîãèè,
ñåéñìîñòîé-êîãî ñòðîèòåëüñòâà ñëîæíûõ òåõíè÷åñêèõ ñèñòåì, òàê è ïðîáëåì
ñîâðåìåííîãî ïðèáîðîñò-ðîåíèÿ, ñâÿçàííûõ ñî âñå âîçðàñòàþùèì ïðèìåíå-
íèåì êîìïîçèöèîííûõ ìàòåðèàëîâ, ïðè-âîäèò ê íåîáõîäèìîñòè èññëåäîâà-
íèÿ, êàê â ïðèêëàäíîì, òàê è â òåîðåòè÷åñêîì àñïåêòàõ, âîçìîæíîñòè íàè-
áîëåå ýôôåêòèâíîãî óïðàâëåíèÿ ýíåðãåòè÷åñêèìè õàðàêòåðèñòèêàìè âîëíî-
âûõ ïðîöåññîâ íà îñíîâå íàïðàâëåííîãî âûáîðà ãåîìåòðè÷åñêîé è ôèçè÷å-
ñêîé ñòðóêòóðû êîìïîçèöèîííûõ êîíñòðóêöèé [1-3].

Îäíîé èç âàæíûõ çàäà÷ èññëåäîâàíèé ÿâëÿåòñÿ ó÷åò ñëîèñòîñòè ãðóí-
òîâîãî îñíîâàíèÿ . Â ïîñëåäíèå äåñÿòèëåòèÿ â èññëåäîâàíèÿõ àâòîðîâ, ïî-
ñâÿùåííûõ ïðîáëåìàì ñåéñìîñòîéêîñòè, íàáëþäàåòñÿ òåíäåíöèÿ ó÷åòà âñå
áîëüøåãî ÷èñëà ñëîåâ ïðè èçó÷åíèè âçàèìîäåéñòâèÿ ñåéñìè÷åñêèõ âîëí ñ
êîíñòðóêöèÿìè ðàçëè÷íîãî íàçíà÷åíèÿ. Îäíàêî èññëåäîâàíèå ÿâëåíèé, âîç-
íèêàþùèõ ïðè âçàèìîäåéñòâèè ñåéñìè÷åñêèõ âîëí ñ äîñòàòî÷íî áîëüøèì

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé - ãðàíò � 13-08-00229.

138



VII Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ

÷èñëîì ñëîåâ ïðèâîäèò ê çíà÷èòåëüíûì ñëîæíîñòÿì ìàòåìàòè÷åñêîãî õà-
ðàêòåðà [4-8].

Ñôîðìóëèðîâàíà è èññëåäîâàíà âàðèàöèîííàÿ ïîñòàíîâêà îáðàòíûõ
çàäà÷, ñâÿçàííûõ ñ âçàèìîäåéñòâèåì âîëíîâûõ ïðîöåññîâ ñî ñëîèñòî-
íåîäíîðîäíûìè ñòðóêòóðàìè. Â êà÷åñòâå ñîîòâåòñòâóþùèõ ìîäåëåé èññëåäî-
âàíû ìîäåëè ðàñïðîñòðàíåíèÿ âîëíîâûõ ïîëåé âîëí â ñëîæíîïîñòðîåííûõ
ñòðóêòóðíî-íåîäíîðîäíûõ ñðåäàõ, â äîñòàòî÷íî ïîëíîé ìåðå îòðàæàþùèõ
îñíîâíûå îñîáåííîñòè âçàèìîäåéñòâèÿ âîëíîâûõ ïðîöåññîâ ñ êîíñòðóêöèÿìè
ñëîæíûõ òåõíè÷åñêèõ ñèñòåì ðàçëè÷íîãî íàçíà÷åíèÿ.

Êîíñòðóêòèâíûé àíàëèç óñëîâèé äîñòèæåíèÿ ôóíêöèÿìè Ãàìèëüòîíà
ñâîèõ ýêñòðåìàëüíûõ çíà÷åíèé ïîçâîëèë ïîñòðîèòü àíàëèòè÷åñêèå ñîîòíî-
øåíèÿ, êîòîðûì óäîâëåòâîðÿþò ìàòåðèàëû äîïóñòèìîãî íàáîðà, âõîäÿùèå â
îïòèìàëüíóþ êîíñòðóêöèþ, à òàêæå ðàíæèðîâàòü ìàòåðèàëû äîïóñòèìîãî
íàáîðà ïî ñòåïåíè ïåðñïåêòèâíîñòè äëÿ ïðèìåíåíèÿ ïðè îïòèìàëüíîì ïðî-
åêòèðîâàíèè ñëîèñòî-íåîäíîðîäíûõ êîíñòðóêöèé ñ òðåáóåìûì êîìïëåêñîì
ñâîéñòâ â êà÷åñòâå âûñîêîýôôåêòèâíûõ ìàòåðèàëîâ.

Ïðîâåäåíà ìîäèôèêàöèÿ è óñëîæíåíèå ìàòåìàòè÷åñêèõ ìîäåëåé, îïè-
ñûâàþùèõ âçàèìîäåéñòâèå óïðóãèõ, ñåéñìè÷åñêèõ âîëí ñî ñòðóêòóðíî-
íåîäíîðîäíûìè îñíîâàíèÿìè, ñòðóêòóðíî-íåîäíîðîäíûìè ôóíäàìåíòàìè
ñëîæíûõ òåõíè÷åñêèõ ñèñòåì, ôóíêöèîíèðóþùèõ â íåôòÿíîé è ãàçîâîé ïðî-
ìûøëåííîñòè. Ðåçóëüòàòû, ïîëó÷åííûå íà îñíîâå èññëåäîâàíèÿ ñôîðìóëèðî-
âàííîé âàðèàöèîííîé ïîñòàíîâêè ðàññìàòðèâàåìûõ îáðàòíûõ çàäà÷ ñåéñìî-
ëîãèè, ïîçâîëèëè óòî÷íèòü è îáîáùèòü ñîîòâåòñòâóþùèå ðåçóëüòàòû, ïîëó-
÷åííûå äðóãèìè àâòîðàìè íà îñíîâå ôèçè÷åñêîãî ìîäåëèðîâàíèÿ ñ ïîìîùüþ
ìåòîäîâ äèíàìè÷åñêîé ôîòîóïðóãîñòè, ýëåêòðè÷åñêèõ àíàëîãèé è ò.ï. [7, 8].
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MATHEMATICAL MODELING OF STORM OVERVOLTAGE IN
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CRYOLITHOZONE

Ãðèãîðüåâ Þ.Ì.1, Áîðèñîâà Ì.Í.2, Ñîáàêèíà Â.Ó.3

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;
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Â îòñóòñòâèè ïðÿìîãî ïîïàäàíèÿ ìîëíèè íà ìàãèñòðàëüíûõ ëèíèÿõ ïå-
ðåäà÷ âîçíèêàþò òîêè è íàïðÿæåíèÿ. Òàêèå òîêè è íàïðÿæåíèÿ íàçûâàþòñÿ
èíäóöèðîâàííûìè (íàâåäåííûìè). Èíäóöèðîâàííûå íàïðÿæåíèÿ ñîñòîÿò èç
äâóõ êîìïîíåíò - ýëåêòðîìàãíèòíîé è ýëåêòðîñòàòè÷åñêîé. Äëÿ ðàñ÷åòà ýëåê-
òðîìàãíèòíîé êîìïîíåíòû èçâåñòíû ìåòîäèêè, ñîñòîÿùèå â ðåøåíèè ñèñòå-
ìû óðàâíåíèé Ìàêñâåëëà äëÿ íàõîæäåíèÿ ýëåêòðîìàãíèòíîãî ïîëÿ êàíàëà
ìîëíèè è èñïîëüçîâàíèè äàëåå ñèñòåìû òåëåãðàôíûõ óðàâíåíèé. Ðåàëèçàöèÿ
ýòîé ìåòîäèêè â ðåãèîíàõ ñ ìíîãîëåòíåé ìåðçëîòîé åùå íå ïðîâåäåíà.

Â äàííîé ðàáîòå ïðåäñòàâëåíà ìàòåìàòè÷åñêàÿ ìîäåëü ýëåêòðîñòàòè÷å-
ñêîé êîìïîíåíòû èíäóöèðîâàííûõ ãðîçîâûõ íàïðÿæåíèé, íàçûâàåìîé âîë-
íà òîêà è íàïðÿæåíèÿ (ÂÒÍ), â ìíîãîïðîâîäíîé ëèíèè ïåðåäà÷è(ÌËÏ). Â
ýòîé ìîäåëè íàëè÷èå ìíîãîëåòíåé ìåðçëîòû ó÷èòûâàåòñÿ ñ ïîìîùüþ ñïå-
öèàëüíûõ íà÷àëüíûõ óñëîâèé. Ìàòåìàòè÷åñêè ìîäåëü ñâîäèòñÿ ê ðåøåíèþ
íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ îáîáùåííîé ñèñòåìû òåëåãðàôíûõ óðàâíåíèé.
Ðàçðàáîòàíà è ðåàëèçîâàíà â ïàêåòå COMSOL Multiphysics ïðîãðàììà ðàñ-
÷åòà ÂÒÍ äëÿ 1 è 3 ïðîâîäíûõ ëèíèé ïåðåäà÷ êîíå÷íîé äëèíû.Ïðîâåäåíî
îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ.
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ÏÎÑÒÐÎÅÍÈÅ ÄÈÔÔÓÇÈÎÍÍÎÃÎ È ÄÂÓÕÏÎÒÎÊÎÂÎÃÎ
ÏÐÈÁËÈÆÅÍÈÉ ÄËß ÓÐÀÂÍÅÍÈß ÏÅÐÅÍÎÑÀ

CONSTRUCTION OF DIFFUSION AND TWO-FLUX
APPROXIMATION FOR THE TRANSPORT EQUATION

Äàíèëåíêî Å.À.

Äàëüíåâîñòî÷íûé Ôåäåðàëüíûé óíèâåðñèòåò, Âëàäèâîñòîê, Ðîññèÿ;
sfinks17@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ ñòà-
öèîíàðíûé ïðîöåññ ðàñïðîñòðàíåíèÿ íåïîëÿðèçîâàííîãî ìîíîõðîìàòè÷åñêî-
ãî èçëó÷åíèÿ â áåñêîíå÷íîé ïî íàïðàâëåíèÿì x è y äâóõñëîéíîé ñðåäå
G = (z0, z2), èìåþùåé ïëîñêîïàðàëëåëüíîå ñòðîåíèå. Ïðîöåññ ðàñïðîñòðà-
íåíèÿ èçëó÷åíèÿ ìîæåò áûòü îïèñàí óðàâíåíèåì ïåðåíîñà, êîòîðîå â ñëó÷àå
èçîòðîïèè ðàññåÿíèÿ è îòñóòñòâèè âíóòðåííèõ èñòî÷íèêîâ èìååò âèä:

νf ′
z(z, ν) + µ(z)f(z, ν) =

µs(z)

2

1∫
−1

f(z, ν′)dν′,

ãäå ôóíêöèÿ f(z, ν) � ïëîòíîñòü ïîòîêà èçëó÷åíèÿ, ôóíêöèè µ(z), µs(z) �
êîýôôèöèåíòû îñëàáëåíèÿ è ðàññåÿíèÿ. Òîãäà Ôðåíåëåâñêèå óñëîâèÿ íà ãðà-
íèöå ðàçäåëà z = z1 ìîæíî çàïèñàòü â âèäå:

f(z1 + 0, ν) = R(ν)f(z1 + 0,−ν) + T (ν)f(z1 − 0, ψ(ν)), ν > 0,
f(z1 − 0, ν) = R(ν)f(z1 − 0,−ν) + T (ν)f(z1 + 0, ψ(ν)), ν < 0.

Íà âíåøíèõ ãðàíèöàõ êðàåâûå óñëîâèÿ ïðèìóò âèä:

f(z0 + 0, ν) = h(ν), ν ∈ (0, 1],
f(z2 − 0, ν) = h(ν), ν ∈ [−1, 0).

Êîýôôèöèåíòû R(ν), T (ν) õàðàêòåðèçóþò îòðàæàòåëüíóþ è ïðîïóñêíóþ
ñïîñîáíîñòü ïîâåðõíîñòè ðàçäåëà ñðåä. Ôóíêöèÿ h îïèñûâàåò âõîäÿùèé â
ñðåäó ïîòîê èçëó÷åíèÿ.

Ïðè ïîñòðîåíèè P1 ïðèáëèæåíèÿ äëÿ äâóõñëîéíîé ñðåäû, ðåøåíèå áóäåì
èñêàòü â ñëåäóþùåì âèäå:

f(z) = f0(z)−
ν

mu
f ′
0(z),

Ïîñòðîèâ óñëîâèÿ ñîïðÿæåíèÿ äëÿ ôóíêöèè f0(z) íà ãðàíèöå ðàçäåëà
z = z1, ìîæíî ïîëó÷èòü ñëåäóþùèå óñëîâèÿ:

f0(z1 + 0)− 1

2µ2
f ′
0(z1 + 0) =
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= f0(z1 + 0)R+ +
f ′
0(z1 + 0)

µ2
R̃+ + f0(z1 − 0)T+ − f ′

0(z1 − 0)

µ1
T̃+,

f0(z1 − 0) +
1

2µ1
f ′
0(z1 − 0) =

f0(z1 − 0)R− +
f ′
0(z1 − 0)

µ1
R̃− + f0(z1 + 0)T− − f ′

0(z1 + 0)

µ2
T̃−,

Ïðè ïîñòðîåíèè äâóõïîòîêîâîãî ïðèáëèæåíèÿ äëÿ äâóõñëîéíîé ñðåäû
áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ ïåðåíîñà â ñëåäóþùåì âèäå:

f(z, ν) =

{
f+
0 (z), åñëè ν > 0,

f−
0 (z), åñëè ν > 0.

Òîãäà ôóíêöèè u(z) = f+
0 (z) + f−

0 (z) áóäåò óäîâëåòâîðÿòü óñëîâèÿì ñîïðÿ-
æåíèÿ

(u(z1 + 0)− u(z1 − 0))T+ =
1

2µ2
u′(z1 + 0)(1 +R+)− 1

2µ1
u′(z1 − 0)T+,

(u(z1 + 0)− u(z1 − 0))T− =
1

2µ2
u′(z1 + 0)(1 +R−)− 1

2µ1
u′(z1 − 0)T−.

Òàêèì îáðàçîì, â ñëó÷àå ñëàáîíåîäíîðîäíîé ñðåäû óñëîâèÿ ñîïðÿæåíèÿ íà
ãðàíèöå ðàçäåëà äëÿ P1-ïðèáëèæåíèÿ ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè óñëî-
âèÿìè äëÿ óäâîåííîãî P0�ïðèáëèæåíèÿ.
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THE LINESHAPE OF NUCLEAR MAGNETIC RESONANCE
NEAR THE SURFACE OF THE SUPERCONDUCTING PLATE

Åãîðîâà À.À., Ìàòàðêèí Ñ.Â, Øàðèí Å.Ï.1
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Ìåòîä ÿäåðíîãî ìàãíèòíîãî ðåçîíàíñà (ßÌÐ.) â íàñòîÿùåå âðåìÿ øèðî-
êî èñïîëüçóåòñÿ äëÿ èññëåäîâàíèÿ ñâîéñòâ ñâåðõïðîâîäíèêîâ âòîðîãî ðîäà,
â òîì ÷èñëå âûñîêîòåìïåðàòóðíûõ. ßÌÐ ýêñïåðèìåíòû ñûãðàëè áîëüøóþ
ðîëü â ïîíèìàíèè äèíàìèêè âèõðåé â âûñîêîòåìïåðàòóðíûõ ñâåðõïðîâîä-
íèêàõ. Äëÿ íàäåæíîé èíòåðïðåòàöèè ôîðìû ëèíèè íàðÿäó ñ îäíîðîäíîé
øèðèíîé, îïðåäåëÿåìîé íåîäíîðîäíîé äèíàìèêîé âçàèìîäåéñòâèÿ ñïèíîâîé
ñèñòåìû ÿäåð ñ ýëåêòðîíàìè ïðîâîäèìîñòè è ìåæäó ñîáîé, íåîáõîäèìî ó÷è-
òûâàòü íåîäíîðîäíîñòü ëîêàëüíîãî ìàãíèòíîãî ïîëÿ â ñâåðõïðîâîäíèêå, ò.å.
íåîäíîðîäíóþ øèðèíó ëèíèè ßÌÐ. Ïðè èññëåäîâàíèè âèõðåâîé ðåøåòêè ìå-
òîäîì ßÌÐ îáû÷íî èñïîëüçóþò ðàñïðåäåëåíèå ìàãíèòíîãî ïîëÿ, êîòîðîå îá-
ðàçóåòñÿ â òîëùå ìàññèâíîãî ñâåðõïðîâîäíèêà, ïîëàãàÿ, ÷òî íåîäíîðîäíîñòü
ëîêàëüíîãî ïîëÿ îäèíàêîâà êàê â ãëóáèíå ñâåðõïðîâîäíèêà, òàê è íà åãî ïî-
âåðõíîñòè. Îäíàêî èçâåñòíî[1-3], ÷òî ëîêàëüíîå ìàãíèòíîå ïîëå ïî ìåðå ïðè-
áëèæåíèÿ ê ïîâåðõíîñòè ñâåðõïðîâîäíèêà çíà÷èòåëüíî èçìåíÿåòñÿ. Îäíàêî,
ïðîñòðàíñòâåííîå ðàñïðåäåëåíèå ìàãíèòíîãî ïîëÿ â ñâåðõïðîâîäíèêå âáëèçè
åãî ïîâåðõíîñòè ñóùåñòâåííî îòëè÷àåòñÿ îò ðàñïðåäåëåíèÿ ëîêàëüíîãî ïîëÿ
â ãëóáèíå ñâåðõïðîâîäíèêà . Â äàííîé ðàáîòå ýòà çàäà÷à ðåøåíà íà îñíîâå
îáîáùåííûõ óðàâíåíèé Ëîíäîíîâ ñ èñïîëüçîâàíèåì íàäëåæàùèõ ãðàíè÷íûõ
óñëîâèé. Íàéäåíà çàâèñèìîñòü, ðàñïðåäåëåíèÿ ìàãíèòíîãî ïîëÿ â ýëåìåí-
òàðíîé ÿ÷åéêå âèõðåâîé ðåøåòêè îò ðàññòîÿíèÿ äî ïîâåðõíîñòè ïîâåðõíîñòè
ñâåðõïðîâîäÿùåé ïëàñòèíû, êîãäà âíåøíåå ìàãíèòíîå ïîëå íàïðàâëåíî ïåð-
ïåíäèêóëÿðíî îñè ñèììåòðèè êðèñòàëëà. ×èñëåííûå ðàñ÷åòû ïîêàçàëè, ÷òî
äëÿ ïðîìåæóòî÷íûõ çíà÷åíèé ìàãíèòíîãî âîëÿ Hc1 < H < Hc2 ðàñïðåäå-
ëåíèå ïîëåé âèõðåâîé ðåøåòêè ñóùåñòâåííî ìåíÿåòñÿ âáëèçè ïîâåðõíîñòè è
ïåðåõîäèò â îäíîðîäíîå ïîëå íàä ïîâåðõíîñòüþ ðàññòîÿíèÿõ ïîðÿäêà óñðåä-
íåííîé ãëóáèíû ïðîíèêíîâåíèÿ ìàãíèòíîãî ïîëÿ, Ïîëó÷åíû êàðòû ðàñïðå-
äåëåíèÿ ìàãíèòíîãî ïîëÿ, ôîðìà ëèíèè ÿäåðíîãî ìàãíèòíîãî ðåçîíàíñà â
çàâèñèìîñòè îò ðàññòîÿíèÿ äî ïîâåðõíîñòè àíèçîòðîïíîãî ñâåðõïðîâîäíèêà.
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ON THE PRINCIPAL AND STRICTLY PARTICULAR SOLUTION
OF INFINITE SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS
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Â ðàáîòàõ [1] è [2] ââåäåíû ïîíÿòèÿ ãëàâíîãî è ñòðîãî ÷àñòíîãî ðåøåíèÿ
áåñêîíå÷íûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

Ðåøåíèå íàéäåííîå ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé

xn+1
j =

∞∑
k=0

aj,kx
n
k + bj , j = 0, 1, 2, ...

ïðè íóëåâûõ íà÷àëüíûõ çíà÷åíèÿõ íàçûâàåòñÿ ãëàâíûì ðåøåíèåì áåñêîíå÷-
íîé ñèñòåìû [1].

Ëþáóþ ìàòðèöó A = (ai,j)
∞
0 áåñêîíå÷íîãî ðàíãà, ó êîòîðîé ïîñëåäîâà-

òåëüíîñòü ãëàâíûõ ìèíîðîâ îòëè÷íà îò íóëÿ, ìîæíî ïðåäñòàâèòü â âèäå ïðî-
èçâåäåíèÿ òðåóãîëüíîé ìàòðèöû B íà ãàóññîâó ìàòðèöó C:

A = BC =


b11 0 · · · 0 · · ·
b21 b22 · · · 0 · · ·
...

...
. . .

... · · ·
bn1 bn2 · · · bnn · · ·
. . · · · . · · ·




c11 c12 · · · c1n · · ·
0 c22 · · · c2n · · ·
...

...
. . .

... · · ·
0 0 · · · cnn · · ·
. . · · · . · · ·


1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ áàçîâîé ÷àñòè

ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò �3047)
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Ñëåäîâàòåëüíî, ðåøåíèå áåñêîíå÷íîé ñèñòåìû ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó
ðåøíåíèþ áåñêîíå÷íîé ñèñòåìû ñ íèæíåé òðåóãîëüíîé ìàòðèöåé è ãàóññîâîé
áåñêîíå÷íîé ñèñòåìû.

Ðàññìîòðèì íåîäíîðîäíóþ ãàóññîâó áåñêîíå÷íóþ ñèñòåìó

∞∑
p=0

cj,j+pxj+p = bj , j = 0, 1, 2, ... . (1)

Äëÿ ðåøåíèÿ áåñêîíå÷íîé ñèñòåìû (1) â ðàáîòå [2] ìåòîäîì ðåäóêöèè â óçêîì
ñìûñëå èçó÷åíû êîíå÷íûå ñèñòåìû è ïîëó÷åíû èõ ðåøåíèÿ â âèäå:

n
xj= Bn−j , j = 0, 1, ..., n,

Bn−j =
bj
cj,j

−
n−j−1∑
p=0

cj,n−p
cj,j

Bp, B0 =
bn
cn,n

, j = 0, n− 1.

Ïóñòü ñóùåñòâóåò ïðåäåë lim
n→∞

Bn−j = B(j) è âûïîëíÿåòñÿ ñîîòíîøåíèå

B(j) =
bj
cj,j

−
∞∑

p=j+1

cj,p
cj,j

B(p),

òî ðåøåíèå B(j) íàçûâàåòñÿ ñòðîãî ÷àñòíûì ðåøåíèåì ãàóññîâîé ñèñòåìû
(1).

Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, ïîäòâåðæäàþùèå ñëå-
äóþùåå ïðåäëîæåíèå [2].

Ïðåäëîæåíèå. Ñòðîãî ÷àñòíîå ðåøåíèå ãàóññîâîé ñèñòåìû ÿâëÿåòñÿ
ãëàâíûì ðåøåíèåì äàííîé ñèñòåìû.
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Â ñâÿçè ñ îãðîìíûìè îöåíêàìè ðåñóðñîâ ïðèðîäíîãî ãàçà â ãàçîãèäðàò-
íîì ñîñòîÿíèè ïîðÿäêà 1016 ì3 âîçíèêàþò âîïðîñû èõ ïðàêòè÷åñêîãî èñ-
ïîëüçîâàíèÿ. Ñïîñîáû âîçäåéñòâèÿ íà ãàç-ãàçîãèäðàòíûé ïëàñò ìîæíî ðàç-
äåëèòü íà òåïëîâûå (ðàçëîæåíèå ãàçîãèäðàòîâ ïðè íàãðåâàíèè), äåïðåññèîí-
íûå (ïîíèæåíèå äàâëåíèÿ ïëàñòà íèæå äàâëåíèÿ äèññîöèàöèè ãàçîãèäðàòîâ
ïðè äàííîé òåìïåðàòóðå ñðåäû, ÷òî òàêæå âûçûâàåò ðàçëîæåíèå ãàçîãèä-
ðàòîâ) è ôèçèêî-õèìè÷åñêèå (âåùåñòâà, èçìåíÿþùèå õèìè÷åñêèé ïîòåíöèàë
ìîëåêóë âîäû â ðàñòâîðå, ÷òî âûçûâàåò ñäâèã ôàçîâîãî ðàâíîâåñèÿ, êîòîðûé
ìîæåò ïðèâåñòè ê ðàçëîæåíèþ ãàçîãèäðàòîâ). Âñå ýòè ìåòîäû ðàçðàáîòêè
ãàçîãèäðàòíûõ çàëåæåé îñíîâàíû íà ðàçðóøåíèè ãàçîãèäðàòîâ ñ ïîñëåäóþ-
ùèì èçâëå÷åíèåì èç íèõ ãàçà. Îäíàêî ïðè ðàçëîæåíèè 1 êã ÷èñòîãî ãèäðàòà
ìåòàíà âûäåëÿåòñÿ 0,872 êã æèäêîé âîäû, ÷òî ìîæåò çàòðóäíèòü ïðîöåññ
ðàçðàáîòêè ãàçîãèäðàòíûõ çàëåæåé. Ïîýòîìó ïðåäñòàâëÿåò èíòåðåñ áåçâîä-
íàÿ ðàçðàáîòêà ãàçîãèäðàòíîé çàëåæè, ïðè êîòîðîé íå ïðîèñõîäèò âûäåëå-
íèÿ æèäêîé âîäû. Ýòî ïðîèñõîäèò â ïðîöåññå äåñîðáöèè ãàçà èç ãàçîãèäðàòà
â óñëîâèÿõ ñîõðàíåíèÿ ôàçîâîãî ðàâíîâåñèÿ, ïðè êîòîðîì êðèñòàëë ãàçî-
ãèäðàòà íå ðàçðóøàåòñÿ ïðè èçâëå÷åíèè èç íåãî ãàçà. Êðîìå òîãî, òàê êàê
òåïëîîòðàæàþùàÿ ñïîñîáíîñòü ìåòàíà â 21 ðàç âûøå óãëåêèñëîãî ãàçà, òî è
"ïàðíèêîâûé ýôôåêò"áóäåò ãîðàçäî ÿð÷å âûðàæåí. Ïîýòîìó äåñîðáöèîííûé
ìåòîä èçâëå÷åíèÿ ãàçà òàê æå öåíåí ñ ýêîëîãè÷åñêîé òî÷êè çðåíèÿ. Ìàòå-
ìàòè÷åñêàÿ ìîäåëü áåçâîäíîãî ìåòîäà ðàçðàáîòêè ãàç-ãàçîãèäðàòíîãî ïëàñòà
ðàññìîòðåíà â ðàáîòå [1]. Â íåé âðåìÿ ðàçðàáîòêè ãàç-ãàçîãèäðàòíîãî ïëà-
ñòà äëÿ ïëîñêî-ðàäèàëüíîãî ñëó÷àÿ îïðåäåëÿëîñü êîíå÷íî-ðàçíîñòíûì ìå-
òîäîì ïðè ïîíèæåíèè äàâëåíèÿ ïëàñòà â óñëîâèÿõ ñîõðàííîñòè äâóõôàç-
íîãî ðàâíîâåñèÿ ìåòàí-ãàçîâûé ãèäðàò ìåòàíà ñ ó÷åòîì äåñîðáöèè ìåòà-
íà èç ãàçîâîãî ãèäðàòà. Â ðàáîòå [2] ïðè òåõ æå óñëîâèÿõ ðàçðàáîòêè ãàç-
ãàçîãèäðàòíîãî ïëàñòà âðåìÿ ðàçðàáîòêè îïðåäåëÿëîñü ìåòîäîì èíòåãðàëü-
íîãî ìàòåðèàëüíîãî áàëàíñà. Äîáû÷à ìåòàíà ïðîâîäèëàñü ïðè ïîñòîÿííîì
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äåáèòå, âåëè÷èíà êîòîðîãî, ïðèâåäeííîãî ê àòìîñôåðíîìó äàâëåíèþ, ðàâíÿ-
ëîñü q = 0, 6 ì3/ñ. Íà ðèñ. 1 äîêëàäà ïîêàçàíû èçìåíåíèÿ òåðìîäèíàìè÷å-
ñêîãî ñîñòîÿíèÿ ãàç-ãàçîãèäðàòíîãî ïëàñòà â ïðîöåññå ðàçðàáîòêè â óñëîâèÿõ
ñîõðàííîñòè äâóõôàçíîãî ðàâíîâåñèÿ ìåòàí-ãàçîãèäðàò ìåòàíà (äèâàðèàíò-
íîå ðàâíîâåñèå�AB) è ïðèâåäåíà êðèâàÿ òðåõôàçíîãî ðàâíîâåñèÿ ãàç ìåòàí�
æèäêàÿ âîäà�ãàçîãèäðàò ìåòàíà (ìîíîâàðèàíòíîå ðàâíîâåñèå�CD). Ðàññìàò-
ðèâàåòñÿ êðóãîâîé ïëîñêîïàðàëëåëüíûé ïëàñò ðàäèóñîì R = 500 ì è òîëùè-
íîé h = 10 ì. Ãèäðàòîíàñûùåííîñòü ïëàñòà ðàâíà β(0, 2; 0, 4; 0, 6), ãàçîíàñû-
ùåííîñòü � (1−β), ò. ê. ñîõðàíÿåòñÿ 2-õ ôàçíîå ðàâíîâåñèå ãàç-ãàçîãèäðàò. PA
è TA ðàâíû 10,7 ÌÏà è 278 Ê, ñîîòâåòñòâåííî (ïåðâîíà÷àëüíîå ñîñòîÿíèå�
A);ïîðèñòîñòüm = 0, 3; α = 30, 738 êã/ì3�const; ρgA,B�ïëîòíîñòü ãàçà ïðè
äàâëåíèè è ïëàñòîâîé òåìïåðàòóðå PA, TA è PB , TB , ñîîòâåòñòâåííî; ρatm
� ïëîòíîñòü ãàçà ïðè àòìîñôåðíîì äàâëåíèè è ïëàñòîâîé òåìïåðàòóðå TB â
êîíöå ðàçðàáîòêè; Vst � îáúåì ïëàñòà, Mprod � îáùàÿ ìàññà äîáûòîãî ãàçà.
Îíà ñëàãàåòñÿ èç 2-õ ÷àñòåé: ãàçà, äîáûòîãî èç ñâîáîäíîé ãàçîâîé ôàçû è ãàçà,
ïîëó÷åííîãî çà ñ÷åò äåñîðáöèè ìåòàíà èç ãàçîãèäðàòà â óñëîâèÿõ ñîõðàííîñòè
ôàçîâîãî ðàâíîâåñèÿ ãàç-ãàçîãèäðàò. Ýòî äåëàåòñÿ äëÿ òîãî, ÷òîáû ãàçîãèä-
ðàò íå ðàçëàãàëñÿ. Â ðåçóëüòàòå äèññîöèàöèè ãàçîãèäðàòà âûäåëÿåòñÿ ìíîãî
âîäû, ÷òî î÷åíü îñëîæíÿåò äàëüíåéøóþ ðàçðàáîòêó ãàç-ãàçîãèäðàòíîãî ïëà-
ñòà. Îáùóþ ìàññó äîáûòîãî ãàçà îïðåäåëÿåì êàê ðàçíèöó ìåæäó ñîäåðæàíè-
åì ãàçà â ïëàñòå (ñóììà ãàçà â ñâîáîäíîì ñîñòîÿíèè Mfree

A è ãàçà â ñîðáèðî-
âàííîì ñîñòîÿíèè â ãàçîâîì ãèäðàòå Mh

gA) â òåðìîäèíàìè÷åñêîì ñîñòîÿíèè
À (PA, TA) � åãî íà÷àëüíîå ñîñòîÿíèå è â ñîñòîÿíèè (PB , TB) � êîíå÷íîå
òåðìîäèíàìè÷åñêîå ñîñòîÿíèå ïëàñòà: Mprod = MA −MB . Ìàññà ñâîáîäíîãî
ãàçà â ñîñòîÿíèè èëè B ðàâíà Mprod

A,B = ρgA,Bm (1− β)Vst â ïëàñòå. Ïëîò-

íîñòü ñâîáîäíîãî ãàçà � ρgA,B = γ
PA,B

TA,B
, γ � ïîñòîÿííàÿ. Ãàç � ìåòàí ñ÷èòàåì

èäåàëüíûì.Mh
gA,gB = mβVstρ

h
gA,gB . ρ

h
gA,gB = αθA,B . Âðåìÿ ðàçðàáîòêè ïðè

ïîñòîÿííîì äåáèòå ðàâíî îòíîøåíèþ îáúåìà äîáûòîãî ãàçà, ïðèâåäåííîìó
ê àòìîñôåðíîìó äàâëåíèþ, ê äåáèòó ãàçà. Çäåñü ìàññà ãàçà â ãàçîãèäðàòå
ðàâíà ïëîòíîñòè ãàçà â ãèäðàòå [1], óìíîæåííîé íà îáúåì ãèäðàòà â ïëàñòå,
θA,B = θ1A,B +3θ2A,B � ñóììàðíîå ÷èñëî çàïîëíåíèÿ ïîëîñòåé ðåøåòêè ãàçî-

âîãî ãèäðàòà â ñîñòîÿíèè A è B; θjA,B =
C

A,B
j PA,B

1+C
A,B
j PA,B

(j = 1, 2) � ÷èñëî çàïîë-

íåíèÿ ïîëîñòè òèïà j: ìàëîé (=1) èëè áîëüøîé (=2); CA,Bj = exp(aj−bjTA,B)
� êîíñòàíòà Ëåíãìþðà â òåðìîäèíàìè÷åñêîì ñîñòîÿíèè ïëàñòà A è B, ãäå aj
è bj �ïîñòîÿííûå, ñîîòâåòñòâóþùèå ìàëîé èëè áîëüøîé ïîëîñòè ðåøåòêè
ãàçîâîãî ãèäðàòà.

Ðåçóëüòàòû ñðàâíåíèé âðåìåíè ðàçðàáîòîê ãàç-ãàçîãèäðàòíîãî ïëàñòà äà-
íû â òàáëèöå.
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Ãèäðàòîíà-
ñûùåí-
íîñòü

t, ñóòêè; èí-
òåãðàëüíûé
áàëàíñîâûé
ìåòîä [2]

t, ñóòêè;
ðàçíîñ-
òíûé
ìåòîä [1]

Ïîãðåø-
íîñòü,
%

b=0,2 2263 2364 4,27
b=0,4 1813 1922 5,68
b=0,6 1363 1473 7,49

Âðåìÿ ðàçðàáîòêè, îïðåäåëåííîå ìåòîäîì èíòåãðàëüíîãî ìàòåðèàëüíî-
ãî áàëàíñà è ðàçíîñòíûì ìåòîäîì. Ïîëó÷åííû ïàðàìåòðû ðàçðàáîòêè ãàç-
ãàçîãèäðàòíîãî ïëàñòà [2, 3, 4] äëÿ ãèäðàòîíàñûùåííîñòè b = 0, 2; 0, 4; 0, 6.
Îòíîñèòåëüíîå êîëè÷åñòâî äåñîðáèðîâàííîãî ãàçà èç êðèñòàëëîâ ãàçîãèäðà-
òîâ ìàëî, ïîðÿäêà 6 %. Èç òàáëèöû âèäíî, ÷òî ïîãðåøíîñòè â îòëè÷èè âðå-
ìåíè ðàçðàáîòêè ãàç-ãàçîãèäðàòíîãî ïëàñòà ìåæäó áàëàíñîâûì è ÷èñëåííûì
ìåòîäàìè íåâåëèêè: îò 4,3% ïðè β = 0, 2 äî 7,5% ïðè β = 0, 6, ÷òî ãîâîðèò î
õîðîøåé àïïðîêñèìàöèè ðàçíîñòíîãî ìåòîäà.
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Â ðàáîòå ïðîâîäèòñÿ ÷èñëåííîå ìîäåëèðîâàíèå ïðîöåññîâ òåïëîïåðåíîñà
â ìíîãîëåòíåìåðçëûõ ãðóíòàõ. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ñòðîèòñÿ íà
îñíîâå êëàññè÷åñêîé ìîäåëè Ñòåôàíà, îïèñûâàþùåé òåïëîïåðåíîñ ñ ôàçîâûì
ïåðåõîäîì â ïîðèñòîé ñðåäå. Äëÿ ÷èñëåííîãî ðåøåíèÿ ïîëó÷åííîé çàäà÷è èñ-
ïîëüçóåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ äëÿ àïïðîêñèìàöèè ïî ïðîñòðàíñòâó
è ñòàíäàðòíàÿ ÷èñòî íåÿâíàÿ ðàçíîñòíàÿ ñõåìà ïî âðåìåíè. Âû÷èñëèòåëüíàÿ
ðåàëèçàöèÿ áàçèðóåòñÿ íà âû÷èñëèòåëüíîì ïàêåòå FEniCS. Ïðèâîäÿòñÿ ðå-
çóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ òðåõìåðíîé çàäà÷è íà âûñîêîïðîèçâîäèòåëü-
íîì âû÷èñëèòåëüíîì êëàñòåðå Àðèàí Êóçüìèí.
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òîðèàë ÓÐÑÑ, 2003.
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Îðèåíòèðîâàííîé ñòîõàñòè÷åñêîé öåïüþ íàçûâàåòñÿ ñëó÷àéíàÿ öåïü, çâå-
íüÿ êîòîðîé îðèåíòèðóþòñÿ êîððåëèðîâàííî äðóã îòíîñèòåëüíî äðóãà. Òî÷êó
íà÷àëà ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè çâåíüåâ íàçîâåì âåäóùèì ýëåìåíòîì.
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Ìîäåëèðóåòñÿ äèíàìèêà èçìåíåíèÿ ðàçìåðîâ öåïè, êàê ðàññòîÿíèÿ îò íà-
÷àëà äî êîíöà öåïè (äèíàìè÷åñêàÿ ìîäåëü èçìåíåíèÿ ðàçìåðîâ ïîëèìåðíîãî
êëóáêà-ãëîáóëû). Åñëè ïåðâîíà÷àëüíî öåïü ïðåäñòàâëÿëà ïðÿìóþ ëèíèþ, à
ìíîæåñòâî äîïóñòèìûõ óãëîâ ïîâîðîòà çâåíà ôèêñèðîâàíî, òî ïðåäëîæåííàÿ
ìîäåëü ìîæåò áûòü ïðèìåíèìà è äëÿ ìîäåëèðîâàíèÿ ðåàëèçàöèè ñëó÷àéíîãî
áëóæäàíèÿ ñ îãðàíè÷åííîé ñêîðîñòüþ çà n øàãîâ ïî ðåáðàì ïðîñòðàíñòâåí-
íîé ðåøåòêè.

Äëèíû çâåíüåâ ìîãóò áûòü ðàçëè÷íûìè, ðàñòÿæèìûìè è èçìåíÿòüñÿ ñî
âðåìåíåì. Ýòè ìîäåëè ìîãóò áûòü ïðèìåíåíû äëÿ îïèñàíèÿ êàñêàäà òóðáó-
ëåíòíûõ âèõðåé, èçìåíåíèÿ êîíôèãóðàöèè ïîëèìåðíûõ öåïåé, èåðàðõè÷åñêè
îðãàíèçîâàííûõ ñèñòåì è ðàñ÷åòà èõ õàðàêòåðèñòèê. Â ïîëèìåðíûõ öåïÿõ
ïðè íàëè÷èè â îäíîì èç óçëîâ ìîëåêóëû áîëåå âûñîêîé ìàññû, ÷åì â äðó-
ãèõ óçëàõ, áîëåå ìàññèâíóþ ìîëåêóëó ìîæíî ðàññìàòðèâàòü êàê âåäóùèé
ýëåìåíò.

Ïóñòü n � ÷èñëî ýëåìåíòîâ öåïè. Äèíàìèêó öåïè (ìîäåëü ñëó÷àéíîãî
áëóæäàíèÿ) ìîæíî õàðàêòåðèçîâàòü âåêòîðàìè L⃗j(t), êàæäûé èç êîòîðûõ
ñâÿçàí ñ íà÷àëîì êîîðäèíàò è îêîí÷àíèåì j-ãî ñåãìåíòà, j = 1, n. |L⃗n(t)| =
Ln(t) íàçûâàþò ðàçìåðîì öåïè.

Ëåììà. Ïóñòü tk, k = 0, 1, 2, 3, . . . � ïîñëåäîâàòåëüíûå äèñêðåòíûå ìî-
ìåíòû âðåìåíè. Äèíàìèêà êîíôèãóðàöèè è ðàçìåðîâ ñëó÷àéíîé öåïè â R3 â
ìîìåíòû âðåìåíè t = tk îïèñûâàåòñÿ óðàâíåíèÿìè

Lj,x(tk) =

j∑
i=1

|r⃗i(k)| cos
( i∑
s=1

φs(0) +

k∑
m=0

i∑
s=1

∆φs(m)
)
·

· sin
( i∑
s=1

θs(0) +

k∑
m=0

i∑
s=1

∆θs(m)
)
,

Lj,y(tk) =

j∑
i=1

|r⃗i(k)| sin
( i∑
s=1

φs(0) +

k∑
m=0

i∑
s=1

∆φs(m)
)
·

· sin
( i∑
s=1

θs(0) +

k∑
m=0

i∑
s=1

∆θs(m)
)
,

(1)

Lj,z(tk) =

j∑
i=1

|r⃗i(k)| cos
( i∑
s=1

θs(0) +

k∑
m=0

i∑
s=1

∆θs(m)
)
,

Lj(tk) = |L⃗j(tk)| =
√
L2
j,x(tk) + L2

j,y(tk) + L2
j,z(tk), k0 = 0,

ãäå âåêòîð r⃗j(k) îïèñûâàåò ïîëîæåíèå j-ãî çâåíà â ìîìåíò âðåìåíè tk; φs(0)
è θs(0) îïðåäåëÿþò íà÷àëüíîå ïîëîæåíèå s-ãî çâåíà öåïè îòíîñèòåëüíî íà-
ïðàâëåíèÿ (s − 1)-ãî; ∆φs(m) è ∆θs(m) � íåçàâèñèìûå äëÿ ëþáûõ s è m
ñëó÷àéíûå ïðèðàùåíèÿ â ìîìåíò t = tm.

Ñïåöèôè÷åñêèé ïîäõîä ê îïðåäåëåíèþ óãëîâ ìåæäó çâåíüÿìè, ïðèìåíåí-
íûé â ìîäåëÿõ âèäà (1) ïîçâîëÿåò ïðîâîäèòü ìîäåëèðîâàíèå äèíàìèêè ñëó-
÷àéíûõ öåïåé â Rs, s = 2, 3, çâåíüÿ êîòîðûõ, â îáùåì ñëó÷àå, ìîãóò èìåòü
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ðàçëè÷íóþ äëèíó è îïðåäåëÿòü ìîìåíòíûå õàðàêòåðèñòèêè ïîëîæåíèÿ êðàé-
íåé â äàííûé ìîìåíò âðåìåíè òî÷êè.
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Çàäà÷è ïî âîññòàíîâëåíèþ íåèçâåñòíûõ èñòî÷íèêîâ òåïëà ïî äîïîëíè-
òåëüíûì èçìåðåíèÿì òåìïåðàòóðû â îòäåëüíûõ òî÷êàõ ÿâëÿþòñÿ îäíèì èç
îñíîâíûõ â òåîðèè îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè [1-3] Âî ìíîãèõ
ñëó÷àÿõ íåèçâåñòíîé ÿâëÿåòñÿ çàâèñèìîñòü ïðàâîé ÷àñòè îò âðåìåíè. Äëÿ
ïðèáëèæåííîãî ðåøåíèÿ çàäà÷ âîññòàíîâëåíèÿ íåèçâåñòíîé ïðàâîé ÷àñòè èñ-
ïîëüçóþòñÿ ðàçëè÷íûå ïîäõîäû, êîòîðûå áàçèðóþòñÿ íà ìåòîäàõ ðåãóëÿðè-
çàöèè [4].

Â ðÿäå èññëåäîâàíèé [5-6] ÷èñëåííûå àëãîðèòìû ïðèáëèæåííîãî ðåøåíèÿ
îáðàòíîé çàäà÷è îñíîâàíû íà ïðåîáðàçîâàíèè èñõîäíîé çàäà÷è ê êðàåâîé
çàäà÷å äëÿ íàãðóæåííîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, â êîòîðûõ çà ñ÷åò
ñïåöèàëüíîé îðãàíèçàöèè âû÷èñëåíèé ðåøåíèå îáðàòíîé çàäà÷è ñâîäèòñÿ ê
ðåøåíèþ äâóõ ïðÿìûõ çàäà÷. Äàííàÿ ìåòîäèêà èñïîëüçîâàíà â ðàáîòå [7] äëÿ
÷èñëåííîãî ðåøåíèÿ ïðîñòåéøåé îäíîìåðíîé ïî ïðîñòðàíñòâó îäíîôàçíîé
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îáðàòíîé çàäà÷è ïî âîññòàíîâëåíèþ ïåðåìåííîé èíòåíñèâíîñòè èñòî÷íèêîâ
òåïëà ïðè èçâåñòíîì èõ ðàñïðåäåëåíèþ ïî ïðîñòðàíñòâó.

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïî âîññòàíîâëåíèþ çàâèñèìîñòè ïðàâîé
÷àñòè ïàðàáîëè÷åñêîãî óðàâíåíèÿ îò âðåìåíè ïðè èçâåñòíîì ðàñïðåäåëåíèè
ïî ïðîñòðàíñòâó. Òàêàÿ ëèíåéíàÿ îáðàòíàÿ çàäà÷à îòíîñèòñÿ ê êëàññó íåêîð-
ðåêòíûõ â êëàññè÷åñêîì ñìûñëå çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ïðè ñïåöè-
àëüíûõ ïðåäïîëîæåíèÿõ î òî÷êàõ äîïîëíèòåëüíûõ èçìåðåíèé - ïðè óñëîâèè
äåéñòâèÿ èñòî÷íèêà â òî÷êàõ íàáëþäåíèÿ [5]. Îñíîâûâàÿñü íà ìåòîäèêå [7],
ïîñòðîåí âû÷èñëèòåëüíûé àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ îäíîìåðíîé ïî
ïðîñòðàíñòâó äâóõôàçíîé îáðàòíîé çàäà÷è Ñòåôàíà ïðè íîâîì ñïîñîáå ó÷åòà
òåïëîòû ôàçîâîãî ïåðåõîäà � ïóòåì ââåäåíèÿ ðàñïðåäåëåííîãî â îêðåñòíî-
ñòè ìåæôàçîâîé ãðàíèöû èñòî÷íèêà òåïëà [8-9].
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Çàäà÷à îäíîôàçíîé ôèëüòðàöèè â ïîðèñòîé ñðåäå àêòóàëüíà ïðè ðàçðà-
áîòêå è ýêñïëóàòàöèè íåôòÿíûõ è ãàçîâûõ ìåñòîðîæäåíèé. Äàííàÿ ðàáîòà,
ïîçâîëÿåò èçìåðèòü ïðîèçâîäèòåëüíîñòü ïëàñòà, ÷òî íåìàëîâàæíî äëÿ äî-
ðàçâåäêå ñêâàæèí, îáëåã÷àåò èçó÷åíèå çàëåæåé íåôòè, â ÷àñòíîñòè èññëåäî-
âàíèå èçìåíåíèÿ ðàñïðåäåëåíèÿ äàâëåíèÿ âíóòðè ïëàñòà. Ðàññìîòðåí ÷èñ-
ëåííûé ìåòîä ðåøåíèÿ óðàâíåíèÿ ïüåçîïðîâîäíîñòè, îïèñûâàþùèé ïðîöåññ
îäíîôàçíîé ôèëüòðàöèè íåôòè, ñ ïîìîùüþ ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ
èñïîëüçîâàíèåì ñ èñïîëüçîâàíèåì âû÷èñëèòåëüíîé áèáëèîòåêè FenicS.
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Â âû÷èñëèòåëüíîì ýêñïåðèìåíòå èññëåäîâàíî âëèÿíèå òåïëîîáìåíà ÷å-
ðåç êðîâëþ è ïîäîøâó ãàçîíîñíîãî ïëàñòà íà äèíàìèêó ïîëåé òåìïåðàòó-
ðû è äàâëåíèÿ ïðè íàãíåòàíèè ðåàëüíîãî ãàçà ÷åðåç îäèíî÷íóþ ñêâàæèíó.
Ýêñïåðèìåíò âûïîëíåí â ðàìêàõ ìîäèôèöèðîâàííîé ìàòåìàòè÷åñêîé ìîäåëè
íåèçîòåðìè÷åñêîé ôèëüòðàöèè ãàçà, êîòîðàÿ âûâîäèòñÿ èç çàêîíîâ ñîõðàíå-
íèÿ ìàññû è ýíåðãèè, à òàêæå èç çàêîíà Äàðñè. Â êà÷åñòâå çàìûêàþùèõ ñî-
îòíîøåíèé èñïîëüçîâàíû ôèçè÷åñêîå è êàëîðè÷åñêîå óðàâíåíèÿ ñîñòîÿíèÿ, à
òàêæå çàêîí Íüþòîíà�Ðèõìàíà, îïèñûâàþùèé òåïëîîáìåí ãàçîíîñíîãî ïëà-
ñòà ñ îêðóæàþùèìè âìåùàþùèìè ïîðîäàìè. Ïîêàçàíî, ÷òî âëèÿíèå òåï-
ëîîáìåíà ñ îêðóæàþùåé ñðåäîé íà òåìïåðàòóðíîå ïîëå ãàçîíîñíîãî ïëàñòà
ëîêàëèçîâàíî â óçêîé çîíå âáëèçè êðîâëè è ïîäîøâû, è íîñèò íåðàâíîìåðíûé
õàðàêòåð.

×ÈÑËÅÍÍÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÇÀÄÀ×
ÏÎÐÎÓÏÐÓÃÎÑÒÈ ÍÀ ÂÛ×ÈÑËÈÒÅËÜÍÎÌ ÊËÀÑÒÅÐÅ
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Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííîå ðåøåíèå çàäà÷è ïîðîóïðóãîñòè â
äâóõìåðíîé è òðåõìåðíîé ïîñòàíîâêàõ. Ìàòåìàòè÷åñêàÿ ìîäåëü îïèñûâàåò-
ñÿ ñâÿçàííîé ñèñòåìîé óðàâíåíèé äëÿ äàâëåíèÿ è ïåðåìåùåíèé. Äëÿ ÷èñ-
ëåííîãî ðåøåíèÿ çàäà÷è ïðîâîäèòñÿ êîíå÷íî-ýëåìåíòíàÿ àïïðîêñèìàöèÿ ïî
ïðîñòðàíñòâó, à äëÿ àïïðîêñèìàöèè ïî âðåìåíè èñïîëüçóåòñÿ äâóõñëîéíàÿ
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ðàçíîñòíàÿ ñõåìà. Âû÷èñëèòåëüíàÿ ðåàëèçàöèÿ ïîëó÷åííîé ñâÿçàííîé äèñ-
êðåòíîé çàäà÷è äëÿ äàâëåíèÿ è ïåðåìåùåíèé ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì
âû÷èñëèòåëüíîãî ïàêåòà FEniCS. Äëÿ ïîñòðîåíèÿ ãåîìåòðè÷åñêîé îáëàñòè è
ðàñ÷åòíîé ñåòêè èñïîëüçóåòñÿ ïðîãðàììà Gmsh. Ïðåäñòàâëåíû ðåçóëüòàòû
÷èñëåííîãî ðàñ÷åòà ìîäåëüíîé òðåõìåðíîé çàäà÷è íà âû÷èñëèòåëüíîì êëà-
ñòåðå Àðèàí Êóçüìèí.
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Â ñâÿçè ñ ñîâåðøåíñòâîâàíèåì òåõíè÷åñêèõ ñðåäñòâ íàáëþäåíèÿ íåóñòà-
íîâèâøåãîñÿ ýëåêòðîìàãíèòíîãî ïîëÿ ãåîëîãè÷åñêîé ñðåäû è ðàñøèðåíèåì
ãåòåðîãåííîé è ìíîãîôàçíîé ãåîýëåêòðè÷åñêîé ñôåðû îïîèñêîâàíèÿ â ñîâðå-
ìåííîé ïðàêòèêå âñ¼ ÷àùå ñòàëè íàáëþäàòüñÿ ¾èñêàæåíèÿ¿ ïåðåõîäíûõ ïðî-
öåññîâ, âïëîòü äî ñìåíû çíàêîâ, íå ó÷èòûâàåìûõ êëàññè÷åñêîé òåîðèåé îáåñ-
ïå÷åíèÿ òåõíîëîãèè çîíäèðîâàíèÿ ìåòîäîì ïåðåõîäíûõ ïðîöåññîâ, øèðîêî
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ïðèìåíÿåìîé ïðè àëìàçîïîèñêîâûõ ðàáîòàõ â ïðåäåëàõ êðèîëèòîçîíû [1].
Ñîãëàñíî äîñòàòî÷íî îáøèðíûì òåîðåòè÷åñêèì è ýêñïåðèìåíòàëüíûì èññëå-
äîâàíèÿì ýòè ¾èñêàæåíèÿ¿ îáóñëîâëåíû ÷àñòîòíîé äèñïåðñèåé ãîðíûõ, îñî-
áåííî, ì¼ðçëûõ ïîðîä, ïðîÿâëÿþùåéñÿ â âèäå, òàê íàçûâàåìîé, èíäóêöèîííî-
âûçâàííîé ïîëÿðèçàöèè (ÂÏÈ) [1-3]. Ïðèðîäà ýòîãî ÿâëåíèÿ ìíîãîãðàííà,
ñóììàðíûé êîëè÷åñòâåííûé àíàëèç êîòîðîãî íå ïðåäñòàâëÿåòñÿ âîçìîæíûì
[1-3]. Â ýòîé ñâÿçè ðàññìîòðèì ëèøü ôåíîìåíîëîãè÷åñêóþ ìîäåëü íåóñòàíî-
âèâøåãîñÿ ýëåêòðîìàãíèòíîãî ïîëÿ ïîëÿðèçóþùåãîñÿ ãåîëîãè÷åñêîãî ïëàñòà,
àïïðîêñèìèðîâàííîãî ïëîñêîñòüþ S � îäíîé èç áàçîâûõ ìîäåëåé òåîðåòè÷å-
ñêîãî îáåñïå÷åíèÿ òåõíîëîãèè íàáëþäåíèÿ èìïóëüñíîãî ýëåêòðîìàãíèòíîãî
ïîëÿ [2].

Ôåíîìåíîëîãè÷åñêèé ñïîñîá ó÷¼òà ÂÏÈ ñîñòîèò â òîì, ÷òî â âûðàæåíèå
îïèñûâàþùåå ãàðìîíè÷åñêîå ïîëå ïëîñêîñòüþ S [4] âìåñòî õàðàêòåðèñòèêè
ñòàöèîíàðíîé ýëåêòðîïðîâîäíîñòè S0 ââîäèì øèðîêî àïðîáèðîâàííóþ äèñ-
ïåðñèîííóþ ìîäåëü Êîóë-Êîóë â âèäå [2]:

S (ω) = S0
1 + iωt

1 + (1− η) iωt
,

ãäå S (ω) = H γ � ÷àñòîòíî-çàâèñèìàÿ ïðîäîëüíàÿ ïðîâîäèìîñòü ïëàñòà;
H � òîëùèíà ýëåêòðîïðîâîäíîãî ïëàñòà; γ � ýëåêòðîïðîâîäíîñòü ïëàñòà; ω �
êðóãîâàÿ ÷àñòîòà; τ � âðåìÿ ðåëàêñàöèè; i � ìíèìàÿ åäèíèöà.

Â ðåçóëüòàòå ðåøåíèÿ ýëåêòðîäèíàìè÷åñêîé çàäà÷è ñïåêòðàëüíûì ìå-
òîäîì Ôóðüå ïîëó÷èì âûðàæåíèÿ äëÿ êîìïîíåíò íåóñòàíîâèâøåãîñÿ ïîëÿ
ïîëÿðèçóþùåãîñÿ ïëàñòà â âèäå îäíîêðàòíûõ èíòåãðàëîâ:

∂

∂t
Ḃηz (t) =

µM

4π

∂

∂t

∫ ∞

0

m2e−αme−at
(
chbt+

β − a

b
shbt

)
J0 (mr) dm =

= −µM
4π

∫ ∞

0

m2e−αme−ata

[
(1− β − a) chbt+

(
β − a

b
+ b

)
shbt

]
J0 (mr) dm,

ãäå a = m(1−η)
µS0

+ 1
2τ
, b = m(1−η)

µS0
, β = 1

τ
, α = 2h+ z, t � âðåìÿ íàáëþäåíèÿ, h

- ðàññòîÿíèå îò âîçáóæäàþùåãî äèïîëÿ äî ïëîñêîñòè S; r, φ, z � öèëèíäðè-
÷åñêèå êîîðäèíàòû, µ � ìàãíèòíàÿ ïðîíèöàåìîñòü âàêóóìà; m � ïåðåìåííàÿ
ðàçäåëåíèÿ;M � ìàãíèòíûé ìîìåíò âîçáóäèòåëÿ; J0 (mr) � ôóíêöèÿ Áåññåëÿ
íóëåâîãî ïîðÿäêà àðãóìåíòà (mr); 0 ≤ η ≤ 1 � ïîëÿðèçóåìîñòü ñëîÿ.

∂

∂t
Ḃηr (t) =

µM

4π

∂

∂t

∫ ∞

0

m2e−dme−atcosφ

(
chbt+

β − a

b
shbt

)
J1 (mr) dm =

=
µM

4π

∫ ∞

0

m2e−dme−atcosφ a

[
(1 + β − a) chbt+

(
β − a

b
+ b

)
shbt

]
J1 (mr) dm,
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ãäå J1 (mr) � ôóíêöèÿ Áåññåëÿ ïåðâîãî ïîðÿäêà àðãóìåíòà (mr).
×èñëåííûé àíàëèç íåóñòàíîâèâøåãîñÿ ïîëÿ ïîëÿðèçóþùåãîñÿ ïëàñòà ñî-

ãëàñóåòñÿ ñ èçâåñòíûìè àíàëèòè÷åñêèìè, ÷èñëåííûìè è ýêñïåðèìåíòàëüíû-
ìè äàííûìè [1-3].
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Íîâèêîâ Å.À.1, Íîâèêîâ À.Å.2
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aenovikov@bk.ru

Ïðè ìîäåëèðîâàíèè êèíåòèêè õèìè÷åñêèõ ðåàêöèé, ýëåêòðîýíåðãåòè÷å-
ñêèõ ñèñòåì, õèìèêî-òåõíîëîãè÷åñêèõ ïðîöåññîâ, äèíàìèêè ìåõàíè÷åñêèõ ñè-
ñòåì, ñõåìîòåõíè÷åñêîì ïðîåêòèðîâàíèè ðàäèîýëåêòðîííûõ ñõåì è äðóãèõ
âàæíûõ ïðèëîæåíèÿõ âîçíèêàåò ïðîáëåìà ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà [1-2]

y′ = f(t(, y), y(t0) = y0, t0 ≤ t ≤ tk, (1)

ãäå y è f � N -ìåðíûå âåêòîð-ôóíêöèè, t � ñêàëÿðíàÿ âåëè÷èíà.
Ó÷åò áîëüøîãî ÷èñëà ôàêòîðîâ ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé

ïðèâîäèò ê ðàñøèðåíèþ êëàññà çàäà÷, îïèñûâàåìûõ æåñòêèìè ñèñòåìàìè
[3-5]. Îñíîâíûå òåíäåíöèè ïðè ïîñòðîåíèè ÷èñëåííûõ ìåòîäîâ ñâÿçàíû ñ ðå-
øåíèåì ñèñòåì áîëüøîé ðàçìåðíîñòè [1-6]. Ñëîæíîñòü ïðàêòè÷åñêèõ çàäà÷
ïðèâîäèò ê âîçðàñòàþùèì òðåáîâàíèÿì ê âû÷èñëèòåëüíûì àëãîðèòìàì, ïî-
ýòîìó ïðîáëåìà ñîçäàíèÿ ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷è

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 14-01-00047)
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Êîøè äëÿ æåñòêèõ ñèñòåì áîëüøîé ðàçìåðíîñòè ÿâëÿåòñÿ àêòóàëüíîé çàäà-
÷åé.

Îáû÷íî äëÿ ðåøåíèÿ æåñòêèõ çàäà÷ ïðèìåíÿþòñÿ ìåòîäû ñ íåîãðàíè-
÷åííîé îáëàñòüþ óñòîé÷èâîñòè. Îäíàêî ïðè ðåøåíèè áîëüøèõ ñèñòåì â òà-
êèõ ÷èñëåííûõ ôîðìóëàõ âðåìÿ äåêîìïîçèöèè ìàòðèöû ßêîáè ôàêòè÷åñêè
ïîëíîñòüþ îïðåäåëÿåò îáùèå âû÷èñëèòåëüíûå çàòðàòû. Äëÿ ïîâûøåíèÿ ýô-
ôåêòèâíîñòè ðàñ÷åòîâ âî ìíîãèõ àëãîðèòìàõ ïðèìåíÿåòñÿ çàìîðàæèâàíèå
ìàòðèöû ßêîáè, òî åñòü èñïîëüçîâàíèå îäíîé ìàòðèöû íà íåñêîëüêèõ øàãàõ
èíòåãðèðîâàíèÿ. Ýòî ïîçâîëÿåò ñîêðàòèòü âû÷èñëèòåëüíûå çàòðàòû, íî ïîë-
íîñòüþ ïðîáëåìó íå ðåøàåò. Áîëåå òîãî, âî ìíîãèõ áåçûòåðàöèîííûõ ìåòîäàõ
(íàïðèìåð, â ìåòîäàõ òèïà Ðîçåíáðîêà), â êîòîðûõ ìàòðèöà ßêîáè âêëþ÷å-
íà íåïîñðåäñòâåííî â ÷èñëåííóþ ñõåìó, ïîðÿäîê òî÷íîñòè îãðàíè÷åí ÷èñëîì
äâà ïðè çàìîðàæèâàíèè ìàòðèöû ßêîáè.

Äëÿ ÿâíûõ ìåòîäîâ øàã èíòåãðèðîâàíèÿ h îãðàíè÷åí íåðàâåíñòâîì
h|λmax| ≤ D [3, 7], ãäå λmax åñòü ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðè-
öû ßêîáè ñèñòåìû (1), à ïîëîæèòåëüíàÿ ïîñòîÿííàÿ D ñâÿçàíà ñ ðàçìåðîì
îáëàñòè óñòîé÷èâîñòè. Òàê êàê äëÿ ìíîãèõ æåñòêèõ çàäà÷ äëèíà èíòåðâàëà
èíòåãðèðîâàíèÿ çíà÷èòåëüíî ïðåâûøàåò âåëè÷èíó D/|λmax|, òî èíòåãðèðî-
âàíèå ïðè óñëîâèè h|λmax| ≤ D îêàçûâàåòñÿ íåïîñèëüíûì äëÿ ñîâðåìåííûõ
ÝÂÌ. Â ïîñëåäíåå âðåìÿ â ñâÿçè ñ ïîñòðîåíèåì ÿâíûõ ìåòîäîâ ñ ðàñøèðåí-
íûìè îáëàñòÿìè óñòîé÷èâîñòè èõ âîçìîæíîñòè òðàêòóþòñÿ áîëåå øèðîêî [3].

Çäåñü ïîñòðîåí àëãîðèòì ïåðåìåííîãî ïîðÿäêà è øàãà íà îñíîâå ñòà-
äèé òðèíàäöàòèñòàäèéíîãî ìåòîäà Ðóíãå-Êóòòà-Ôåëüáåðãà [8]. Ïðèâåäåíû
ðåçóëüòàòû ðàñ÷åòîâ, ïîäòâåðæäàþùèå òðèäöàòèêðàòíîå ïîâûøåíèå ýôôåê-
òèâíîñòè çà ñ÷åò ïåðåìåííîãî ïîðÿäêà è ãèáêîãî óïðàâëåíèÿ øàãîì ñ ó÷åòîì
íåðàâåíñòâà äëÿ êîíòðîëÿ óñòîé÷èâîñòè.
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Ïðîöåññ ñòðîèòåëüñòâà ëèíåéíûõ èíæåíåðíûõ ñîîðóæåíèé ñîïðîâîæäà-
åòñÿ òåõíîãåííûì íàðóøåíèåì òåïëîâëàæíîñòíîãî ãðóíòîâîãî îñíîâàíèÿ,
÷òî ïðèâîäèò íåæåëàòåëüíûì ìåðçëîòíûì ïðîöåññàì: òåðìîêàðñò, òåðìîýðî-
çèÿ, òåðìîïðîñàäêè è ïó÷åíèÿ.

Ñ ó÷åòîì ñîâðåìåííîãî èçìåíåíèÿ êëèìàòà â äàííîé ðàáîòå ïðèâîäÿòñÿ
ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîâëàæíîñòíûõ ïðîöåññîâ è ðåçóëüòàòû ÷èñëåí-
íîãî ýêñïåðèìåíòà ïî ïðîãíîçó ýêçîãåííûõ ïðîöåññîâ â îñíîâàíèè ñîîðóæå-
íèé. Òåïëîâëàãîïåðåíîñ îïèñûâàåòñÿ ñèñòåìîé íåëèíåéíûõ óðàâíåíèé â äâó-
ìåðíîé îáëàñòè. Ñèñòåìà óðàâíåíèé ðàñùåïëÿåòñÿ íà îäíîìåðíûå çàäà÷è è
ðåàëèçóåòñÿ ìåòîäîì íàïðàâëåííûõ ðàçíîñòåé ñ ó÷åòîì èòåðàöèè.

Äëÿ ïðîãíîçà òåìïåðàòóðíîãî ðåæèìà ãðóíòîâ â ñëîå ãîäîâûõ òåïëî-
îáîðîòîâ è ìîùíîñòè äåÿòåëüíîãî ñëîÿ èñïîëüçîâàíû äàííûå ìåòåîñòàíöèè
ßêóòñê (ñðåäíèå ñóòî÷íûå òåìïåðàòóðû âîçäóõà, åæåìåñÿ÷íûå âûñîòû ñíåæ-
íîãî ïîêðîâà) è òåïëîáàëàíñîâûõ íàáëþäåíèé íà ðàçëè÷íûõ ñòàöèîíàðàõ.
×èñëåííûé ýêñïåðèìåíò âîäíîãî ðåæèìà ãðóíòîâ ïðîèçâåäåí ñ ó÷åòîì êîëè-
÷åñòâà ïîðîâîãî ðàñòâîðà êàðáîíàòíûõ ïîðîä, îñàäêîâ è èñïàðåíèÿ.

Â ðåçóëüòàòå ÷èñëåííîãî ýêñïåðèìåíòà óñòàíîâëåíî, ÷òî ïðîöåññ ìèãðà-
öèè ïëåíî÷íîé è êàïèëëÿðíîé âëàãè èãðàåò îñíîâíóþ ðîëü â ôîðìèðîâàíèè
ìîðîçíîãî ïó÷åíèÿ è òåðìîïðîñàäêè. Â òå÷åíèå çèìû âåëè÷èíà ïó÷åíèÿ ìî-
íîòîííî ðàñòåò çà ñ÷åò ìèãðàöèè ïîðîâîé âëàãè ê ôðîíòó ïðîìåðçàíèÿ. Â ìàå
ïðè ïîñòóïëåíèè ñíåãîâîé âîäû íàáëþäàåòñÿ ðåçêîå óâåëè÷åíèå îáúåìà (íà-
áóõàíèå) âåðõíèõ ñëîåâ äåÿòåëüíîãî ñëîÿ. Â ëåòíèå ìåñÿöû (èþíü-àâãóñò),
êîãäà èäåò èíòåíñèâíîå èñïàðåíèå âëàãè çà ñ÷åò âûñûõàíèÿ âåðõíèõ ñëî-
åâ ãðóíòà ïðîèñõîäèò óñàäêà äåÿòåëüíîãî ñëîÿ. Îñåííèå äîæäè (ñåíòÿáðü)
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îñòàíàâëèâàþò ïðîöåññ îñàäêè îò âûñûõàíèÿ. Âåñü âûøåóêàçàííûé ïðîöåññ
êàæäûé ãîä öèêëè÷åñêè ïîâòîðÿåòñÿ.

Îáùàÿ îñàäêà íåôòåïðîâîäà ñîñòîèò èç äâóõ ñëàãàåìûõ. Ïåðâàÿ ñëàãà-
åìàÿ ó÷èòûâàåò îòíîñèòåëüíóþ ïðîñàäî÷íîñòü ëüäèñòûõ îòëîæåíèé áåç íà-
ãðóçêè. Âòîðîå âûðàæåíèå ðàññ÷èòûâàåòñÿ ïðè ðàçëè÷íûõ çíà÷åíèÿõ êîýô-
ôèöèåíòà ñæèìàåìîñòè ãðóíòà. Èç ÷èñëåííîãî ýêñïåðèìåíòà óñòàíîâëåíî,
÷òî áåç èçîëÿöèè òðóáîïðîâîäà ïðîöåññ îñàäêè óñèëèâàåòñÿ, ò.å. íàëè÷èå òåï-
ëîèçîëÿöèè ñóùåñòâåííî ïîãàøàåò ðàñïðîñòðàíåíèå òåïëà âîêðóã íåôòåïðî-
âîäà. Â ïðîöåññå 35-ëåòíåé ýêñïëóàòàöèè íåôòåïðîâîäà áåç èçîëÿöèè îáðàçó-
åòñÿ ÷àøà ïðîòàèâàíèÿ ãëóáèíîé 11,7 ì, ÷òî ñîïðîâîæäàåòñÿ ìàêñèìàëüíîé
ïðîñàäêîé íåôòåïðîâîäà íà 0,45 ì. Ïðè òåïëîèçîëÿöèè â êîíöå 35-ëåòíåé
ýêñïëóàòàöèè ïðè òåïëîèçîëÿöèè ãëóáèíà ÷àøè ïðîòàèâàíèÿ ðàâíà 7,6 ì, à
âåëè÷èíà ìàêñèìàëüíîé îñàäêè - 0,37 ì. Äëÿ ñòàáèëèçàöèè äåôîðìàöèîííî-
ãî ñîñòîÿíèÿ ëèíåéíûõ ñîîðóæåíèé ñëåäóåò ïðîâåñòè ïðîòèâîïó÷èíèñòûå è
ïðîòèâîòåðìîêàðñòîâûå ìåðîïðèÿòèÿ.

Òàêèì îáðàçîì, ðàçðàáîòàíà ìåòîäîëîãèÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ
òåïëîâëàæíîñòíîãî ðåæèìà ñ ó÷åòîì ñîâðåìåííûõ èçìåíåíèé êëèìàòà (åæå-
ìåñÿ÷íàÿ äèíàìèêà ñíåæíîãî ïîêðîâà, ñðåäíåñóòî÷íàÿ òåìïåðàòóðà âîçäó-
õà), à òàêæå íåîäíîðîäíîñòè ãðóíòîâîãî ìàññèâà. Àíàëèç ðåçóëüòàòîâ èññëå-
äîâàíèé ïîêàçûâàåò, ÷òî ó÷åò ñîâðåìåííûõ èçìåíåíèé êëèìàòà ïîâûøàåò
äîñòîâåðíîñòü äîëãîñðî÷íîãî ãåîêðèîëîãè÷åñêîãî ïðîãíîçà.

×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÍÅÐÀÂÍÎÂÅÑÍÎÉ
ÄÂÓÕÔÀÇÍÎÉ ÔÈËÜÒÐÀÖÈÈ

PROBLEMS OF NUMERICAL SIMULATION OF THE SEA ICE
COVER

Ïîëèêàðïîâà Î.Ä.1, Òèìîôååâà Ò.Ñ.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;
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Ïðîöåññû ðàçðàáîòêè íåôòÿíûõ ìåñòîðîæäåíèé ñâÿçàíû ñ äâèæåíèåì
ìíîãîôàçíûõ ñðåä, êîòîðûå õàðàêòåðèçóþòñÿ íåðàâíîâåñíûìè ñâîéñòâàìè
[2].

Ðàññìàòðèâàåòñÿ ìîäåëü íåðàâíîâåñíîãî âûòåñíåíèÿ, êîòîðàÿ îñíîâàíà
íà çàâèñèìîñòè ýôôåêòèâíîé íàñûùåííîñòè îò ñêîðîñòè èçìåíåíèÿ èñòèííîé

íàñûùåííîñòè σ = s− τ(s)
(
v
m

)
· grads [1].

×èñëåííûå ðàñ÷åòû çàäà÷è âûòåñíåíèÿ ïðîâåäåíû â îäíîìåðíîé ïîñòà-
íîâêå. Ïðè ýòîì ñîîòíîøåíèå äëÿ îïðåäåëåíèÿ ýôôåêòèâíîé íàñûùåííîñòè
èñïîëüçîâàëàñü ïðåîáðàçîâàííîå ê âèäó σ = s−DR(s) ∂s

∂x
.
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Ñèñòåìà óðàâíåíèé Ìàñêåòà-Ëåâåðåòòà ñîâìåñòíî ñ ïðåäûäóùèì ñîîòíî-
øåíèåì ïðè ïîñòîÿííîé ñêîðîñòè ôèëüòðàöèè èñïîëüçîâàëàñü â áåçðàçìåð-
íûõ ïåðåìåííûõ: {

∂s
∂t

= ∂
∂x

[
εa(σ) ∂s

∂x
− F (σ)

]
,

s−DR(s) ∂s
∂t

= σ.

Äëÿ ÷èñëåííîãî ðåøåíèÿ èñïîëüçóåòñÿ ìåòîä ðàñùåïëåíèÿ ïî ôèçè÷å-
ñêèì ïðîöåññàì.

Ïóòåì ÷èñëåííûõ ðàñ÷åòîâ èññëåäîâàíî âëèÿíèå ïàðàìåòðà íåðàâíîâåñ-
íîñòè D íà ïðîöåññ ôèëüòðàöèè. Íåðàâíîâåñíîñòü ïðèâîäèò ê ðàçìàçûâàíèþ
ñêà÷êà íàñûùåííîñòè è îáðàçîâàíèþ ïåðåõîäíîé ñòàáèëèçèðîâàííîé çîíû,
äëèíà êîòîðîé çàâèñèò îò åå âåëè÷èíû. Ðåçóëüòàòû ïîêàçàëè, ÷òî îòíîøåíèå
âÿçêîñòåé âëèÿåò íà ñòðóêòóðó íåðàâíîâåñíîãî äâóõôàçíîãî òå÷åíèÿ. ×åì
ìåíüøå îòíîøåíèå âÿçêîñòåé, òåì áîëüøå âëèÿíèå íåðàâíîâåñíîñòè.
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá îïðåäåëåíèè ðåøåíèÿ u ïàðàáîëè÷å-
ñêîãî óðàâíåíèÿ è ôóíêöèé qi(t) (i = 1, 2, ..., r) òàêèõ ÷òî:

ut +A(t, x,D)u =
∑r
i=1 bi(t, x)qi(t) + f, (t, x) ∈ Q, (1)

A(t, x,D) =
∑

|α|≤2m aα(t, x)D
α, D = (∂x1 , ∂x2 , . . . , ∂xn),

u|t=0 = u0, Bju|S =
∑

|β|≤mj

bjβ(t, x)D
βu|S = gj(t, x), (2)

u(xi, t) = ψi(t), xi ∈ G, i = 1, 2 . . . , s. (3)
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ãäå φi(x) - íåêîòîðûé íàáîð ôóíêöèé, G - îãðàíè÷åííàÿ îáëàñòü â Rn ñ ãðà-
íèöåé Γ êëàññà C2m, Q = G× (0, T ) è S = Γ× (0, T ), A - ìàòðè÷íûé ýëëèïòè-
÷åñêèé îïåðàòîð ïîðÿäêà 2m c ìàòðè÷íûìè êîýôôèöèåíòàìè ðàçìåðíîñòè
h× h è r = sh.

Ïðè îïðåäåëåííûõ óñëîâèÿõ íà äàííûå çàäà÷è ìû ðàññìàòðèâàåì âîïðîñ
î ðàçðåøèìîñòè êðàåâîé çàäà÷è (1)-(3) â ïðîñòðàíñòâàõ Ñîáîëåâà, â ñëó÷àå
m = 1 è h = 1 ìû ñòðîèì àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1)-(3) è
ïðîâîäèì ÷èñëåííûå ýêñïåðèìåíòû.
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ÄÈÍÀÌÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ ÏÐÈ ÍÀËÈ×ÈÈ ÏÎÌÅÕ Â
ÂÛÕÎÄÍÛÕ ÑÈÃÍÀËÀÕ

NUMERICAL ALGORITHM OF ESTIMATION OF
PARAMETERS OF NONLINEAR STATIONARY

MULTIDIMENSIONAL DYNAMIC SYSTEM IN THE PRESENCE
OF HINDRANCES IN OUTPUT SIGNALS

Ðóäíåâ Ê.Ê.

Ñàìàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿ, Ñàìàðà,
Ðîññèÿ;

kirudnev@gmail.com

Äëÿ îöåíèâàíèÿ ïàðàìåòðîâ íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ñ ïîìåõà-
ìè â âûõîäíûõ ñèãíàëàõ ðàçðàáîòàíî áîëüøîå ÷èñëî ìåòîäîâ, ó÷èòûâàþùèõ
îñîáåííîñòè îáúåêòîâ, óñëîâèÿ èõ ôóíêöèîíèðîâàíèÿ, ñïîñîá òåñòèðîâàíèÿ è
ìàòåìàòè÷åñêóþ îñíîâó ïîëó÷àåìûõ ýêñïåðèìåíòàëüíûõ äàííûõ. Â çàâèñè-
ìîñòè îò àïðèîðíîé èíôîðìàöèè îá îáúåêòå óïðàâëåíèÿ ðàçëè÷àþò çàäà÷è
èäåíòèôèêàöèè â óçêîì è øèðîêîì ñìûñëå. Çàäà÷à èäåíòèôèêàöèè â óçêîì
ñìûñëå ñîñòîèò â îöåíèâàíèè ïàðàìåòðîâ è ñîñòîÿíèÿ ñèñòåìû ïî ðåçóëüòà-
òàì íàáëþäåíèé íàä âõîäíûìè è âûõîäíûìè ïåðåìåííûìè, ïîëó÷åííûìè â
óñëîâèÿõ ôóíêöèîíèðîâàíèÿ îáúåêòà. Ðàññìàòðèâàåòñÿ ïðîáëåìà ïàðàìåò-
ðè÷åñêîé èäåíòèôèêàöèè ìíîãîìåðíûõ ïî âõîäó è âûõîäó íåëèíåéíûõ ðàç-
íîñòíûõ óðàâíåíèé ñ ïîìåõàìè â âûõîäíûõ ñèãíàëàõ.

Ïóñòü èìååò ìåñòî ìíîãîìåðíàÿ ñòàöèîíàðíàÿ äèíàìè÷åñêàÿ ñèñòåìà ñ
äèñêðåòíûì âðåìåíåì, îïèñûâàåìàÿ ñëåäóþùèì óðàâíåíèåì:

Zi+1 = G
(0)
1 Zi +G

(1)
1 Zi−1 + . . .+G

(r)
1 Zi−r+

+G
(0)
2 η0(xi) +G

(1)
2 η1(xi−1) + . . .+G

(ri)
2 ηri(xi−ri)

(1)
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ãäå η0 (xi) =

∣∣∣∣∣∣∣∣∣∣∣∣

η
(1)
0

(
x
(1)
i

)
.
.
.

η
(m)
0

(
x
(m)
i

)

∣∣∣∣∣∣∣∣∣∣∣∣
;

∣∣∣∣∣∣∣∣∣∣∣∣

η
(1)
r1

(
x
(1)
i−r1

)
.
.
.

η
(m)
r1

(
x
(m)
i−r1

)

∣∣∣∣∣∣∣∣∣∣∣∣
= η(r1) (xi−r1),

Yi = Zi + Ξ (i), ãäå
Yi, Zi � íàáëþäàåìûå è íåíàáëþäàåìûå âåêòîðû âûõîäíûõ ñèãíàëîâ;
(Zi,Yi ∈ Rn), Xi−íàáëþäàåìûå âåêòîðû âõîäíûõ ñèãíàëîâ (xi ∈ Rm);
{Ξ (i)} � ñëó÷àéíàÿ âåêòîðíàÿ ïîñëåäîâàòåëüíîñòü.
Ïðèìåíåíèå êëàññè÷åñêîãî ÌÍÊ íå ïîçâîëÿåò ïîëó÷èòü ñîñòîÿòåëüíûå

îöåíêè ïàðàìåòðîâ ìàòðèö, òàê êàê òàêàÿ ïîñòàíîâêà çàäà÷è íå ñîâïàäàåò ñ
îáû÷íîé ïîñòàíîâêîé çàäà÷è â ðåãðåññèîííîì àíàëèçå.

Äëÿ ïîëó÷åíèÿ ñîñòîÿòåëüíûõ îöåíîê ìàòðèö êîýôôèöèåíòîâ ïðè îïðå-
äåëåííûõ îãðàíè÷åíèÿõ íà ïîìåõó è âõîäíîé ñèãíàë ìîæåò áûòü ïðèìåíåí
ñëåäóþùèé êðèòåðèé [1]:

min∣∣∣∣∣∣∣∣∣
bj•
−−
aj•

∣∣∣∣∣∣∣∣∣∈B̃

∑N
i=1

y
(j)
i+1 − |bj•|aj•|

∣∣∣∣∣∣
Yr (i)
−−−
ηr1 (i)

∣∣∣∣∣∣
2

σ2
j + bj•D(bj•)

T
(2)

ãäå y
(j)
i+1 � çíà÷åíèå j � âûõîäíîãî ñèãíàëà

(
j =

−→
1, n
)
,

Êðèòåðèé (2) ìîæíî çàïèñàòü â âèäå:

min bj•
aj•

∈B̃

ω−1(bj•|aj•)×

×
(
Y(j) − |AY|Aη̄| |bj•|aj•|T , Y(j) − |AY|Aη̄| |bj•|aj•|T

)
=

= min
(bj.| aj.)∈B̃

ω−1(bj•|aj•)UN(bj•|aj•) (3)

Äëÿ ïîëó÷åíèÿ ÷èñëåííîãî ìåòîäà âû÷èñëåíèÿ îöåíîê ïàðàìåòðîâ êðèòåðèÿ
(3) ðàññìîòðèì ôóíêöèþ:

VN

(
bj•, aj•,Θ

(j)
)
= UN(bj•, aj•)−Θ(j) ω (bj•, aj•) ,

VN

(
Θ(j)

)
= minbj.

...aj.

∈B̃

VN

(
bj•, aj•,Θ

(j)
)
,
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RANK WITH HINDRANCES IN OUTPUT SIGNALS

Ñåìàøêèí Â. Ã.

Ñàìàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïóòåé ñîîáùåíèÿ, Ñàìàðà,
Ðîññèÿ;
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Äëÿ ðåøåíèÿ çàäà÷ ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ïàðàìåòðîâ íåëè-
íåéíûõ äèíàìè÷åñêèõ ñèñòåì ñ ïîìåõàìè â âûõîäíûõ ñèãíàëàõ ðàçðàáîòà-
íî áîëüøîå ÷èñëî ìåòîäîâ, ó÷èòûâàþùèõ îñîáåííîñòè îáúåêòîâ, óñëîâèÿ èõ
ôóíêöèîíèðîâàíèÿ, ñïîñîá òåñòèðîâàíèÿ è ìàòåìàòè÷åñêóþ îñíîâó ïîëó÷àå-
ìûõ ýêñïåðèìåíòàëüíûõ äàííûõ. Òàêæå ñóùåñòâóþò äèíàìè÷åñêèå ñèñòåìû,
â êîòîðûõ ïîìåõè ïðèñóòñòâóþò è íà âõîäíûõ ñèãíàëàõ. Îöåíêà ïàðàìåòðîâ
òàêèõ äèíàìè÷åñêèõ ñèñòåì áîëåå òðóäíàÿ ïðîáëåìà. Ïðåäëîæåí ÷èñëåííûé
ìåòîä îöåíèâàíèÿ ïàðàìåòðîâ íåëèíåéíûõ ìíîãîìåðíûõ äèíàìè÷åñêèõ ñè-
ñòåì, îïèñûâàåìûõ ðàçíîñòíûìè óðàâíåíèÿìè ïðè íàëè÷èè ïîìåõ íàáëþäå-
íèÿ â âûõîäíûõ ñèãíàëàõ.

Ðàññìîòðèì ìíîãîìåðíóþ äèíàìè÷åñêóþ ñèñòåìó ñ äèñêðåòíûì âðåìå-
íåì, êîòîðàÿ îïèñûâàåòñÿ ñëåäóþùèì óðàâíåíèåì

z
(n)
i =

k∑
l=1

r̄nl∑
m=1

b
(ml)
0 (n)zli−m +

d∑
l=1

rnj∑
m=1

a
(mj)
0 (n)η

(j)
i−m(x

(j)
i−m),

y
(l)
i = z

(l)
i + ξ

(l)
i ,

(1)

ãäå n = 1, k, y(l), z(l) � íàáëþäàåìûå è íåíàáëþäàåìûå âûõîäíûå ñèãíàëû
(l = 1, k); k � ÷èñëî âûõîäíûõ ïåðåìåííûõ, d � ÷èñëî âõîäíûõ ïåðåìåííûõ;
b
(ml)
0 (n), a

(mj)
0 (n) � ïàðàìåòðû ðàçíîñòíîãî óðàâíåíèÿ; x(j)i � âõîäíîé ñèãíàë,

z
(j)
i � âûõîäíîé ñèãíàë (j = 1, d); ξ(l)i � ïîìåõà â l-îì âûõîäíîì ñèãíàëå.
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Òðåáóåòñÿ îïðåäåëèòü îöåíêè íåèçâåñòíûõ êîýôôèöèåíòîâ íåëèíåéíîãî
äèíàìè÷åñêîãî îáúåêòà, îïèñàííîãî óðàâíåíèåì (1) ïî íàáëþäàåìûì ïîñëå-
äîâàòåëüíîñòÿì {y(l)i }, {x(j)i−m}.

Ïðè âûïîëíåíèè óñëîâèé 1�4 îïèñàííûõ â [2] îïðåäåëÿþòñÿ îöåíêè
∣∣∣ b0(n)a0(n)

∣∣∣
íåèçâåñòíûõ çíà÷åíèé èç óñëîâèÿ ìèíèìóìà ñóììû âçâåøåííûõ êâàäðàòè÷-
íûõ îòêëîíåíèé e(n) ñ âåñîì ω(b(n)).

Áûë ðàññìîòðåí ñëåäóþùèé êðèòåðèé

min(
b(n)
a(n)

)
∈B̃

N∑
i=1

[
y
(n)
i −

∣∣∣ b(n)a(n)

∣∣∣T (Yr̄nk
(i−1)

ηrnd
(i)

)]2
σ2
n + b(n)D(n)bT (n)

, (1)

êîòîðûé ìîæíî çàïèñàòü â âèäå

min(
b(n)
a(n)

)
∈B̃

ω−1(b(n), a(n))×

 Y (n)−
(
AY (n)
Aη(n)

)(
b(n)
a(n)

)
,

Y (n)− (AY (n)|AX(n))
(
b(n)
a(n)

)
 =

min(
b(n)
a(n)

)
∈B̃

ω−1(b(n), a(n))UN .

(3)

Äëÿ ïîëó÷åíèÿ ÷èñëåííîãî ìåòîäà âû÷èñëåíèÿ îöåíîê ïàðàìåòðîâ èç
êðèòåðèÿ (3) áûëà ðàññìîòðåíà ñëåäóþùàÿ ôóíêöèÿ

VN (b(n), a(n),Θ(n)) = UN (b(n), a(n))−Θ(n)ω(b(n))
VN (Θ(n)) = min(

b(n)
a(n)

)
∈B̃

VN (b(n), a(n),Θ(n)). (4)
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ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÊÐÀÅÂÎÃÎ ÓÑËÎÂÈß ÄËß
ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

RECOVERY OF THE BOUNDARY CONDITION FOR THE
PARABOLIC EQUATION

Òèõîíîâ À. Ã.

ßêóòñêèé ýêîíîìèêî-ïðàâîâîé èíñòèòóò, ßêóòñê, Ðîññèÿ;
tagnir@mail.ru

Ïóñòü äàíà îáëàñòü D = (0, 1) × (0, T ) . Çàïèøåì ïîñòàíîâêó ïðÿìîé
çàäà÷è äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ. Íàéòè ôóíêöèþ u(x, t) óäîâëåòâî-
ðÿþùóþ óðàâíåíèþ

ut = (k(x)ux)x, 0 < x < l, 0 < t ≤ T

è óñëîâèÿì
u(1, t) = q(t), 0 < t ≤ T

k(0)
∂u

∂x
(0, t) = 0, 0 < t ≤ T,

u(x, 0) = 0, 0 ≤ x ≤ 1.

Ïðåäïîëîæèì,÷òî ôóíêöèÿ q(t) íåèçâåñòíà, à î ðåøåíèè ïðÿìîé çàäà÷è
èìååòñÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ âèäà

u(0, t) = ϕ(t), 0 ≤ t ≤ T.

Òðåáóåòñÿ îïðåäåëèòü ïðè äàííûõ óñëîâèÿõ ôóíêöèþ q(t), îïðåäåëÿþ-
ùóþ êðàåâîå óñëîâèå. Äëÿ äàííîé îáðàòíîé çàäà÷è â êà÷åñòâå ôóíêöèîíàëà
êà÷åñòâà ïðèíÿòî âûðàæåíèå

J(q) =

∫ T

0

[u(0, t; q)− ϕ(t)]2dt.

Íà îñíîâå ôîðìóëèðîâêè ñîîòâåòñòâóþùåé ñîïðÿæåííîé çàäà÷è îïðåäå-
ëåíî âûðàæåíèå ãðàäèåíòà ôóíêöèîíàëà êà÷åñòâà. Ïðèâåäåíû ãðàäèåíòíûå
èòåðàöèîííûå ñõåìû äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è.
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ÑÊÎÐÎÑÒßÕ ÂÐÀÙÅÍÈß

MODELING OF THERMAL PROCESSES IN THE SYSTEM ON A
COMMON SHAFT OF BEARINGS AT LOW SPEEDS

Òèõîíîâ Ð.Ñ.1, Ñòàðîñòèí Í.Ï.2
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2ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

Â ðàáîòå [1] ïðåäëîæåí ìåòîä òåïëîâîé äèàãíîñòèêè òðåíèÿ, ïîçâîëÿþ-
ùèé îïðåäåëÿòü ìîìåíò ñèëû òðåíèÿ â ïîäøèïíèêàõ ñêîëüæåíèÿ ïî òåìïå-
ðàòóðíûì äàííûì. Ìåòîä ñâîäèòñÿ ê èçìåðåíèþ òåìïåðàòóðû â îêðåñòíîñòè
çîíû òðåíèÿ, ïîñòðîåíèþ ìàòåìàòè÷åñêîé ìîäåëè è ðåøåíèþ ñîîòâåòñòâó-
þùåé ãðàíè÷íîé îáðàòíîé çàäà÷è âîññòàíîâëåíèÿ ôðèêöèîííîãî òåïëîâû-
äåëåíèÿ è ñîîòâåòñòâåííî ìîùíîñòè òðåíèÿ. Â ðàáîòå [2] òåïëîâàÿ äèàãíî-
ñòèêà òðåíèÿ ñ ó÷åòîì âëèÿíèÿ ñêîðîñòè âðàùåíèÿ âàëà íà òåìïåðàòóðíîå
ïîëå ðàññìàòðèâàëàñü äëÿ îäíîãî ïîäøèïíèêà ñêîëüæåíèÿ â ïëîñêîì ñëó÷àå.
Àêòóàëüíûì ÿâëÿåòñÿ ðàçðàáîòêà ìåòîäà òåïëîâîé äèàãíîñòèêè òðåíèÿ äëÿ
ñèñòåìû ïîäøèïíèêîâ ñêîëüæåíèÿ.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ êëþ÷åâàÿ çàäà÷à òåïëîâîé äèàãíîñòèêè
òðåíèÿ - çàäà÷à îïðåäåëåíèÿ íåñòàöèîíàðíîãî òåìïåðàòóðíîãî ïîëÿ â ñèñòåìå
ïîäøèïíèêîâ ñ ó÷åòîì äâèæåíèÿ âàëà. Ïðèíèìàÿ äîïóùåíèå îá îäíîðîäíî-
ñòè ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî äëèíå ïîäøèïíèêà è êîðïóñà, íåñòàöèî-
íàðíîå òåìïåðàòóðíîå ïîëå â ñèñòåìå ïîäøèïíèêîâ ñêîëüæåíèÿ îïèñûâàëîñü
äâóìåðíûìè êâàçèëèíåéíûìè óðàâíåíèÿìè òåïëîïðîâîäíîñòè äëÿ âòóëîê ñ
êîðïóñàìè è äëÿ âàëà - òðåõìåðíûì óðàâíåíèåì ñ êîíâåêòèâíûì ÷ëåíîì,
ó÷èòûâàþùèì åãî äâèæåíèå. Â çîíå òðåíèÿ âòóëîê ñ âàëîì çàïèñûâàëîñü
óñëîâèÿ ôðèêöèîííîãî òåïëîâûäåëåíèÿ. Íà îñòàëüíûõ ãðàíèöàõ çàäàâàëèñü
òðàäèöèîííûå óñëîâèÿ ïåðâîãî è òðåòüåãî ðîäà. Íà÷àëüíîå ðàñïðåäåëåíèå
òåìïåðàòóðû ñ÷èòàëîñü îäíîðîäíûì. Çàäà÷à ðåøàëàñü ìåòîäîì êîíå÷íûõ
ðàçíîñòåé ñâåäåíèåì ê öåïî÷êå îäíîìåðíûõ óðàâíåíèé òåïëîïðîâîäíîñòè,
êîòîðûå ðåøàëèñü ñ èñïîëüçîâàíèåì áåçóñëîâíî óñòîé÷èâûõ íåÿâíûõ ñõåì.

Íà îñíîâå âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ çàäàííîé ñêîðîñòè âðà-
ùåíèÿ âàëà îïðåäåëåí ìàêñèìàëüíûé øàã ïî âðåìåíè, îáåñïå÷èâàþùèé ïðè-
åìëåìóþ äëÿ ïðàêòè÷åñêèõ ðàñ÷åòîâ òî÷íîñòü ðåøåíèÿ. Îïðåäåëåíèå òàêîãî
øàãà ïîçâîëèò ñîêðàòèòü çàòðàòû ìàøèííîãî âðåìåíè íà ðåøåíèå ãðàíè÷-
íîé îáðàòíîé çàäà÷è. Âû÷èñëèòåëüíûìè ýêñïåðèìåíòàìè òàêæå èññëåäîâàíà
äèíàìèêà òåìïåðàòóðíîãî ïîëÿ â ñèñòåìå ÷åòûðåõ ïîäøèïíèêîâ íà îáùåì âà-
ëó. Èìèòàöèåé ðàçëè÷íûõ çàêîíîìåðíîñòåé ôðèêöèîííûõ òåïëîâûäåëåíèé â
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ñèñòåìå èññëåäîâàíî âçàèìíîå âëèÿíèå òåìïåðàòóðíûõ ïîëåé â ïîäøèïíè-
êàõ ïóòåì òåïëîïåðåäà÷è ÷åðåç âàë. Ìíîãî÷èñëåííûå ðàñ÷åòû ñ âàðüèðîâà-
íèåì âñåõ ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè è àíàëèç òåìïåðàòóðíûõ çà-
âèñèìîñòåé ïîêàçàëè, ÷òî äèíàìèêè òåìïåðàòóðíûõ ïîëåé íå ïðîòèâîðå÷àò
ôèçè÷åñêîìó ïðåäñòàâëåíèþ îïèñûâàåìîãî òåïëîâîãî ïðîöåññà è àäåêâàòíî
ðåàãèðóþò íà èçìåíåíèå èñõîäíûõ äàííûõ. Ðàçðàáîòàííûé àëãîðèòì îïðåäå-
ëåíèÿ òåìïåðàòóðíîãî ïîëÿ â ñèñòåìå ïîäøèïíèêîâ ñêîëüæåíèÿ ìîæåò áûòü
ðåêîìåíäîâàí ê èñïîëüçîâàíèþ â ìåòîäå òåïëîâîé äèàãíîñòèêè òðåíèÿ.
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Â íåêîòîðûõ çàäà÷àõ òðåáóåòñÿ âû÷èñëåíèå ñðåäíåãî çíà÷åíèÿ
ôóíêöèîíàëà q(S1, S2, . . . , Sk), çàâèñÿùåãî îò ðåàëèçàöèé S1, S2, . . . ,
Sk íåñêîëüêèõ ìàðêîâñêèõ öåïåé. Íàïðèìåð, â çàäà÷àõ ðàäèàöèîííîé
ôèçèêè òàêèìè ôóíêöèîíàëàìè îïèñûâàþòñÿ îòêëèêè ñõåì ñîâïàäåíèé,
êîãäà âàæíî ó÷åñòü ñîâìåñòíîå âëèÿíèå íåñêîëüêèõ ÷àñòèö íà îòêëèê
äåòåêòîðà [1]. Â ýêîíîìèêå âñòðå÷àþòñÿ ôóíêöèîíàëû, çàâèñÿùèå îò êóðñîâ
íåñêîëüêèõ âàëþò. Òàêæå ïîäîáíûå ôóíêöèîíàëû âîçíèêàþò â çàäà÷àõ
òåîðåòè÷åñêîé ôèçèêè, òåîðèè ìàññîâîãî îáñëóæèâàíèÿ è äð.

Äëÿ îäíîìåðíîãî ñëó÷àÿ (k = 1) ðàçðàáîòàíû âåñîâûå ìåòîäû
Ìîíòå-Êàðëî, íàèáîëåå èçâåñòíûìè èç êîòîðûõ ÿâëÿþòñÿ ìåòîä ñóùåñòâåí-
íîé âûáîðêè, ìåòîä ðàññëîåííîé âûáîðêè, ðàñùåïëåíèå è ¾ðóññêàÿ ðóëåòêà¿
[2]. Ýòè ìåòîäû ïîëó÷èëè íàèáîëüøåå ðàçâèòèå â çàäà÷àõ ðàäèàöèîííîé ôè-
çèêè, â êîòîðûõ ïîçâîëÿþò óñêîðèòü ðàñ÷åòû íà íåñêîëüêî ïîðÿäêîâ [1,3].

Â ñàìîì îáùåì ñëó÷àå ïðè èñïîëüçîâàíèè âåñîâûõ ìåòîäîâ äëÿ ðàçûã-
ðûâàíèÿ ðåàëèçàöèè ìàðêîâñêîé öåïè ïîëó÷àåòñÿ íåñêîëüêî, âîîáùå ãîâîðÿ,
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çàâèñèìûõ ðåàëèçàöèé ýòîé öåïè S1, S2, . . . , Sm ñ âåñàìè w1, w2, . . . , wm.
×èñëî m ñëó÷àéíî. Âåñîâàÿ îöåíêà èìååò âèä

Q∗ =

m∑
i=1

q(Si)wi

Íåñìåùåííîñòü îöåíêè, òî åñòü ðàâåíñòâî MQ∗ =Mq, äîñòèãàåòñÿ âûáîðîì
âåñîâ wi.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïåðåíîñ âåñîâûõ ìåòîäîâ èç îäíîìåð-
íîãî ñëó÷àÿ íà ìíîãîìåðíûé.

Äëÿ ïðîñòîòû ïðèìåì k = 2. Îáîçíà÷èì Ω1 è Ω2 � ìíîæåñòâà âñåõ ðåàëè-
çàöèé ïåðâîãî è âòîðîãî ìàðêîâñêèõ ïðîöåññîâ. Ïóñòü òåïåðü q : Ω1 × Ω2 →
R � ñëó÷àéíàÿ âåëè÷èíà, çàäàííàÿ íà ïðîèçâåäåíèè âåðîÿòíîñòíûõ ïðî-
ñòðàíñòâ.

Ïðè ìîäåëèðîâàíèè ìåòîäîì Ìîíòå-Êàðëî êàæäîãî èç ìàðêîâñêèõ ïðî-
öåññîâ âîçìîæíî èñïîëüçîâàíèå âåñîâûõ ìåòîäîâ. Â íàñòîÿùåé ðàáîòå ïðåä-
ëàãàåòñÿ íåñìåùåííàÿ îöåíêà

Q∗ =

m1∑
i=1

m2∑
j=1

q(S1i, S2j)w1iw2j ,

ãäå Sij � j-àÿ ðåàëèçàöèÿ i-îãî ìàðêîâñêîãî ïðîöåññà, wij � åå ñòàòèñòè÷åñêèé
âåñ, mi � êîëè÷åñòâî ðåàëèçàöèé i-îãî ìàðêîâñêîãî ïðîöåññà.

Â ñëó÷àå çàäà÷ áîëüøèõ ðàçìåðíîñòåé ïðèâåäåííàÿ ôîðìóëà äîïóñêàåò
îáîáùåíèå. Îäíàêî âîçíèêàåò ñëîæíîñòü, ñâÿçàííàÿ ñ òåì, ÷òî êîëè÷åñòâî
ñëàãàåìûõ ðàñòåò ýêñïîíåíöèàëüíî ñ ðàçìåðíîñòüþ çàäà÷è. Íàïðèìåð, â çà-
äà÷àõ ðàäèàöèîííîé ôèçèêè ìîäåëèðóåòñÿ îáû÷íî íå ìåíåå 1000 òðàåêòîðèé,
êàæäàÿ èç êîòîðûõ ðàñùåïëÿåòñÿ íà íåñêîëüêî òðàåêòîðèé (êîëè÷åñòâî ñëà-
ãàåìûõ áîëåå ÷åì 21000).

Ñóììó ìîæíî âû÷èñëèòü ñ èñïîëüçîâàíèåì ìåòîäà ¾ðóññêîé ðóëåòêè¿.
Äëÿ ýòîãî íàäî çàäàòüñÿ íåêîòîðîé íåíóëåâîé âåðîÿòíîñòüþ p ¾âûæèâàíèÿ¿
êàæäîãî îòäåëüíî âçÿòîãî ñëàãàåìîãî. Ïóñòü Iij � èíäèêàòîð ¾âûæèâàíèÿ¿
i, j-îãî ñëàãàåìîãî. Îöåíêà

Q∗ =

m1∑
i=1

m2∑
j=1

q(S1i, S2j)w1iw2j
1

p
Iij ,

òàêæå ÿâëÿåòñÿ íåñìåùåííîé îöåíêîé Mq, íî ñîäåðæèò â 1/p ðàç ìåíüøå
íåíóëåâûõ ÷ëåíîâ, ÷åì Q∗.
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Ñåêöèÿ IV. ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ
ÌÎÄÅËÈ È ×ÈÑËÅÍÍÛÅ ÌÅÒÎÄÛ
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INVARIANT SUBMODELS OF THE THERMAL MOTION OF A
GAS1

Chirkunov Y.A.1, Pikmullina E.O.2
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The special choice of mass Lagrangian variables allows to lead system of the
equations of thermal motion of a gas with four independent variables to the
equivalent nonlinear reduced system with three independent variables describing
the path of the gas particles. The simplest representatives of all signi�cantly
di�erent (not limited by point transformations) invariant submodels of rank 0
and 1 are found for the reduced system of di�erential equations. Some boundary
value problems for the system have been studied by means of these invariant
submodels and production solution formulas. Thus, a description of gas particles
trajectories obtained in case of, generally speaking, not invariant thermal motion.
The results obtained in this paper may be used in the analysis of the thermal
motion of a gas in strongly rare�ed space.
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Ðàçâèòèå êîíåâîäñòâà â ßêóòèè êàê òðàäèöèîííî âåäóùåé îòðàñëè ñêî-
òîâîäñòâà èìååò ìíîãîâåêîâóþ èñòîðèþ. Êîíåâîäñòâó è êðóïíîìó ðîãàòî-
ìó ñêîòó îãðîìíûé óùåðá íàíîñèëà ýïèçîîòèÿ çàðàçíûõ áîëåçíåé æèâîò-
íûõ, òàêèå êàê ñèáèðñêàÿ ÿçâà, ãåìîððàãè÷åñêàÿ áîëåçíü ãðûçóíîâ, ÷óìà ñî-
áàê, áåøåíñòâî è äð. Îñîáåííî îïàñíûì ÿâëÿåòñÿ âñïûøêà ñèáèðñêîé ÿçâû.
Âîëüíî-êîñÿ÷íûé ñïîñîá òåáåí¼âêè ëîøàäåé è èõ äàëüíåéøåå ïðîäâèæåíèå
íà ñåâåðíûå òåððèòîðèè ßêóòèè [1] ïðåäúÿâëÿåò âûñîêèé óðîâåíü âåòåðè-
íàðíîãî ñîïðîâîæäåíèÿ èõ ñîäåðæàíèÿ. Â òî æå âðåìÿ â ðàáîòå [2] îòìå÷à-
åòñÿ îòñóòñòâèå èëè çíà÷èòåëüíî íèçêèé óðîâåíü âñïûøêè ñèáèðñêîé ÿçâû
â Àðêòè÷åñêîé çîíå ßêóòèè. Â ðàáîòå [3] ïðèâåäåíà äèíàìèêà ýïèçîîòèè
ñèáèðñêîé ÿçâû â òåððèòîðèè Ðåñïóáëèêè Ñàõà. Ñåãîäíÿ â óñëîâèÿõ ðûíî÷-
íûõ îòíîøåíèé èìååòñÿ âåðîÿòíîñòü îñëàáëåíèÿ ðàáîò ïî ïðîôèëàêòè÷åñêîé
âàêöèíàöèè æèâîòíûõ, äëÿ ïðåäóïðåæäåíèÿ âñïûøêè ýòîé îïàñíîé áîëåç-
íè. Êàê ïîêàçûâàåò àíàëèç ýïèçîîòèè ñèáèðñêîé ÿçâû â ßêóòèè ïðîøëûõ ëåò
íà÷èíàÿ ñ 1811 ãîäà íàëè÷èå ìíîãî÷èñëåííûõ ëîêàëüíûõ î÷àãîâûõ ó÷àñòêîâ
ïî âñåé îãðîìíîé òåððèòîðèè ðåñïóáëèêè [4]. Â ñâÿçè ñ áîëüøîé îïàñíîñòüþ
äëÿ íàñåëåíèÿ ýïèçîîòèé ñèáèðñêîé ÿçâû îñòà¼òñÿ àêòóàëüíîé ïðîáëåìà ïðî-
ãíîçèðîâàíèÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ áîëåçíè ïðè âíåçàïíîé àêòèâíîñòè
î÷àãà. Ýôôåêòèâíîå ïðîãíîçèðîâàíèå ýïèçîîòèé âîçìîæíî ìåòîäîì ìîäåëè-
ðîâàíèÿ ýïèçîîòè÷åñêîãî ïðîöåññà è îöåíêè àäåêâàòíîñòè ìîäåëè ñòàòèñòè-
÷åñêèì äàííûì ïðîøëûõ ëåò. Ìàòåìàòè÷åñêèå ìîäåëè èíòåíñèâíîñòè çàðà-
æåíèÿ æèâîòíûõ ðàçëè÷íûìè çàðàçíûìè çàáîëåâàíèÿìè ñêîòà è âûáûòèÿ èõ
â ðåçóëüòàòå áîëåçíè ïðåäëàãàëèñü ìíîãèìè èññëåäîâàòåëÿìè ýïèçîîòîëîãèè.
Â íàñòîÿùåå âðåìÿ ðàçðàáîòêà ìàòåìàòè÷åñêèõ ìîäåëåé â îáëàñòè ýïèçîîòèè
õàðàêòåðèçóåòñÿ èõ íàïðàâëåííîñòüþ íà îöåíêó èíòåíñèâíîñòè çàðàæåíèÿ
îñîáåé íàõîäÿùèõñÿ â îãðàíè÷åííîé òåððèòîðèè ñ âûñîêîé ñòåïåíüþ ïëîòíî-
ñòüþ ïîãîëîâüÿ. Òàê, àâòîðàìè ðàáîòû [5] ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìî-
äåëü, ïîçâîëÿþùàÿ ïðîãíîçèðîâàòü ÷èñëåííîñòü çàáîëåâàíèÿ ïàñòåðåëëåçîì
ïòèö â ïðîìûøëåííîì ïòèöåâîäñòâå ïî âðåìåíè.

Îñîáåííîñòüþ ýïèçîîòèè ñèáèðñêîé ÿçâû ÿâëÿåòñÿ âûñîêàÿ ñêîðîñòü ðàñ-
ïðîñòðàíåíèÿ è ÷ðåçâû÷àéíî áîëüøîé ïðîöåíò ëåòàëüíîñòè ïðè çàðàæåíèè
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ëîøàäåé, îòñþäà, ïðåäñòàâèì ïðèâåäåííóþ âûøå ñèñòåìó óðàâíåíèé â ñëå-
äóþùåì âèäå

dx(t)

dt
= −a y(t)− z(t)

x(t) + y(t)− z(t)
x(t),

dy(t)

dt
= a

x(t)

x(t) + y(t)− z(t)
(y(t)− z(t))− by(t),

dz(t)

dt
= by(t),

ãäå x(t) � ÷èñëî ñåíñèáèëüíûõ (âîñïðèèì÷èâûõ) ëîøàäåé; y(t) � ÷èñëî áîëü-
íûõ ëîøàäåé; z(t) � ÷èñëî óñòðàíåííûõ æèâîòíûõ.
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ÎÁ ÎÄÍÎÉ ÌÎÄÅËÈ ÄÈÍÀÌÈÊÈ ×ÈÑËÅÍÍÎÑÒÈ
ÏÎÃÎËÎÂÜß ËÎØÀÄÅÉ È ÂÎËÊÎÂ Â ÐÅÑÏÓÁËÈÊÅ ÑÀÕÀ

(ßÊÓÒÈß)

ON A MODEL OF POPULATION DYNAMICS OF HORSES AND
WOLVES IN THE REPUBLIC OF SAKHA (YAKUTIA)

Àììîñîâ Ñ.Ï.1, Êàéãîðîäîâ Ñ.Ï.2

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;
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Êîíåâîäñòâî ÿâëÿåòñÿ îäíîé èç òðàäèöèîííûõ îòðàñëåé õîçÿéñòâåííîé
äåÿòåëüíîñòè æèòåëåé ñåëüñêîé ìåñòíîñòè Ðåñïóáëèêè Ñàõà (ßêóòèÿ). Â òå-
÷åíèå ïîñëåäóþùèõ 20 ëåò ïðîèçîøëà çíà÷èòåëüíàÿ êîíöåíòðàöèÿ ïîãîëî-
âüÿ ëîøàäåé â îêîëîïîñåëêîâîé çîíå. Â ðåçóëüòàòå, êðîìå äîïîëíèòåëüíîãî
ýêîëîãè÷åñêîãî óùåðáà ñåëàì, ýòîò ïðîöåññ ïðèâåë ê çàìåòíîé êîíêóðåíöèè
êîñÿêîâ ëîøàäåé ñ êðóïíûì ðîãàòûì ñêîòîì ïðè èñïîëüçîâàíèè ïàñòáèù. Â
òî æå âðåìÿ, èñòîðè÷åñêè îáóñëîâëåííîå ïðîäâèæåíèå ïðîäóêòèâíîãî êîíå-
âîäñòâà â Àðêòè÷åñêèå çîíû äîëæíî ïðîèñõîäèòü è íûíå [1]. Â íàñòîÿùåå
âðåìÿ, ðóêîâîäñòâî ðåñïóáëèêè ïðèíèìàåò ðÿä ìåð ïî èñïîëüçîâàíèþ óäà-
ëåííûõ îò íàñåëåííîãî ïóíêòà òåððèòîðèé äëÿ ðàçâèòèÿ êîíåâîäñòâà.

Â ïîñëåäíåå âðåìÿ ó÷àñòèëèñü ñëó÷àè íàïàäåíèÿ âîëêîâ íà äîìàøíèõ
æèâîòíûõ, â áîëüøåé ÷àñòè íà ëîøàäåé, òàê êàê îíè ïðàêòè÷åñêè êðóã-
ëîãîäè÷íî íàõîäÿòñÿ íà ñâîáîäíîì âûïàñå (òåáåí¼âêå). Â ïåðèîä ïëàíîâî-
àäìèíèñòðàòèâíîãî óïðàâëåíèÿ íàðîäíûì õîçÿéñòâîì ïðîèçâîäèëîñü ïëàíî-
âîå èñòðåáëåíèå âîëêîâ, êàê õèùíèêîâ, íàíîñÿùèõ çíà÷èòåëüíûé óùåðá êî-
íåâîäñòâó è îëåíåâîäñòâó. Â ñâÿçè ñ ïåðåõîäîì â ðûíî÷íûå îòíîøåíèÿ êîí-
òðîëü íàä ÷èñëåííîñòüþ âîëêîâ íå ïðîèçâîäèòñÿ. Ìåæäó òåì, áåñêîíòðîëü-
íîå óâåëè÷åíèå ÷èñëåííîñòè õèùíèêîâ, îñîáåííî âîëêîâ, ïðèâîäèò íåïðåäâè-
äåííûì ïîòåðÿì â òàáóííîì êîíåâîäñòâå. Ïîýòîìó èçó÷åíèå äèíàìèêè ÷èñ-
ëåííîñòè ëîøàäåé âî âçàèìîñâÿçè ñ ìåõàíèçìîì âçàèìîäåéñòâèÿ ñ âîëêàìè
ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé.

Ïðè èçó÷åíèè äèíàìèêè ñèñòåìû "õèùíèê-æåðòâà"îáû÷íî ðàññìàòðèâà-
þòñÿ ìîäåëè, îñíîâàííûå íà ìîäåëè Âîëüòåððà-Ëîòêà è å¼ ìîäèôèêàöèÿõ
[2-3].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îäíà ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìèêè
÷èñëåííîñòè ïîãîëîâüÿ ëîøàäåé è âîëêîâ, ïðè íàëè÷èè ôàêòîðà ÷åëîâåêà:
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

dx(t)

dt
= (a1 − a2y(t)− a3u(t))x(t),

dy(t)

dt
= (−b1 + b2x(t)− b3v(t))y(t),

du(t)

dt
= αx(t),

dv(t)

dt
= βy(t),

ãäå x(t) � ÷èñëåííîñòü ïîãîëîâüÿ ëîøàäåé; y(t) � ÷èñëåííîñòü âîëêîâ; u(t) �
ïîãîëîâüå ëîøàäåé, êîòîðîå èäåò íà ïîòðåáëåíèå ÷åëîâåêîì; v(t) � êîëè÷å-
ñòâî óíè÷òîæåííûõ âîëêîâ; a1 � èíòåíñèâíîñòü åñòåñòâåííîãî ðîñòà ÷èñëåí-
íîñòè ïîãîëîâüÿ ëîøàäåé; a2 � êîýôôèöèåíò âëèÿíèÿ ÷èñëåííîñòè âîëêîâ
íà äèíàìèêó ïîãîëîâüÿ ëîøàäåé; a3 � êîýôôèöèåíò ïîòðåáëåíèÿ ëîøàäåé
ëþäüìè; b1 � êîýôôèöèåíò åñòåñòâåííîé äèíàìèêè ÷èñëåííîñòè âîëêîâ, áåç
ó÷åòà âëèÿíèÿ ÷åëîâåêà è ÷èñëåííîñòè ïîãîëîâüÿ ëîøàäåé; b2 � êîýôôèöèåíò
âëèÿíèÿ ÷èñëåííîñòè ïîãîëîâüÿ ëîøàäåé íà ðîñò ÷èñëåííîñòè âîëêîâ; b3 �
êîýôôèöèåíò óìåíüøåíèÿ ÷èñëåííîñòè âîëêîâ, ñâÿçàííîãî ñ èõ îòñòðåëîì; α
� êîýôôèöèåíò âëèÿíèÿ ÷èñëåííîñòè ïîãîëîâüÿ ëîøàäåé íà èõ ïîòðåáëåíèå;
β � êîýôôèöèåíò âëèÿíèÿ ÷èñëåííîñòè âîëêîâ íà èõ îòñòðåë.
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ÏÎÄÇÅÌÍÛÕ ÕÐÀÍÈËÈÙ ÏÐÈÐÎÄÍÎÃÎ ÃÀÇÀ Â

ÃÈÄÐÀÒÍÎÌ ÑÎÑÒÎßÍÈÈ

UNDERGROUND STORAGE OF NATURAL GAS IN HYDRATE
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Áîíäàðåâ Ý.À.1, Ðîæèí È.È., Àðãóíîâà Ê.Ê.
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Îäíèì èç ïåðñïåêòèâíûõ íàïðàâëåíèé ïðîìûøëåííîãî èñïîëüçîâàíèÿ
ãàçîâûõ ãèäðàòîâ ÿâëÿåòñÿ õðàíåíèå ïðèðîäíûõ, à òàêæå ïàðíèêîâûõ è òîê-
ñè÷íûõ ãàçîâ. Òàêàÿ âîçìîæíîñòü îáóñëîâëåíà áîëåå çíà÷èòåëüíûì ìàññî-
âûì ñîäåðæàíèåì ãàçà â ãèäðàòíîì ñîñòîÿíèè â åäèíèöå îáúåìà ïî ñðàâíå-
íèþ ñî ñâîáîäíûì ñîñòîÿíèåì ïðè òîé æå òåìïåðàòóðå è äàâëåíèè. Â íàñòî-
ÿùåå âðåìÿ ïîäçåìíûå õðàíèëèùà ïðèðîäíîãî ãàçà, â îñíîâíîì, ñîçäàþòñÿ
â ïîðèñòûõ ïëàñòàõ íà áàçå èñòîùåííûõ ãàçîâûõ è ãàçîêîíäåíñàòíûõ ìå-
ñòîðîæäåíèé è âîäîíîñíûõ ñòðóêòóð, ðàñïîëîæåííûõ âáëèçè òðàññû ìàãè-
ñòðàëüíûõ ãàçîïðîâîäîâ èëè êðóïíûõ öåíòðîâ ïîòðåáëåíèÿ ãàçà. Àëüòåðíà-
òèâîé òàêèõ õðàíèëèù ìîãóò ñòàòü ïîäçåìíûå õðàíèëèùà ãàçà â ãèäðàòíîì
ñîñòîÿíèè, ò.å. â òâåðäîé ôàçå, êîòîðàÿ îáðàçóåòñÿ ïðè çàêà÷êå ïðèðîäíîãî
ãàçà â ïîðèñòûå âîäîíàñûùåííûå êîëëåêòîðû ïðè îïðåäåëåííûõ òåðìîäèíà-
ìè÷åñêèõ óñëîâèÿõ. Â çîíå ðàñïðîñòðàíåíèÿ ìíîãîëåòíåìåðçëûõ ïîðîä ýòè-
ìè êîëëåêòîðàìè ìîãóò ñëóæèòü âîäîíîñíûå ãîðèçîíòû, êîòîðûå ðàñïîëàãà-
þòñÿ íåïîñðåäñòâåííî ïîä ïîäîøâîé ìíîãîëåòíåé ìåðçëîòû. Ïðåèìóùåñòâà
òàêîãî ñïîñîáà çàêëþ÷àþòñÿ â áîëüøåé êîìïàêòíîñòè è ñòàáèëüíîñòè õðàíè-
ëèùà, ò.ê. ãàç â ãèäðàòíîì ñîñòîÿíèè çàíèìàåò ãîðàçäî ìåíüøèé îáúåì, ÷åì
â ñâîáîäíîì ñîñòîÿíèè, à ïðè ïåðåõîäå â ãèäðàòíîå ñîñòîÿíèå ñâÿçûâàåòñÿ
âñÿ ñâîáîäíàÿ ïëàñòîâàÿ âîäà.

Â íàñòîÿùåå âðåìÿ èçâåñòåí ñïîñîá õðàíåíèÿ ïðèðîäíîãî ãàçà â ãèäðàò-
íîì ñîñòîÿíèè, â êîòîðîì ãèäðàòû ñîçäàþòñÿ èç ãàçà è âîäû â ñïåöèàëüíûõ
åìêîñòÿõ, ðàñïîëàãàþùèõñÿ íà ïîâåðõíîñòè, è â ýòîì ñìûñëå îíè ÿâëÿþòñÿ
àíàëîãîì õðàíèëèù ñæèæåííîãî ãàçà. Â èìåþùèõñÿ íàó÷íûõ ïóáëèêàöèÿõ,
ïîñâÿùåííûõ ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ñîçäàíèÿ ïîäçåìíûõ õðàíè-
ëèù ïðèðîäíûõ ãàçîâ â ãèäðàòíîì ñîñòîÿíèè èñïîëüçîâàëèñü ìîäåëè ýòîãî
ïðîöåññà, îñíîâàííûå íà áîëüøîì êîëè÷åñòâå óïðîùàþùèõ äîïóùåíèé: 1) íå
ó÷èòûâàëèñü ðåàëüíûå ñâîéñòâà ïðèðîäíûõ ãàçîâ; 2) íå ó÷èòûâàëàñü çàâè-
ñèìîñòü ðàâíîâåñíûõ óñëîâèé îáðàçîâàíèÿ ãèäðàòîâ îò ñîñòàâà ïðèðîäíîãî
ãàçà; 3) ïëàñòîâàÿ âîäà ñ÷èòàëàñü íåïîäâèæíîé; 4) ãðàíè÷íûå óñëîâèÿ ñòà-
âèëèñü òàêèì îáðàçîì, ÷òîáû ñâåñòè èñõîäíóþ çàäà÷ó ê àâòîìîäåëüíîé; 5)
ñîîòâåòñòâóþùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ðåøàëèñü ïðèáëèæåííûìè
ìåòîäàìè.
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Â ðàìêàõ ãèäðîäèíàìèêè ìíîãîôàçíûõ ñðåä ðàññìàòðèâàåòñÿ ìåòîä ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ íîâîãî òåõíîëîãè÷åñêîãî îáúåêòà � ïîäçåìíî-
ãî õðàíèëèùà ïðèðîäíîãî ãàçà â ãèäðàòíîì ñîñòîÿíèè. Îí ïîçâîëÿåò îöåíèòü
âîçìîæíîñòü ñîçäàíèÿ òàêîãî õðàíèëèùà â ðàçëè÷íûõ ïîäõîäÿùèõ ñ ãåîëî-
ãè÷åñêîé òî÷êè çðåíèÿ ïîäçåìíûõ âîäîíîñíûõ íàñûùåííûõ è íåíàñûùåííûõ
ïëàñòàõ. Ìåòîä îñíîâàí íà èñïîëüçîâàíèè ìàòåìàòè÷åñêîé ìîäåëè íåèçîòåð-
ìè÷åñêîé ôèëüòðàöèè íåñîâåðøåííîãî (ðåàëüíîãî) ãàçà è âîäû, â êîòîðîé
õèìè÷åñêàÿ ðåàêöèÿ ãèäðàòîîáðàçîâàíèÿ ïðîèñõîäèò ïðè òåìïåðàòóðå, ñóùå-
ñòâåííî çàâèñÿùåé îò äàâëåíèÿ ãàçà. Ñ ïîìîùüþ ýòîé ìîäåëè îöåíèâàåòñÿ
äèíàìèêà ðàñïðåäåëåíèÿ ãèäðàòîíàñûùåííîñòè, âîäîíàñûùåííîñòè, äàâëå-
íèÿ è òåìïåðàòóðû ïðè ðàçëè÷íûõ ðåæèìàõ çàêà÷êè â âûáðàííîì ïëàñòå,
êîòîðûé õàðàêòåðèçóåòñÿ êîëëåêòîðñêèìè ñâîéñòâàìè (ïîðèñòîñòüþ, ïðîíè-
öàåìîñòüþ) è íà÷àëüíûìè çíà÷åíèÿìè äàâëåíèÿ, òåìïåðàòóðû è âîäîíàñû-
ùåííîñòüþ. Ñîîòâåòñòâóþùèå íà÷àëüíî-êðàåâûå çàäà÷è ðåøàþòñÿ ìåòîäîì
êîíå÷íûõ ðàçíîñòåé ñ èñïîëüçîâàíèåì èòåðàöèîííîãî àëãîðèòìà è ìåòîäà
ïðîãîíêè. Â âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ âûÿâëåíî âëèÿíèå ñîñòàâà ïðè-
ðîäíîãî ãàçà, åìêîñòíûõ (ïîðèñòîñòü è ìîùíîñòü), ôèëüòðàöèîííûõ (ïðîíè-
öàåìîñòü) õàðàêòåðèñòèê ïëàñòîâ-êîëëåêòîðîâ è èõ ãåîêðèîëîãè÷åñêèõ îñî-
áåííîñòåé, à òàêæå ðåæèìîâ çàêà÷êè ãàçà íà òåõíîëîãè÷åñêèå ïàðàìåòðû
îáúåêòîâ â ïðîöåññå èõ ñîçäàíèÿ. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñ-
ïîëüçîâàíû ïðè ðàçðàáîòêå íàó÷íûõ îñíîâ òåõíîëîãèé õðàíåíèÿ ïðèðîäíîãî
ãàçà â ãèäðàòíîì ñîñòîÿíèè.

ÐÀÇÍÎÑÒÍÎ-ÀÍÀËÈÒÈ×ÅÑÊÈÉ ÌÅÒÎÄ ÐÅØÅÍÈß
ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß ÎÁÛÊÍÎÂÅÍÍÛÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÍÀ ÎÑÍÎÂÅ
ÑÎÏÐßÆÅÍÍÛÕ ÓÐÀÂÍÅÍÈÉ

DIFFERENCE-ANALYTICAL METHOD OF SOLVING
BOUNDARY VALUE PROBLEMS OF ORDINARY

DIFFERENTIAL EQUATIONS ON THE BASES OF ADJOINT
EQUATIONS

Âîåâîäèí À.Ô.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ;

voevodin@hydro.nsc.ru

Â ðàáîòå äëÿ ëèíåéíîé êðàåâîé çàäà÷è ïðåäëîæåí ìåòîä ïîñòðîåíèÿ ðàç-
íîñòíîé (äèñêðåòíîé) êðàåâîé çàäà÷è äëÿ îïðåäåëåíèÿ èñêîìîé ôóíêöèè â
óçëàõ ñåòêè. Ðàçíîñòíûå óðàâíåíèÿ ñòðîÿòñÿ ñ ïîìîùüþ ðåøåíèÿ ñîïðÿæåí-
íûõ óðàâíåíèé íà êàæäîì ýëåìåíòàðíîì îòðåçêå. Äîêàçàíî, ÷òî ìàòðèöà ñè-
ñòåìû ðàçíîñòíûõ óðàâíåíèé èìååò äèàãîíàëüíî ïðåîáëàäàþùèå ýëåìåíòû,
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÷òî îáåñïå÷èâàåò âûïîëíåíèå ïðèíöèïà ìàêñèìóìà è óñòîé÷èâîñòü ìåòîäà.
Ìåòîä îáîáùàåòñÿ íà ðåøåíèå äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé
òðåòüåãî ïîðÿäêà.

ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÛÅ ÓÐÀÂÍÅÍÈß ÒÅÎÐÈÈ ÏËÀÑÒÈÍ
È ÎÁÎËÎ×ÅÊ Ñ ÏÐÎÈÇÂÎËÜÍÛÌÈ ÓÑËÎÂÈßÌÈ ÍÀ

ËÈÖÅÂÛÕ ÏÎÂÅÐÕÍÎÑÒßÕ

MODIFIED EQUATIONS OF THE THEORY OF PLATES AND
SHELLS WITH ARBITRARY CONDITIONS ON THEIR FRONT

SURFACES

Âîë÷êîâ Þ.Ì.

Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê,
Ðîññèÿ;

volk@hydro.nsc.ru

Ïðè ñâåäåíèè òðåõìåðíîé çàäà÷è òåîðèè óïðóãîñòè ê äâóìåðíîé (òåî-
ðèè îáîëî÷åê) èñïîëüçóþòñÿ ëèáî ãèïîòåçû êèíåìàòè÷åñêîãî è ñèëîâîãî õà-
ðàêòåðà [1] ëèáî ïðèìåíÿþòñÿ ðàçëîæåíèÿ ðåøåíèé óðàâíåíèé òåîðèè óïðó-
ãîñòè ïî íåêîòîðîé ïîëíîé ñèñòåìå ôóíêöèé [2]. Ãèïîòåçû êèíåìàòè÷åñêî-
ãî è ñèëîâîãî õàðàêòåðà íàêëàäûâàþò äîñòàòî÷íî ñèëüíûå îãðàíè÷åíèÿ íà
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå è ïîýòîìó, êàê ïðàâèëî, ñ èñïîëü-
çîâàíèåì òàêèõ ãèïîòåç óðàâíåíèÿ òåîðèè îáîëî÷åê ñòðîÿòñÿ äëÿ ñëó÷àÿ,
êîãäà íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè çàäàíû íàïðÿæåíèÿ. Ðåøåíèå êîí-
òàêòíûõ çàäà÷ íà îñíîâå òàêèõ óðàâíåíèé çà÷àñòóþ ïðèâîäèò ê ýôôåêòàì
íåôèçè÷åñêîãî õàðàêòåðà. Ïðèìåíåíèå ðàçëîæåíèé ðåøåíèé óðàâíåíèé òåî-
ðèè óïðóãîñòè ïî íåêîòîðîé ïîëíîé ñèñòåìå ôóíêöèé ïîçâîëÿåò ïîñòðîèòü
óðàâíåíèÿ îáîëî÷åê â ðàçëè÷íûõ ïðèáëèæåíèÿõ. Ïðè ýòîì îäíèì èç îñíîâ-
íûõ âîïðîñîâ ÿâëÿåòñÿ ñëåäóþùèé: íà îñíîâå êàêèõ äîïîëíèòåëüíûõ ïðåä-
ïîëîæåíèé ñòðîèòñÿ òî èëè èíîå ïðèáëèæåíèå; à èìåííî, ñêîëüêî ÷ëåíîâ â
ðàçëîæåíèÿõ íóæíî óäåðæèâàòü ïðè ïîñòðîåíèè äàííîãî ïðèáëèæåíèÿ? Ïî-
ñêîëüêó ïîëèíîìû Ëåæàíäðà îáðàçóþò ïîëíóþ ñèñòåìó ôóíêöèé èíòåãðè-
ðóåìûõ ñ êâàäðàòîì íà îòðåçêå [-1, 1] èìåííî ýòà ñèñòåìà ôóíêöèé îáû÷íî
èñïîëüçóåòñÿ ïðè ïîñòðîåíèè óðàâíåíèé òåîðèè îáîëî÷åê. Â äîêëàäå èçëà-
ãàþòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ óïðóãèõ ñëîèñòûõ îáîëî÷åê â ïåðâîì
ïðèáëèæåíèè, ïîñòðîåííûõ íà îñíîâå íåñêîëüêèõ àïïðîêñèìàöèé êàæäîé èç
èñêîìûõ ôóíêöèé [3]. Òàêèå óðàâíåíèÿ îáåñïå÷èâàþò êîððåêòíóþ ôîðìóëè-
ðîâêó óñëîâèé íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè êàê â ïåðåìåùåíèÿõ, òàê
è â íàïðÿæåíèÿõ. Ýòî ïîçâîëÿåò ïîñòðîèòü óðàâíåíèÿ ñëîèñòûõ îáîëî÷åê ñ
èñïîëüçîâàíèåì óñëîâèé ñïðÿæåíèÿ íà ìåæñëîéíûõ ïîâåðõíîñòÿõ [4].

Ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííûõ óðàâíåíèé ñòðîÿòñÿ êîìïàêòíûå
êîíå÷íûå ýëåìåíòû ñ óñëîâèÿìè ñîïðÿæåíèÿ ñìåùåíèé è íàïðÿæåíèé ïî èõ
ãðàíÿì.
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Ïðèâîäÿòñÿ ÷èñëåííûå àëãîðèòìû ðåøåíèÿ ïëîñêèõ çàäà÷ òåîðèè óïðó-
ãîñòè è çàäà÷ îïðåäåëåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ â ñëî-
èñòûõ îáîëî÷êàõ.
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ÏÐÈÌÅÍÅÍÈÅ ÌÅÒÎÄÎÂ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÃÎ
ÌÎÄÅËÈÐÎÂÀÍÈß ÄËß ÈÑÑËÅÄÎÂÀÍÈß ÑÈÑÒÅÌ

ÒÐÓÁÎÏÐÎÂÎÄÍÎÃÎ ÒÐÀÍÑÏÎÐÒÀ ÏÐÈ ÂÎÇÄÅÉÑÒÂÈÈ
ÝÊÑÒÐÅÌÀËÜÍÛÕ ÔÀÊÒÎÐÎÂ ÂÍÅØÍÅÉ ÑÐÅÄÛ1

APPLICATION OF MATHEMATICAL MODELING METHODS
FOR THE STUDY OF PIPELINE TRANSPORTATION SYSTEMS
WHEN EXPOSED TO EXTREME ENVIRONMENTAL FACTORS

Ãóñåâ Å.Ë.1,2

1ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

2Èíñòèòóò ïðîáëåì íåôòè è ãàçà ÑÎ ÐÀÍ, ã. ßêóòñê, Ðîññèÿ;
elgusev@mail.ru

Â ïîñëåäíèå äåñÿòèëåòèÿ çíà÷èòåëüíîå âíèìàíèå óäåëÿåòñÿ ïðîáëåìàì
ïîâûøåíèÿ ýôôåêòèâíîñòè, èíòåíñèôèêàöèè ñèñòåì òðóáîïðîâîäíîãî òðàíñ-
ïîðòà, ÷òî íåïîñðåäñòâåííî ñâÿçàíî ñ ïîâûøåíèåì èõ ïðî÷íîñòè, íàäåæíî-
ñòè, ðåñóðñà, ñåéñìîñòîéêîñòè [1-10]. Ñîâðåìåííûå ïîäõîäû ê ðåøåíèþ äàí-
íûõ ïðîáëåì ñâÿçàíû ñ ðàçâèòèåì ìåòîäîâ ìàòåìàòè÷åñêîãî è êîìïüþòåðíî-
ãî ìîäåëèðîâàíèÿ íà îñíîâå àäåêâàòíûõ ìîäåëåé ôóíêöèîíèðîâàíèÿ òðóáî-
ïðîâîäíîãî òðàíñïîðòà ïðè âîçäåéñòâèè ýêñòðåìàëüíûõ ãåîëîãî-êëèìàòè÷åñ-
êèõ ôàêòîðîâ âíåøíåé ñðåäû, è ïðèíÿòèÿ íà ýòîé îñíîâå îïòèìàëüíûõ ðå-
øåíèé. Ðàçðàáîòêà àäåêâàòíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ôóíêöèîíèðîâàíèÿ
òðóáîïðîâîäíîãî òðàíñïîðòà ÿâëÿåòñÿ îñíîâîé äëÿ ðàçðàáîòêè ýôôåêòèâíûõ

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî Ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé - ãðàíò � 13-08-00229.
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ìåòîäîâ ÷èñëåííîãî ðàñ÷åòà è îïòèìèçàöèè ðåæèìîâ òðóáîïðîâîäíîãî òðàíñ-
ïîðòà è ïðèíÿòèÿ íà èõ îñíîâå îïòèìàëüíûõ ðåøåíèé.

Îäíèì èç ïåðñïåêòèâíûõ íàïðàâëåíèé ïîâûøåíèÿ ýôôåêòèâíîñòè ôóíê-
öèîíèðîâàíèÿ òðóáîïðîâîäíûõ ñèñòåì â óñëîâèÿõ áîëüøîé èõ ïðîòÿæåííî-
ñòè, ìíîãîîáðàçèÿ êëèìàòè÷åñêèõ è ãåîôèçè÷åñêèõ óñëîâèé ýêñïëóàòàöèè,
ÿâëÿåòñÿ ïðèìåíåíèå ïðè èõ ïðîåêòèðîâàíèè è ýêñïëóàòàöèè ïîëèìåðíûõ è
êîìïîçèöèîííûõ ìàòåðèàëîâ. Â ïîñëåäíèå äåñÿòèëåòèÿ, â ñâÿçè ñ ðàçðàáîò-
êîé íîâûõ êîìïîçèöèîííûõ ìàòåðèàëîâ ñ øèðîêèì ðàçíîîáðàçèåì ôèçèêî-
ìåõàíè÷åñêèõ è õèìè÷åñêèõ ñâîéñòâ âîçíèêàåò ïðîáëåìà ðàçðàáîòêè ôèçè÷å-
ñêîé è ãåîìåòðè÷åñêîé ñòðóêòóðû òðóáîïðîâîäíîé ñèñòåìû, îáåñïå÷èâàþùåé
íàèáîëåå ýôôåêòèâíûé ðåæèì òðàíñïîðòà â óñëîâèÿõ ýêñòðåìàëüíûõ ôàê-
òîðîâ âíåøíåé ñðåäû.

Â ïîñëåäíèå äåñÿòèëåòèÿ, â ñâÿçè ñ ðàçðàáîòêîé íîâûõ êîìïîçèöèîííûõ
ìàòåðèàëîâ ñ øèðîêèì ðàçíîîáðàçèåì ôèçèêî-ìåõàíè÷åñêèõ è õèìè÷åñêèõ
ñâîéñòâ âîçíèêàåò ïðîáëåìà ðàçðàáîòêè ôèçè÷åñêîé è ãåîìåòðè÷åñêîé ñòðóê-
òóðû òðóáîïðîâîäíîé ñèñòåìû, îáåñïå÷èâàþùåé íàèáîëåå ýôôåêòèâíûé ðå-
æèì òðàíñïîðòà â óñëîâèÿõ ýêñòðåìàëüíûõ ôàêòîðîâ âíåøíåé ñðåäû [11-16].

Ïðîâåäåíî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññîâ ôóíêöèîíèðîâàíèÿ
òðóáîïðîâîäíîãî òðàíñïîðòà â ðàìêàõ ñôîðìóëèðîâàííîé âàðèàöèîííîé ïî-
ñòàíîâêè, ê êîòîðîé ìîãóò áûòü ñâåäåíû çàäà÷è îïòèìàëüíîãî ïðîåêòèðîâà-
íèÿ ôèçè÷åñêîé è ãåîìåòðè÷åñêîé ñòðóêòóðû òðóáîïðîâîäíîé ñèñòåìû ïðè
âîçäåéñòâèè ýêñòðåìàëüíûõ ôàêòîðîâ âíåøíåé ñðåäû. Â êà÷åñòâå ìàòåìàòè-
÷åñêîé ìîäåëè ôóíêöèîíèðîâàíèÿ òðóáîïðîâîäíîé ñèñòåìû â óñëîâèÿõ ýêñ-
òðåìàëüíûõ ôàêòîðîâ âíåøíåé ñðåäû, â ðàññìàòðèâàåìîé âàðèàöèîííîé ïî-
ñòàíîâêå, ïðèíÿòà ñèñòåìà óðàâíåíèé íåðàçðûâíîñòè, ñîñòîÿíèÿ, ñîõðàíåíèÿ
ýíåðãèè è èìïóëüñà.Íà îñíîâå ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðî-
âàíèÿ ïðîâåäåíî èññëåäîâàíèå ôóíêöèîíèðîâàíèÿ òðóáîïðîâîäíûõ ñèñòåì
ïðè âîçäåéñòâèè ýêñòðåìàëüíûõ ôàêòîðîâ âíåøíåé ñðåäû. Íà îñíîâå ìà-
òåìàòè÷åñêèõ ìîäåëåé ôóíêöèîíèðîâàíèÿ òðóáîïðîâîäíûõ ñèñòåì â óñëî-
âèÿõ ýêñòðåìàëüíî íèçêèõ òåìïåðàòóð âíåøíåé ñðåäû ïðîâåäåíû âû÷èñëè-
òåëüíûå ýêñïåðèìåíòû ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ, îïèñûâàþùèõ
òðóáîïðîâîäíóþ ñèñòåìó. Íà îñíîâå ïðîâåäåííûõ âû÷èñëèòåëüíûõ ýêñïåðè-
ìåíòîâ óñòàíîâëåíû çàêîíîìåðíîñòè çàâèñèìîñòè îïòèìàëüíîé ñòðóêòóðû
òðóáîïðîâîäíîé ñèñòåìû îò îïðåäåëÿþùèõ ïàðàìåòðîâ.
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ÑÂÅÄÅÍÈÅ ÇÀÄÀ×È ÎÁ ÈÇÃÈÁÅ ÏËÀÑÒÈÍÊÈ Ñ
ÇÀÄÅËÀÍÍÛÌÈ ÊÐÀßÌÈ Ê ÐÅØÅÍÈÞ ÁÅÑÊÎÍÅ×ÍÎÉ

ÑÈÑÒÅÌÛ1

THE CONSIDERATION OF THE PROBLEM OF BENDING OF
PLATES WITH SEALED EDGES TO THE SOLUTION OF AN

INFINITE SYSTEM

Èâàíîâà Î.Ô.1, Ôåäîðîâ Ô.Ì.2, Ïàâëîâ Í.Í.3

1,3 ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

2 Íàó÷íî-èññëåäîâàòåëüñêèé èíñòèòóò ìàòåìàòèêè ÑÂÔÓ, ßêóòñê,
Ðîññèÿ;

1o_buskarova@mail.ru, 2foma_46@mail.ru, 3pnn10@mail.ru

Ðàññìîòðèì èçãèá ïëàñòèíêè ñî ñòîðîíàìè a, b è ðàâíîìåðíî ðàñïðå-
äåëåííîé íàãðóçêîé. Ðàñïîëîæèì êîîðäèíàòíûå îñè ïàðàëëåëüíî ñòîðîíàì
ïëàñòèíû è ñ öåíòðîì â ñåðåäèíå ïëàñòèíû.

Êðàåâàÿ çàäà÷à. Íàéòè ðåøåíèå w(x, y) óðàâíåíèÿ

D

(
∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+
∂4w

∂y4

)
= q,

óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì

w
(
±a
2
, y
)
= 0,

∂w

∂x

(
±a
2
, y
)
= 0;

w

(
x,± b

2

)
= 0,

∂w

∂y

(
x,± b

2

)
= 0.

Ïîëîæèì

w =
q

8D

(
a2

4
− x2

)(
b2

4
− y2

)
+ w1,

ãäå w1(x, y) � íîâàÿ ôóíêöèÿ.
Äëÿ w1 ïîëó÷àåì óðàâíåíèå

∂4w1

∂x4
+ 2

∂4w1

∂x2∂y2
+
∂4w1

∂y4
= 0;

ñ ãðàíè÷íûìè óñëîâèÿìè

w1

(
±a
2
, y
)
= 0,

∂w1

∂x

(
±a
2
, y
)
= ± q

8D
a

(
b2

4
− y2

)
;

w1

(
x,± b

2

)
= 0,

∂w1

∂y

(
x,± b

2

)
= ± q

8D
b

(
a2

4
− x2

)
.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ áàçîâîé ÷àñòè
ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò � 3047).
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Ðàññìàòðèâàåìàÿ çàäà÷à ñâîäèòñÿ ê ñèñòåìàì óðàâíåíèé ñ áåñêîíå÷íûì
÷èñëîì íåèçâåñòíûõ An, Bn:

βnBn sin
nπ

2
+

∞∑
r=1,3,5,...

Ar

(
n2

µ2r2 + n2

)2

sin
rπ

2
= 1;

αnAn sin
nπ

2
+
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r=1,3,5,...

Br

(
n2

r2 + µ2n2

)2

sin
rπ

2
= µ−4;

ãäå

αn =
nπ

16

(a
b

)5 nπb
a

+ shnπb
a

ch2 nπb
2a

;

βn =
nπ

16

b

a

nπa
b

+ shnπa
b

ch2 nπa
2b

; µ =
b

a
.

Ðàññóæäåíèÿìè, ïîäîáíûìè [1-2], äîêàçûâàåòñÿ, ÷òî ñèñòåìû, ïîëó÷àþ-
ùèåñÿ ïðè èçó÷åíèè ïðîãèáà ïðÿìîóãîëüíîé ïëàñòèíêè, èìåþò åäèíñòâåííîå
ðåøåíèå.
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ÂÎËÜÒ-ÀÌÏÅÐÍÎÉ ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÏÎËÅÂÎÃÎ

ÝËÅÊÒÐÎÍÍÎÃÎ ÊÀÒÎÄÀ Ñ ÏÐÈÌÅÍÅÍÈÅÌ ÒÅÎÐÈÈ
ÔÎÒÎÝÔÔÅÊÒÀ À. ÝÉÍØÒÅÉÍÀ

MATHEMATICAL MODEL FOR DETERMINING THE
VOLTAGE-CURRENT CHARACTERISTIC OF THE FIELD
ELECTRONIC CATHODE BY APPLYING THE THEORY OF

EINSTEIN'S PHOTOELECTRIC EFFECT

Ìàìàåâà Ñ.Í.1, Íîãîâèöûí Ï.È.2, ßêîâëåâ À.Ì.3

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

1sargylana−mamaeva@mail.ru,
2petyan1993@yandex.ru,
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Îäèí èç îñíîâíûõ ïîñòóëàòîâ êâàíòîâîé òåîðèè áûë ñôîðìèðîâàí ïðè èñ-
ñëåäîâàíèè ïðèðîäû ñâåòà. Ñâåò äî ïîÿâëåíèÿ ïîíÿòèÿ äèñêðåòíîñòè ýíåðãèè
ïðè âçàèìîäåéñòâèè åãî ñ âåùåñòâîì ïðåäñòàâëÿëñÿ â ìîäåëè Ìàêñâåëëà êàê
ýëåêòðîìàãíèòíàÿ âîëíà. Ýëåêòðîìàãíèòíàÿ âîëíà è ïîëå íå îïèñûâàþòñÿ
îïðåäåëåííûì îáðàçîì â êà÷åñòâå ìàòåðèàëüíîé ñóáñòàíöèè. À õàðàêòåðèçó-
þòñÿ íåêîé ñóáñòàíöèåé, îïèñûâàåìîé îïðåäåëåííûìè âåëè÷èíàìè, à èìåííî
íàïðÿæåííîñòÿìè ìàãíèòíûõ è ýëåêòðè÷åñêèõ ïîëåé, õàðàêòåðèçóþùèå ñè-
ëû, äåéñòâóþùèå íà çàðÿæåííûå ÷àñòèöû â ýòèõ ïîëÿõ. Ò.å. íåò ïðÿìûõ
îïèñàíèé ïîëÿ è ýëåêòðîìàãíèòíûõ âîëí êàê î êàêèõ-òî êîíêðåòíûõ ìàòå-
ðèàëüíûõ îáúåêòàõ, íàïðèìåð, êàê îïèñàíèå òâåðäîãî òåëà êàê ñîâîêóïíîñòè
ìàòåðèàëüíûõ òî÷åê, èëè êàê î êðèñòàëëè÷åñêîì òâåðäîì òåëå, ñîñòîÿùåì
èç àòîìîâ, ðàñïðåäåëåííûõ â ïðîñòðàíñòâå îïðåäåëåííûì îáðàçîì. Íàïðÿ-
æåííîñòè ýëåêòðîìàãíèòíûõ âîëí îïèñûâàþòñÿ âîëíîâûìè óðàâíåíèÿìè. È
ýòè âîëíû íèêàê íå ñâÿçàíû, íàïðèìåð, ñ âîëíîé íà ïîâåðõíîñòè âîäû, êî-
òîðàÿ ÿâëÿåòñÿ ìåõàíè÷åñêèì êîëåáàòåëüíûì äâèæåíèåì ÷àñòèö âîäû. Ò.å.
åñòü íåêàÿ ñóáñòàíöèÿ, íåèçâåñòíî, ÷òî ñîáîé ïðåäñòàâëÿþùàÿ, è âåëè÷èíû,
åãî õàðàêòåðèçóþùèå ìåíÿþòñÿ ïî âîëíîâîìó çàêîíó.

Îïèñàíèå ýëåêòðîìàãíèòíûõ âîëí ñ ïîìîùüþ êîðïóñêóë - ôîòîíîâ äàëî
âîçìîæíîñòü ðàññìàòðèâàòü ýòè ïîëÿ â äâèæåíèè êàê íåêèå ìàòåðèàëüíûå
îáúåêòû. Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò ïðåäñòàâëåíèå î íàëè÷èè ïîñðåä-
íèêîâ ÷åòûðåõ ôóíäàìåíòàëüíûõ âçàèìîäåéñòâèé. Äëÿ ýëåêòðîìàãíèòíîãî
âçàèìîäåéñòâèÿ ïîñðåäíèêîì ÿâëÿåòñÿ ôîòîí - êâàíòîâàÿ ÷àñòèöà. Â çàâè-
ñèìîñòè îò ñèñòåìû îòñ÷åòà èññëåäîâàíèÿ ïîëåé ýëåêòðîìàãíèòíîå ïîëå ðàñ-
ñìàòðèâàåòñÿ òîëüêî êàê ýëåêòðè÷åñêîå. È, åñëè ýòî ïîëå, óñòàíîâèâøååñÿ
âî âðåìåíè, òî îíî ðàññìàòðèâàåòñÿ êàê ýëåêòðîñòàòè÷åñêîå. Ò.å. ýëåêòðî-
ñòàòè÷åñêîå ïîëå îïðåäåëÿåòñÿ êàê ÷àñòíûé ñëó÷àé ýëåêòðîìàãíèòíîãî ïîëÿ.
Òîãäà, êàê è äëÿ ýëåêòðîìàãíèòíîãî âçàèìîäåéñòâèÿ, íåîáõîäèìî ðàññìàòðè-
âàòü ñóùåñòâîâàíèå ïîñðåäíèêà äëÿ ýëåêòðîñòàòè÷åñêîãî âçàèìîäåéñòâèÿ, è
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â êà÷åñòâå ïîñðåäíèêà ìîæíî ðàññìàòðèâàòü ôîòîí. Òàêîé ïîäõîä äëÿ îïè-
ñàíèÿ ýëåêòðîñòàòè÷åñêîãî ïîëÿ ìîæåò ÿâëÿòüñÿ îáîñíîâàíèåì äëÿ ââåäåíèÿ
äîïóùåíèÿ î ìîäåëèðîâàíèè ýëåêòðîñòàòè÷åñêîãî ïîëÿ êàê ýëåêòðîìàãíèò-
íîé âîëíû áîëüøîé äëèíû âîëíû ñ ïðåíåáðåæèòåëüíûì çíà÷åíèåì ìàãíèò-
íîé ñîñòàâëÿþùåé.

Ñòàöèîíàðíîå ýëåêòðè÷åñêîå ïîëå èìååò îäíó ïðèðîäó ñî ñâåòîì, êîòîðûé
õàðàêòåðèçóåòñÿ â îñíîâíîì ñâåòîâûì âåêòîðîì. Â äàííîé ðàáîòå ïðîèçâî-
äèòñÿ ñëåäóþùåå äîïóùåíèå: ýëåêòðîñòàòè÷åñêîå ïîëå ðàññìàòðèâàåòñÿ êàê
ýëåêòðîìàãíèòíàÿ âîëíà ñ äëèíîé âîëíû îãðîìíûõ ðàçìåðîâ. Òîãäà ñ÷èòàåì
âîçìîæíûì ïðèìåíåíèå ìîäåëè è òåîðèè Ýéíøòåéíà, îïèñûâàþùèõ ôîòîýô-
ôåêò, â ðàññìîòðåíèè çàäà÷è õîëîäíîé ýìèññèè ýëåêòðîíîâ â ýëåêòðîâàêó-
óìíîé ñèñòåìå, íàõîäÿùåéñÿ âî âíåøíåì ñòàöèîíàðíîì ýëåêòðîñòàòè÷åñêîì
ïîëå.

Â äàííîì ñëó÷àå ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ âîëüò-àìïåðíîé
õàðàêòåðèñòèêè ïó÷êà ýëåêòðîíîâ, ýìèòèðóåìûõ ñ ïîâåðõíîñòè îñòðèÿ â âà-
êóóìå, ïîä âîçäåéñòâèåì âíåøíåãî ýëåêòðîñòàòè÷åñêîãî ïîëÿ. Ýëåêòðîñòàòè-
÷åñêîå ïîëå â ýòîì ñëó÷àå âûçûâàåò ýìèññèþ ýëåêòðîíîâ, òàêæå íàïðàâëÿåò
è óñêîðÿåò èõ.

Èñõîäÿ èç âûøåóêàçàííûõ äîïóùåíèé â ôèçè÷åñêîé ìîäåëè çàäà÷è îïðå-
äåëåíèÿ âîëüò-àìïåðíîé õàðàêòåðèñòèêè, ñòðîèòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü,
âêëþ÷àþùàÿ â ñåáÿ óðàâíåíèÿ Ôàóëåðà-Íîðäãåéìà äëÿ çàâèñèìîñòè ïëîò-
íîñòè òîêà îò íàïðÿæåííîñòè âíåøíåãî ýëåêòðè÷åñêîãî ïîëÿ è óðàâíåíèÿ
Ýéíøòåéíà äëÿ ôîòîýôôåêòà. Â ðåçóëüòàòå ÷èñëåííûõ ðàñ÷åòîâ ïîëó÷å-
íû âîëüòàìïåðíûå õàðàêòåðèñòèêè áëèçêèå ê ýêñïåðèìåíòàëüíûì çàâèñè-
ìîñòÿì.
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Ïðåäñòàâëÿÿ ãåîìåòðè÷åñêóþ ìîäåëü ñèñòåìû, ãîðèçîíòàëüíûé ìàãíèò-
íûé äèïîëü è ãîðèçîíòàëüíûé ýëåêòðîïðîâîäíûé ñëîé â âåðòèêàëüíîé ïëîñ-
êîñòè ïîëó÷èì ìîäåëü òåõíîëîãèè çîíäèðîâàíèÿ ìåòîäîì ïåðåõîäíûõ ïðî-
öåññîâ (ÇÌÏÏ) ïðè êàðòèðîâàíèè êðóòîïàäàþùèõ æèë, òåêòîíè÷åñêèõ çîí è
äðóãèõ îáúåêòîâ ïîèñêà, â òîì ÷èñëå êîíòàêòîâ êèìáåðëèòîâûõ òåë ñ âìåùà-
þùèìè ïîðîäàìè. Â ýòîé ñâÿçè ðàññìàòðèâàåìûé âèä èñòî÷íèêà ïðåäñòàâ-
ëÿåò òåõíîëîãèþ çîíäèðîâàíèÿ ÇÌÏÏ-Õ è ïðîôèëèðîâàíèÿ êðóòîïàäàþùèõ
îáúåêòîâ - ðóäíûõ ìåñòîðîæäåíèé, â òîì ÷èñëå â ïðèðîäíûõ óñëîâèÿõ êðèî-
ëèòîçîíû [1-3].

Äëÿ ìîäåëèðîâàíèÿ èíäóêöèîííî-âûçâàííîé ïîëÿðèçàöèè (ÂÏÈ), ¾èñêà-
æàþùåé¿ íåóñòàíîâèâøååñÿ ýëåêòðîìàãíèòíîå ïîëå ýëåêòðîïðîâîäíîãî ïëà-
ñòà ïðè èññëåäîâàíèè äèñïåðãèðóþùèõ ãåòåðîãåííûõ è ìíîãîôàçíûõ ñðåä
â ìîäåëü ãàðìîíè÷åñêè èçìåíÿþùåãîñÿ ïîëÿ ïëîñêîñòè S ãîðèçîíòàëüíîãî
ìàãíèòíîãî äèïîëÿ ââîäèì ïîëÿðèçóþùóþ ìîäåëü Êîóë-Êîóë, êàê ýòî ïîêà-
çàíî â ðàáîòå [4]. Òîãäà êîýôôèöèåíò â ðåøåíèè óðàâíåíèÿ Ëàïëàñà, îïèñû-
âàþùåå âåêòîð-ïîòåíöèàë ýëåêòðîìàãíèòíîãî ïîëÿ ïðåäñòàâëÿåòñÿ â âèäå:

C0 =
2e−2mh

2m+ iωµ
[
S0

1+iωτ
1+(1−η)iωτ

] =

=

[
2p (1− η)

µS0
+

2

µS0τ

]
/

[
p2 + p

(
2m(1− η)

µS0
+

1

τ

)
+

2m

µS0τ

]
,

ãäå p = −iω; h - âûñîòà ðàñïîëîæåíèÿ âîçáóæäàþùåãî äèïîëÿ, S0 � ïðî-
äîëüíàÿ ýëåêòðîïðîâîäíîñòü ñëîÿ S; 0 ≤ η ≤ 1 � ïîëÿðèçóåìîñòü ñëîÿ, ω �
êðóãîâàÿ ÷àñòîòà, i � ìíèìàÿ åäèíèöà, µ � ìàãíèòíàÿ ïðîíèöàåìîñòü âàêóó-
ìà, τ � âðåìÿ ðåëàêñàöèè, m- ïåðåìåííàÿ ðàçäåëåíèÿ.
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Ïðèìåíÿÿ ê ýòîìó âûðàæåíèþ îáðàòíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå
Ëàïëàñà-Êàðëñîíà, ïîñëå íåêîòîðûõ àëãåáðàè÷åñêèõ ïðåîáðàçîâàíèé, ïðåä-
ñòàâèì íåóñòàíîâèâøååñÿ ýëåêòðîìàãíèòíîå ïîëå ïîëÿðèçóþùåãîñÿ ïëàñòà â
âèäå âåêòîð-ïîòåíöèàëà:

Axηz (t) = −µMx

4π

∫ ∞

0

cosφe−αme−atm

[
a∗chbt+

(β − a∗ · a)
b

shbt

]
J1 (mr) dm,

ãäå α = 2h+z; r, φ, z � öèëèíäðè÷åñêèå êîîðäèíàòû; a∗ =
2(1− η)

µS0
; β =

2

µS0τ
;

a =
2m(1− η)

µS0
+

1

τ
; b =

m(1− η)

µS0
.Mx � ìàãíèòíûé ìîìåíò, îðèåíòèðîâàííûé

ïî îñè �x”; J1 (mr) � ôóíêöèÿ Áåññåëÿ ïåðâîãî ïîðÿäêà àðãóìåíòà (mr).
Íàáëþäàåìûå íà ïðàêòèêå êîìïîíåíòû ìàãíèòíîãî ïîëÿ, îïðåäåëÿþòñÿ

ïî ôîðìóëå:

∂

∂t
Bxηz (t) = −∂

2Axηz
∂z2

;
∂

∂t
Bxηr (t) = −∂

2Axηz
∂r∂z

.

Òàêèì îáðàçîì, ïîëó÷èì àíàëèòè÷åñêèå ìîäåëè íåóñòàíîâèâøåãîñÿ ýëåê-
òðîìàãíèòíîãî ïîëÿ â ôîðìå îäíîêðàòíûõ èíòåãðàëîâ, ïîääàþùèõñÿ ÷èñ-
ëåííîìó àíàëèçó, ïî àíàëîãèè ñ ðàáîòîé [4].
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Áàëàíñîâûå ìîäåëè, êàê ñòàòèñòè÷åñêèå, òàê è äèíàìè÷åñêèå, øèðîêî
ïðèìåíÿþòñÿ ïðè ýêîíîìèêî-ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ýêîíîìè÷åñêèõ
ñèñòåì è ïðîöåññîâ. Â îñíîâå ñîçäàíèÿ ýòèõ ìîäåëåé ëåæèò áàëàíñîâûé ìå-
òîä, ò.å. ìåòîä âçàèìíîãî ñîïîñòàâëåíèÿ èìåþùèõñÿ ìàòåðèàëüíûõ, òðóäî-
âûõ è ôèíàíñîâûõ ðåñóðñîâ è ïîòðåáíîñòåé â íèõ. Ïðè ýòîì â ìîäåëè ìåæ-
îòðàñëåâîãî áàëàíñà äîëæåí ñîáëþäàòüñÿ áàëàíñ ìåæäó îáúåìàìè ïðîèçâå-
äåííîé è ïîòðåáëåííîé ïðîäóêöèè, ò.å. ðàâåíñòâî èõ çíà÷åíèé.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ äèíàìè÷åñêàÿ ìîäåëü ìåæîòðàñëåâîãî
áàëàíñà âèäà [1]:

X(t) = AX(t) + Φ∆X(t) + Y (t), (1)

ãäå X(t) � âåêòîð âàëîâîãî âûïóñêà ïðîäóêöèè t-ãî ïåðèîäà âðåìåíè;

À � ìàòðèöà êîýôôèöèåíòîâ ïðÿìûõ çàòðàò ìåæîòðàñëåâîãî áàëàíñà;

Φ � ìàòðèöà ôîíäîåìêîñòè ïðèðîñòà åäèíèöû ïðîäóêöèè;

∆X(t) � âåêòîð ðàçíèöû âàëîâûõ âûïóñêîâ t è t-1 ïåðèîäîâ âðåìåíè;

Y(t) - âåêòîð êîíå÷íîãî ïîòðåáëåíèÿ çà âû÷åòîì ñóììû êàïèòàëüíûõ âëî-
æåíèé ïî âñåì ðàññìàòðèâàåìûì îòðàñëÿì ýêîíîìèêè.

Â ðàññìàòðèâàåìîé äèíàìè÷åñêîé ìîäåëè ìåæîòðàñëåâîãî áàëàíñà (1),
ïðîèçâîäñòâåííûå êàïèòàëüíûå âëîæåíèÿ âûäåëÿþòñÿ èç ñîñòàâà êîíå÷íîé
ïðîäóêöèè, ÷òî ïîçâîëÿåò èññëåäîâàòü èõ ñòðóêòóðó è âëèÿíèå íà ðîñò îáúå-
ìà ïðîèçâîäñòâà, à òàêæå ðàññ÷èòàòü èõ ïðîãíîçíûå çíà÷åíèÿ. Ïðåîáðàçîâàâ
ñèñòåìó óðàâíåíèé (1), ïîëó÷èì ðàñ÷åòíóþ ôîðìóëó â ìàòðè÷íîé ôîðìå äëÿ
íàõîæäåíèÿ çíà÷åíèé âàëîâîãî âûïóñêà ïðîäóêöèè ïî îòðàñëÿì ýêîíîìèêè:

X(t) = (E −A− Φ)−1 · (Y (t)− ΦX(t− 1)), (2)

ãäå X(t-1) � âåêòîð âàëîâîãî âûïóñêà ïðîäóêöèè t-1-ãî ïåðèîäà;

Å � åäèíè÷íàÿ ìàòðèöà.

Êàê âèäíî èç ôîðìóëû (2) â ìîäåëè äèíàìè÷åñêîãî ìåæîòðàñëåâîãî áà-
ëàíñà, â îòëè÷èå îò ñòàòè÷åñêîé ìîäåëè çíà÷åíèÿ âàëîâîãî âûïóñêà çàâèñÿò
åùå è îò îáúåìîâ ïðîèçâîäñòâà ïðåäøåñòâóþùåãî ïåðèîäà è ôîíäîåìêîñòè
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åäèíèöû ïðîäóêöèè. Ïîýòîìó ïðè ïðîãíîçèðîâàíèè âàëîâîãî âûïóñêà íà îñ-
íîâå ìîäåëè äèíàìè÷åñêîãî ìåæîòðàñëåâîãî áàëàíñà ìîæíî ïðîâåñòè àíàëèç
÷óâñòâèòåëüíîñòè ðåøåíèÿ ê âõîäíûì äàííûì è èññëåäîâàòü åå ñõîäèìîñòü.

Äëÿ ïðîâåäåíèÿ ïðîãíîçíûõ ðàñ÷åòîâ âàëîâîãî âûïóñêà ïðîäóêöèè ïî
ôîðìóëå (2), ðàçðàáîòàíû àëãîðèòìû åå ÷èñëåííîé ðåàëèçàöèè íà ÝÂÌ. Â
êà÷åñòâå èíôîðìàöèîííîé áàçû ïðîãíîçíûõ ðàñ÷åòîâ èñïîëüçîâàíû ôàêòè-
÷åñêèå äàííûå ñîîòâåòñòâóþùèõ ýêîíîìè÷åñêèõ ïîêàçàòåëåé èç ñòàòèñòè-
÷åñêèõ ñáîðíèêîâ Òåððèòîðèàëüíîãî îðãàíà Ôåäåðàëüíîé ñëóæáû ãîñóäàð-
ñòâåííîé ñòàòèñòèêè ïî Ðåñïóáëèêå Ñàõà (ßêóòèÿ) [2].

Íà îñíîâå ìîäåëè äèíàìè÷åñêîãî ìåæîòðàñëåâîãî áàëàíñà ïðîâåäåíû ðå-
òðîñïåêòèâíûå ïðîãíîçíûå ðàñ÷åòû âàëîâîãî âûïóñêà ïðîäóêöèè ðåñïóáëè-
êè Ñàõà (ßêóòèÿ) íà 2011 ã. Ñðàâíèòåëüíûé àíàëèç ïîëó÷åííûõ ïðîãíîçíûõ
çíà÷åíèé âàëîâîãî âûïóñêà òîâàðîâ è óñëóã íà 2011 ã. ñ èõ ôàêòè÷åñêèìè
çíà÷åíèÿìè ïîêàçûâàåò íåïëîõóþ òî÷íîñòü âû÷èñëåíèé.
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Âîñòî÷íî-Ñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò òåõíîëîãèé è
óïðàâëåíèÿ, Óëàí-Óäý, Ðîññèÿ;

1oshorovbb@pochta.ru, 2scalderfree@yandex.ru

Èññëåäóåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü áåñêîíå÷íî ìàëûõ èçãèáàíèé ïî-
âåðõíîñòè ïîëîæèòåëüíîé êðèâèçíû [1], êîòîðàÿ ñâîäèòñÿ ê çàäà÷å Ðèìàíà-
Ãèëüáåðòà ñ ðàçðûâíûìè êðàåâûìè óñëîâèÿìè äëÿ ñèñòåìû óðàâíåíèé
Êîøè-Ðèìàíà. Íåñìîòðÿ íà äîñòàòî÷íî ãëóáîêîå èçó÷åíèå ýòîé ïðîáëåìû
â ìîíîãðàôèè [1], èíòåðåñíûì îñòàåòñÿ äîâîëüíî áîëüøîé êðóã âîïðîñîâ,
ñâÿçàííûõ ñ êîíêðåòíûìè ïîâåðõíîñòÿìè è óñëîâèÿìè íà ãðàíèöå ïîâåðõíî-
ñòåé.
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Ïóñòü r̄ = r̄(t1, t2) - êóñî÷íî-ãëàäêàÿ ïîâåðõíîñòü S ⊂ R3 à óðàâíåíèåì

r̄ε = r̄ε(t1, t2) = r̄(t1, t2) + εp̄(t1, t2),

ãäå ε - ÷èñëîâîé ïàðàìåòð, p̄(t1, t2) ∈ C1(S̄), çàäàíî ñåìåéñòâî ïîâåðõíîñòåé
{Sε} â R3. Åñëè ds2ε − ds2 = O(ε2), òî ãîâîðÿò, ÷òî ïîâåðõíîñòè Sε ÿâëÿþòñÿ
áåñêîíå÷íî ìàëûìè èçãèáàíèÿìè ïîâåðõíîñòè S.

Äëÿ òîãî, ÷òîáû ïîâåðõíîñòü Sε áûëà áåñêîíå÷íî ìàëûì èçãèáàíèåì ïî-
âåðõíîñòè S íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ

(dr̄, dp̄) = 0. (1)

Ïóñòü ïîâåðõíîñòü S çàäàíà ÿâíûì óðàâíåíèåì z = f(x, y), ôóíêöèÿ
f(x, y) ðàññìàòðèâàåòñÿ â îáëàñòè D, êîòîðàÿ ÿâëÿåòñÿ ïðîåêöèåé ïîâåðõíî-
ñòè S íà êîîðäèíàòíóþ ïëîñêîñòü xOy. Ïîñëå ðÿäà ïðåîáðàçîâàíèé ïîëó÷àåì
ñèñòåìó óðàâíåíèé â ìàòðè÷íîé ôîðìå

AUx +BUy = 0, (2)

ãäå

A =

(
zyy 0

−2zxy zxx

)
, B =

(
0 zxx

−zxx 0

)
, U =

(
u1

u2

)
.

Ñèñòåìà óðàâíåíèé (2)áóäåò ýëëèïòè÷åñêîé òîãäà è òîëüêî òîãäà, êîãäà ïî-
âåðõíîñòü S èìååò ïîëîæèòåëüíóþ ãàóññîâó êðèâèçíó. Ïóòåì íåîñîáûõ ïðå-
îáðàçîâàíèé ñèñòåìà (3) ïðèâîäèòñÿ ê îáîáùåííîé ñèñòåìå óðàâíåíèé Êîøè-
Ðèìàíà.

Ïóñòü S - íåêîòîðàÿ ÷àñòü ýëëèïòè÷åñêîãî ïàðàáîëîèäà z = x2 + y2. Äëÿ
íåãî ñèñòåìà óðàâíåíèé (2) ñðàçó ñòàíîâèòñÿ ñèñòåìîé Êîøè-Ðèìàíà

AUx +BUy = 0, (3)

ãäå

A =

(
1 0
0 1

)
, B =

(
0 −1
1 0

)
.

Îòñå÷åì îò êðóãîâîãî ïàðàáîëîèäà z = x2 + y2 åãî ÷àñòü S ïëîñêîñòÿìè
x = 0, x = k, y = 0, y = l. Ïóñòü, íà ãðàíèöå ïðÿìîóãîëüíèêà D, îãðàíè÷åí-
íîãî ëèíèÿìè ïåðåñå÷åíèÿ êîîðäèíàòíîé ïëîñêîñòè xOy ñ óêàçàííûìè âûøå
ïëîñêîñòÿìè, âûïîëíåíû óñëîâèÿ

u1(x, 0) = u1(k, y) = u2(0, y) = u2(x, l) = 0. (4)

Äîêàçàíî [2], ÷òî çàäà÷à (3),(4) èìååò åäèíñòâåííîå òðèâèàëüíîå ðåøåíèå.
Îòñþäà ñëåäóåò, ÷òî ïðè äàííûõ óñëîâèÿõ áåñêîíå÷íî ìàëûå èçãèáàíèÿ ïà-
ðàáîëîèäà îáåñïå÷èâàþòñÿ âåêòîðîì p̄, êîòîðûé íàïðàâëåí ïî íîðìàëè ê ïî-
âåðõíîñòè.
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×èñëåííûé àíàëèç äàííîé ìîäåëè ïðîâåäåí ïî ìåòîäèêå, ðàçðàáîòàííîé
â ðàáîòå [3].
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ÌÅÒÎÄ ÔÈÊÒÈÂÍÛÕ ÎÁËÀÑÒÅÉ Â ÇÀÄÀ×Å Î
ÐÀÂÍÎÂÅÑÈÈ ÂßÇÊÎÓÏÐÓÃÎÉ ÏËÀÑÒÈÍÛ

A FICTITIOUS DOMAIN METHOD IN THE EQUILIBRIUM
PROBLEM FOR A VISCOELASTIC PLATE

Ïîïîâà Ò.Ñ.

ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

ptsokt@mail.ru

Â ðàáîòå ðàññìàòðèâàåòñÿ ïðèìåíåíèå ìåòîäà ôèêòèâíûõ îáëàñòåé â êðà-
åâîé çàäà÷å ñ îäíîñòîðîííèìè ãðàíè÷íûìè óñëîâèÿìè, ñîîòâåòñòâóþùåé êîí-
òàêòíîé çàäà÷å äëÿ âÿçêîóïðóãîé ïëàñòèíû. Äàííûå óñëîâèÿ çàäàíû íà ÷à-
ñòè ãëàäêîé ãðàíèöû îáëàñòè è èìåþò âèä íåðàâåíñòâ:

−Wν ≥ h|∂w
∂ν

| íà γ × (0, T ).

Çäåñü γ - ÷àñòü ãðàíèöû îáëàñòè Ω1, êîòîðóþ çàíèìàåò ñðåäèííàÿ ïëîñêîñòü
ïëàñòèíû, ν - åäèíè÷íûé âåêòîð íîðìàëè ê γ, (W,w) - ôóíêöèè ãîðèçîíòàëü-
íûõ è âåðòèêàëüíûõ ïåðåìåùåíèé òî÷åê Ω1 ñîîòâåòñòâåííî, h - ïîëóòîëùèíà
ïëàñòèíû.

Çàäà÷è òàêîãî òèïà îáû÷íî íîñÿò íàçâàíèå çàäà÷è Ñèíüîðèíè. Ýêâèâà-
ëåíòíîé ïîñòàíîâêîé äëÿ êðàåâîé çàäà÷è ÿâëÿåòñÿ âàðèàöèîííîå íåðàâåí-
ñòâî. Çàäà÷à îäíîçíà÷íî ðàçðåøèìà. Ôèêòèâíàÿ îáëàñòü ñòðîèòñÿ òàê, ÷òî
âñïîìîãàòåëüíàÿ çàäà÷à ñòàâèòñÿ â îáëàñòè ñ ðàçðåçîì. Òîãäà ñèñòåìà êðà-
åâûõ óñëîâèé, òàêæå íîñÿùèõ îäíîñòîðîííèé õàðàêòåð, çàäàåòñÿ íà áåðåãàõ

192



VII Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ

ðàçðåçà. Îäíî èç ýòèõ óñëîâèé îïðåäåëÿåò íåïðîíèêàíèå òî÷åê ïðîòèâîïî-
ëîæíûõ áåðåãîâ ðàçðåçà äðóã â äðóãà è èìååò âèä [1]

[W ]ν ≥ h|[∂w
∂ν

]| íà γ × (0, T ).

Çäåñü êâàäðàòíûå ñêîáêè îáîçíà÷àþò ñêà÷îê ôóíêöèè íà áåðåãàõ ðàçðåçà.
Ïðè ïîñòðîåíèè ôèêòèâíîé îáëàñòè ââîäèòñÿ ïàðàìåòð λ > 0. Äîêàçûâà-

åòñÿ, ÷òî ïðè λ → 0 çàäà÷à Ñèíüîðèíè ÿâëÿåòñÿ ïðåäåëüíîé äëÿ ñåìåéñòâà
âñïîìîãàòåëüíûõ çàäà÷ ñ ïàðàìåòðîì.

Ïðèìåíåíèå ìåòîäà ôèêòèâíûõ îáëàñòåé â çàäà÷àõ ñ îäíîñòîðîííèìè
îãðàíè÷åíèÿìè íà ãðàíèöå ìîæíî òàêæå íàéòè â [1-3].

ËÈÒÅÐÀÒÓÐÀ

1. Õëóäíåâ À.Ì. Çàäà÷è òåîðèè óïðóãîñòè â íåãëàäêèõ îáëàñòÿõ. Ìîñêâà:
Ôèçìàòëèò, 2010.

2. Ñòåïàíîâ Â.Ä., Õëóäíåâ À.Ì. Ìåòîä ôèêòèâíûõ îáëàñòåé â çàäà÷å Ñè-
íüîðèíè. Õàáàðîâñê: Äàëüíàóêà, 2003. (Ïðåïðèíò /2003/65).

3. Ïîïîâà Ò.Ñ. Çàäà÷à î êîíòàêòå äâóõ âÿçêîóïðóãèõ ïëàñòèí, îäíà èç êî-
òîðûõ èìååò òðåùèíó // Ìàòåìàòè÷åñêèå çàìåòêè ßÃÓ. 2005. Ò. 12, � 2.
Ñ. 60�92.

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÏÐÅÄÅËÜÍÎÃÎ
ÒÅÐÌÎÓÏÐÓÃÎÃÎ ÑÎÑÒÎßÍÈß ÊÎÌÏÎÇÈÖÈÎÍÍÛÕ

ÌÀÒÅÐÈÀËÎÂ ÍÀ ÎÑÍÎÂÅ ÑÒÐÓÊÒÓÐÍÎ-ËÎÊÀËÜÍÎÃÎ
ÏÐÈÁËÈÆÅÍÈß1

MATHEMATICAL MODELING OF LIMIT THERMOELASTIC
STATE OF COMPOSITE MATERIALS BASED ON LOCAL

STRUCTURAL APPROACH

Ïÿòàåâ Ñ.Ô.

ÔÃÁÓÍ Èíñòèòóò âû÷èñëèòåëüíîãî ìîäåëèðîâàíèÿ ÑÎ ÐÀÍ,
Êðàñíîÿðñê, Ðîññèÿ;

e-mail psf@icm.krasn.ru

Äëÿ èññëåäîâàíèÿ ïðåäåëüíîãî òåðìîóïðóãîãî ïîâåäåíèÿ ëèíåéíî-
àðìèðîâàííûõ êîìïîçèöèîííûõ ìàòåðèàëîâ (ÊÌ) íà îñíîâå ñòðóêòóðíîãî
ïîäõîäà ðàçðàáîòàíà ìîäåëü àíñàìáëÿ Ω "ñëî¼â" âîëîêîí, îêðóæàþùèõ âû-
äåëåííóþ îáëàñòü ω ñ îäíèì âîëîêíîì. Ïðåäëàãàåìàÿ ìîäåëü ÿâëÿåòñÿ ðàç-
âèòèåì ìîäåëè, ïðåäëîæåííîé â [1], â êîòîðîé ðàññìàòðèâàëîñü îäèíî÷íîå
âîëîêíî, à âçàèìîäåéñòâèå ìåæäó âîëîêíàìè ÷àñòè÷íî ó÷èòûâàëîñü ÷åðåç

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé (� 14-01-00130)

193



VII Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ

ïåðèîäè÷åñêèå ëèíåéíûå êðàåâûå óñëîâèÿ â ïåðåìåùåíèÿõ. ÊÌ ïîäâåðæåí
ñèëîâûì íàãðóçêàì è òåìïåðàòóðíîìó âîçäåéñòâèþ, ïîðîæäàþùèì ñëåäóþ-
ùèå ñîñòîÿíèÿ: îäíîðîäíîå ìàêðîíàïðÿæ¼ííîå σ̂ij è íåîäíîðîäíîå ìèêðîíà-
ïðÿæ¼ííîå σij â Ω, íå çàâèñÿùåå îò îñåâîé êîîðäèíàòû x3 âäîëü âîëîêîí.

Ìàêðîíàïðÿæ¼ííîå ñîñòîÿíèå ðàñêëàäûâàëîñü íà 5 "áàçèñíûõ" ñîñòîÿ-
íèé σ̂(m)

ij , (m = 1, . . . , 5). Äëÿ êàæäîãî ñîñòîÿíèÿ ìåòîäîì êîíå÷íûõ ýëåìåí-

òîâ ïîëó÷åíû ñîîòíîøåíèÿ σ(m)
ij = fm(x1, x2, σ̂

(m)
ij ). Èñïîëüçîâàíèå ëèíåéíîé

êîìáèíàöèè ýòèõ ðåøåíèé ïîçâîëÿåò ïî çàäàííûì σ̂ij îïðåäåëèòü σij , óäîâëå-
òâîðÿþùèå êëàññè÷åñêîìó óñëîâèþ îñðåäíåíèÿ ïî îáú¼ìó. Íà îñíîâå àíàëèçà
çàäàííûõ óñëîâèé ïðåäåëüíîãî ñîñòîÿíèÿ F (σij , q⃗ ) ≤ 0 (q⃗ � âåêòîð êîíñòàíò
ïðî÷íîñòè) êàæäîé ôàçû ÊÌ ìîæíî âû÷èñëèòü êðèòè÷åñêèå çíà÷åíèÿ σ∗

ij ,
ïðè êîòîðûõ ìèêðîíàïðÿæåíèÿ â êàêîé-ëèáî ïîäîáëàñòè äîñòèãàþò ïîâåðõ-
íîñòè F = 0.

Ðàññìîòðåíî äâà âàðèàíòà îïðåäåëåíèÿ êðèòè÷åñêèõ ìèêðîíàïðÿæåíèé:
ïîèñê σ∗

ij îñóùåñòâëÿëñÿ âî âñåé îáëàñòè Ω è â îáëàñòè ω. Îïðåäåëåíèå σ∗
ij

ïî âòîðîìó âàðèàíòó ïðè óâåëè÷åíèè ÷èñëà N îêðóæàþùèõ "ñëî¼â" ïîçâî-
ëÿåò èçáàâèòüñÿ îò èñêàæåíèÿ ìèêðîíàïðÿæåíèé êðàåâûìè ýôôåêòàìè è,
âñëåäñòâèå ýòîãî, îïðåäåëÿåìûõ êðèòè÷åñêèõ ìàêðîíàïðÿæåíèé σ̂∗

ij .
Ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû äëÿ äâóõ êîìïîçèòîâ � áîðîïëàñòèêà è

áîðîàëþìèíèÿ. Óñòàíîâëåíî, ÷òî â çàâèñèìîñòè îò âåëè÷èí îòíîøåíèé ïðå-
äåëà ïðî÷íîñòè ê ìîäóëþ Þíãà êàæäîé ôàçû ÊÌ ïðåäåëüíàÿ ïîâåðõíîñòü
â ïðîñòðàíñòâå òð¼õ ðàñòÿãèâàþùèõ ìàêðîíàïðÿæåíèé áëèçêà ê ýëëèïñîè-
äàëüíîé (áîðîàëþìèíèé) èëè îãðàíè÷åííîìó ýëëèïòè÷åñêîìó öèëèíäðó (áî-
ðîïëàñòèê).

Ïðè èçìåíåíèè òåìïåðàòóðû∆T ïðåäåëüíûå ïîâåðõíîñòè P∆T âîçíèêàþò
êàê ðåçóëüòàò òðàíñëÿöèîííîãî ïåðåíîñà ïîâåðõíîñòè P∆T=0◦C. Ïðè ðàñ÷¼ò-
íûõ çíà÷åíèÿõ ïàðàìåòðîâ ìàòåðèàëà ñêîðîñòü òðàíñëÿöèè ïîâåðõíîñòè äëÿ
ìåòàëëè÷åñêîãî ÊÌ îêàçàëàñü âûøå, ÷åì äëÿ ïîëèìåðíîãî, ò. å. áîðîàëþìè-
íèé áîëåå ÷óâñòâèòåëåí ê èçìåíåíèþ òåìïåðàòóðû, ÷åì áîðîïëàñòèê.

Ïðè ïîïåðå÷íîì èëè ïðîäîëüíîì íàãðóæåíèÿõ ïðåäåëüíûå âåëè÷èíû σ̂∗
ij

ïðè ðàçëè÷íûõ çíà÷åíèÿõ N ïðàêòè÷åñêè ñîâïàäàþò, ò. å. ïðè íåêîòîðûõ íà-
ãðóæåíèÿõ σ∗

ij , íàéäåííûå â Ω è ω, áëèçêè. Îäíàêî ïðè íàãðóæåíèÿõ, áëèç-
êèõ ê âñåñòîðîííåìó îáæàòèþ â òðàíñâåðñàëüíîé ïëîñêîñòè, ïîëèìåðíûé
ÊÌ áîëåå ÷óâñòâèòåëåí ê âàðèàíòó îïðåäåëåíèÿ σ∗

ij , ÷åì ìåòàëëè÷åñêèé. Â
ïîëèìåðíîì ÊÌ ýòî îòëè÷èå äîñòèãàåò 25% , òîãäà êàê â ìåòàëëè÷åñêîì
îêîëî 4% . Ïî âèäèìîìó, ýòî ñâÿçàíî ñ ìåíüøåé ðàçíèöåé æåñòêîñòíûõ õà-
ðàêòåðèñòèê êîìïîíåíò â ìåòàëëè÷åñêèõ ÊÌ ïî ñðàâíåíèþ ñ ðàçíèöåé õà-
ðàêòåðèñòèê â ïîëèìåðíûõ.

Ñðàâíåíèå ïîëó÷åííûõ ðàñ÷åòíûõ ïðåäåëüíûõ çíà÷åíèé ñ ýêñïåðèìåí-
òàëüíûìè äàííûìè [2,3] ïðè îäíîîñíûõ íàãðóæåíèÿõ ïîêàçàëè èõ õîðîøåå
ñîâïàäåíèå.
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Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ïðîñòîé àíàëèòè÷åñêîé
ìîäåëè ñèñòåìû "ìàãíèòíîå ïîëå äèïîëÿ-ïðîìàãíè÷åííàÿ ïëàçìà". Çàäà÷à
ðàññìàòðèâàåòñÿ â ñòàöèîíàðíîì ðåæèìå, ïðè ýòîì äîïóñêàåòñÿ, ÷òî ÷åðåç
ïëàçìó ïðîòåêàåò òîê. Ðåçóëüòàòû çàäà÷è ìîãóò áûòü èñïîëüçîâàíû ïðè ðàñ-
ñìîòðåíèè ôèçè÷åñêèõ ÿâëåíèé â ìàãíèòîñôåðàõ çàìàãíè÷åííûõ ïëàíåò, â
îáîëî÷êàõ ïóëüñàðîâ, à òàêæå â ëàáîðàòîðíûõ óñëîâèÿõ. Ïðè ðàññìîòðåíèè
êðóïíîìàñøòàáíûõ ÿâëåíèé ñèñòåìû ïëàçìî-ìàãíèíîãî ïîëÿ ìîæíî ñ óñïå-
õîì ïðèìåíÿòü ìàãíèòîãèäðîäèíàìè÷åñêèé ïîäõîä [1,2].

Â êà÷åñòâå ïðîñòåéøåé ìîäåëè áóäåì ñ÷èòàòü ñèñòåìó ñôåðè÷åñêè ñèì-
ìåòðè÷íîé, òîêè ïðîòåêàþùèå ïî ïëàçìå áóäåì ñ÷èòàòü êîìïàêòíûìè îá-
ðàçîâàíèÿìè ñ ôèíèòíûìè èëè èíôèíèòíûìè ãðàíèöàìè ñ åäèíñòâåííîé
àçèìóòàëüíîé êîìïîíåíòîé. Òîãäà òàêóþ ñèñòåìó ïðîùå âñåãî ñ÷èòàòü ñè-
ñòåìîé ñ îñåñèììåòðè÷íîé êîíôèãóðàöèåé è ïðèìåíèòü óðàâíåíèå Ãðýäà-
Øàôðàíîâà.

Àíàëèç ðåøåíèÿ óðàâíåíèÿ ïîêàçûâàåò, ÷òî ïîëó÷åííàÿ ñèñòåìà ìîæåò
íàõîäèòüñÿ â çàìêíóòîé ñôåðå, ðàäèóñ êîòîðîé îïðåäåëÿåòñÿ íàëè÷èåì âíåø-
íåãî ïîñòîÿííîãî ïîëÿ.

Íà Ðèñ.1 è Ðèñ.2 ïîêàçàíî ðàñïðåäåëåíèå ìàãíèòíîãî ïîòîêà äèïîëÿ âî
âíåøíåì ïîëå è ñ ó÷åòîì ãðàäèåíòà äàâëåíèÿ è òîêîâîé ôóíêöèè.
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Èçâåñòíî, ÷òî â ïðîöåññå çàìåðçàíèé â ïî÷âå îáðàçóþòñÿ òðè çîíû: òàëàÿ,
ôàçîâàÿ è ìåðçëàÿ çîíà [1]. Åñëè ãðóíò íàõîäèòñÿ ïðè òåìïåðàòóðå ôàçîâûõ
ïåðåõîäîâ, òî â ðàçëè÷íûõ òî÷êàõ ãðóíòà áóäåò ðàçëè÷íîå êîëè÷åñòâî ëüäà
è íåçàìåðçøåé âîäû. Ýòî ïðèâîäèò ê òîìó, ÷òî â çàâèñèìîñòè îò òåìïåðàòó-
ðû áóäåò ìåíÿòüñÿ òåïëîâûå êîýôôèöèåíòû ãðóíòà [2]. Â ñèëó ýòîãî ôàêòà
ìàòåìàòè÷åñêàÿ ìîäåëü çàìåðçàþùåãî ãðóíòà ÿâëÿåòñÿ íà÷àëüíî-êðàåâàÿ çà-
äà÷à äëÿ íåëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ðàçíîñòíûå ìåòîäû ðå-
øåíèÿ ïðÿìîé çàäà÷è Ñòåôàíà äëÿ çàìåðçàþùåãî ãðóíòà èçó÷åíà â ðàáîòå
[3]. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ê èçó÷åíèþ íåëèíåéíîé îáðàòíîé çàäà÷è
çàìåðçàþùåãî ãðóíòà. Íàèáîëåå ïîëíûå èññëåäîâàíèÿ îáðàòíûõ è íåêîððåêò-
íî ïîñòàâëåííûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ñ ìíîãî÷èñëåííûìè áèáëèî-
ãðàôèÿìè ïðèâîäèòñÿ â ðàáîòå [4]. Îòìåòèì, ÷òî êâàçèëèíåéíàÿ îáðàòíàÿ
çàäà÷à äëÿ çàìåðçàþùåãî ãðóíòà èññëåäîâàíà â ðàáîòå [5].

Â íàñòîÿùåé ðàáîòå ðàçðàáàòûâàåòñÿ èòåðàöèîííûé ìåòîä íàõîæäåíèÿ
òåïëîâûõ êîýôôèöèåíòîâ çàìåðçàþùåãî ãðóíòà è ïðîäåëàíû ñëåäóþùèå ðà-
áîòû:

1. Ñîñòàâëåíî äèñêðåòíàÿ íåëèíåéíàÿ îáðàòíàÿ ðàçíîñòíàÿ çàäà÷à äëÿ
çàìåðçàþùåãî ãðóíòà.

2. Ðàçðàáîòàíî èòåðàöèîííàÿ ôîðìóëà äëÿ ðàñ÷åòà èñêîìûõ âåëè÷èí.

3. Ïîëó÷åíû àïðèîðíûå îöåíêè ðåøåíèÿ íåëèíåéíûõ ðàçíîñòíûõ çàäà÷.

4. Äîêàçûâàåòñÿ îãðàíè÷åííîñòü ïðèáëèæåííîãî çíà÷åíèÿ òåïëîâîãî êî-
ýôôèöèåíòà è äîêàçûâàåòñÿ ìîíîòîííîñòü ìèíèìèçèðóåìîãî ôóíêöè-
îíàëà.

5. Èçó÷àåòñÿ ìåòîä Íüþòîíà äëÿ ðåøåíèÿ íåëèíåéíîé ðàçíîñòíîé çàäà÷è,
è äîêàçûâàåòñÿ êâàäðàòè÷íàÿ ñõîäèìîñòü ìåòîäà Íüþòîíà.

6. Ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû.
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Ïóñòü äàíà ñôåðà ñ öåíòðîì â íà÷àëå êîîðäèíàò O(0, 0, 0) è ñ ðàäèóñîì
R. Âûáåðåì íàòóðàëüíîå ÷èñëî n è ïîëîæèì α = π/(2n + 1). Âîêðóã ¾ñå-
âåðíîãî ïîëþñà¿ ñ êîîðäèíàòàìè (0, 0, R) îïèñûâàåì ñåãìåíò ñ öåíòðàëüíûì
óãëîì α, äàëåå ñâåðõó âíèç âåðõíþþ ïîëóñôåðó ðàçáèâàåì íà n ïîÿñîâ ñ îäè-
íàêîâûìè öåíòðàëüíûìè óãëàìè α. Ïëîùàäü ñåãìåíòà ïðè ¾ïîëþñå¿ ðàâíà
S = 2πRh, h = R−R cos α

2
.

Åñëè ïðîíóìåðîâàòü ïîÿñà ñâåðõó âíèç i = 1, 2, . . . , n, òî ïëîùàäü i - ãî
ïîÿñà ðàâíà

Si = 2πRhi, ãäå hi = R sin (n− i+ 1)α−R sin (n− i)α = 2R sin α
2
sin iα.

Ðàññìîòðèì îòíîøåíèå ïëîùàäè i-ãî ïîÿñà Si ê ïëîùàäè ¾ïîëþñà¿ S:

µi =
Si
S

=
2 sin iα

tan α
4

.

Öåëàÿ ÷àñòü ýòîãî ÷èñëà [µi] îçíà÷àåò êîëè÷åñòâî ðàâíîâåëèêèõ ñåêòîðîâ ñ
ïëîùàäÿìè, ðàâíûìè ïëîùàäè ¾ïîëþñà¿, èç êîòîðûõ ñîñòîèò i-é ïîÿñ.

198



VII Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ

Ïîëîæèì

φi =
π

2
− α · i, i = 1, 2, . . . , n, θij =

π(2j − 1)

µi
, j = 1, 2, . . . , [µi].

Îïðåäåëèì óïîðÿäî÷åííîå ìíîæåñòâî ðàâíîìåðíî ðàñïðåäåëåííûõ òî÷åê
íà âåðõíåé ïîëóñôåðå UN = {(xij , yij , zij)}. Êîîðäèíàòû òî÷åê âû÷èñëÿþòñÿ
ïî ñëåäóþùèì ôîðìóëàì:

xij = R cosφi cos θij ,

yij = R cosφi sin θij ,

zij = R sinφi,

i = 1, 2, . . . , n, j = 1, 2, . . . , [µi]. Àíàëîãè÷íî, îïðåäåëèì óïîðÿäî÷åííîå
ìíîæåñòâî ðàâíîìåðíî ðàñïðåäåëåííûõ òî÷åê íà íèæíåé ïîëóñôåðå US =
{(xij , yij , zij)}.

Òàêèì îáðàçîì, ìû ïîëó÷èëè óïîðÿäî÷åííîå ìíîæåñòâî òî÷åê (óçëîâ),
êîòîðûå ðàâíîìåðíî ðàñïðåäåëåíû ïî âñåé ñôåðå:

U = UN ∪ US ∪ PN ∪ PS .

Èìååò ìåñòî ñëåäóþùàÿ
Òåîðåìà 1. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) lim
n→0

µ1 = 8,

2) lim
n→0

µn
n

=
16

π
,

3)
16

π
≤ µi

i
≤ 8, i = 1, 2, . . . , n.

Ìíîæåñòâî óçëîâ U ïðèìåíÿåòñÿ äëÿ êóáàòóðíîé ôîðìóëû, ïðåäëîæåí-
íîé â ðàáîòàõ [1,2] äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ êîýôôèöèåíòîâ îáëó-
÷åííîñòè [3] ìåæäó äâóìÿ ñôåðàìè. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ýêñ-
ïåðèìåíòîâ äëÿ ñëó÷àÿ âëîæåííûõ ñôåð, êîãäà èçâåñòíû òî÷íûå çíà÷åíèÿ
êîýôôèöèåíòîâ îáëó÷åííîñòè, à òàêæå ñðàâíåíèå ñ ðåçóëüòàòàìè, êîãäà â
êà÷åñòâå óçëîâ êóáàòóðíîé ôîðìóëû áåðóòñÿ ãåîãðàôè÷åñêèå êîîðäèíàòû.
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Ñëåïöîâ Ñ.Ä.1, Ñàââèíîâà Í.À.2, Ðóáöîâ Í.À.1

1ÔÃÁÓÍ Èíñòèòóò òåïëîôèçèêè èì. Ñ.Ñ. Êóòàòåëàäçå ÑÎ ÐÀÍ,
Íîâîñèáèðñê, Ðîññèÿ;

2ÔÃÀÎÓ ÂÏÎ "Ñåâåðî-Âîñòî÷íûé ôåäåðàëüíûé óíèâåðñèòåò èìåíè
Ì.Ê.Àììîñîâà" , ßêóòñê, Ðîññèÿ;

1sleptsov@itp.nsc.ru, 2nasavv@mail.ru

Ðàññìîòðåíà îäíîôàçíàÿ çàäà÷à Ñòåôàíà â ïîëóïðîçðà÷íîé ñåðîé êðè-
ñòàëëè÷åñêîé ñðåäå ñ ó÷åòîì èçîòðîïíîãî ðàññåÿíèÿ â îáúåìå. Ïðè ðåøåíèè
óñëîâèÿ Ñòåôàíà èñïîëüçîâàëñÿ ìåòîä âûïðÿìëåíèÿ ôðîíòîâ, äëÿ ðåøåíèÿ
ðàäèàöèîííîé ÷àñòè ïðèâëåêàëñÿ ìåòîä ñðåäíèõ ïîòîêîâ.

Ïîêàçàíà çàâèñèìîñòü àëüáåäî ðàññåÿíèÿ èçëó÷åíèÿ îò êîýôôèöèåíòà îò-
ðàæåíèÿ ãðàíèö. Ïðè ìàëîì îòðàæåíèè ãðàíèö è ñëàáîì ðàññåÿíèè òåìïåðà-
òóðíîå ïîëå ñóùåñòâåííî íå ìåíÿåòñÿ. Óâåëè÷åíèå êîýôôèöèåíòà îòðàæåíèÿ
ïðàâîé, íàãðåâàåìîé èçëó÷åíèåì, ïîâåðõíîñòè ïðèâîäèò ê òîìó, ÷òî òåìïåðà-
òóðà íà íåé íå äîñòèãàåò òåìïåðàòóðû ôàçîâîãî ïåðåõîäà è, ñëåäîâàòåëüíî, ê
íåâûïîëíåíèþ óñëîâèÿ Ñòåôàíà. Òåìïåðàòóðíîå ïîëå õàðàêòåðèçóåòñÿ ñèëü-
íûì ïåðåãðåâîì â îáúåìå ñðåäû.

Ïîëó÷åíû óñëîâèÿ ïðîòåêàíèÿ ôàçîâîãî ïåðåõîäà â çàâèñèìîñòè îò îïòè-
÷åñêèõ ñâîéñòâ ãðàíèö è îáúåìà ñðåäû, ÷òî ïîçâîëÿåò ñîçäàâàòü ìàòåðèàëû,
êàê òåïëîâîé çàùèòû, òàê è áîëåå ñîâåðøåííûõ ìåòîäîâ ïëàâëåíèÿ.
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ÂÅÍÒÈËÜÍÎ-ÐÅÀÊÒÈÂÍÎÃÎ ÄÂÈÃÀÒÅËß ÍÀ ÎÑÍÎÂÅ

ÐßÄÎÂ ÂÎËÜÒÅÐÐÀ1

MATHEMATICAL MODEL OF SWITCHED RELUCTANCE
DRIVE ON THE BASIS OF VOLTERRA SERIES

Ñîëîäóøà Ñ.Â.1, Ñóñëîâ Ê.Â.2

1Èíñòèòóò ñèñòåì ýíåðãåòèêè èì. Ë.À. Ìåëåíòüåâà ÑÎ ÐÀÍ, Èðêóòñê,
Ðîññèÿ; solodusha@isem.sei.irk.ru

2Èðêóòñêèé ãîñóäàñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Èðêóòñê, Ðîññèÿ;
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Âåíòèëüíî-ðåàêòèâíûå äâèãàòåëè (ÂÐÄ) øèðîêî ïðèìåíÿþòñÿ â ýíåðãî-
ñáåðåãàþùåì îáîðóäîâàíèè. Ýòî îïðåäåëÿåò àêòóàëüíîñòü çàäà÷è ìàòåìàòè-
÷åñêîãî îïèñàíèÿ äàííîãî ýëåêòðîîáîðóäîâàíèÿ ñ öåëüþ îáåñïå÷åíèÿ íàäåæ-
íîñòè ôóíêöèîíèðîâàíèÿ. Ñîãëàñíî [1] äåéñòâèå ÂÐÄ ïðè ôèêñèðîâàííîì
ïîëîæåíèè ðîòîðà ïðåäñòàâèìî â ñëåäóþùåì âèäå:

R · I(t) + Ψ′
t(I(t), θ) = U(t), I(0) = 0, Ψ(0, θ) = 0, (1)

ãäå íàïðÿæåíèå U(t)(B) � âõîäíîå âîçäåéñòâèå, ñèëà òîêà I(t)(À) � ðåàêöèÿ
íà âûõîäå, ôóíêöèÿ Ψ(I(t), θ)(Âá) � ïîòîêîñöåïëåíèå ôàçû, θ(ãðàä) � óãîë
ïîëîæåíèÿ ðîòîðà îòíîñèòåëüíî ñòàòîðà, R(Îì) � ñîïðîòèâëåíèå.

Ïîëîæèì â (1) θ = 0. Ñëåäóÿ ôèçè÷åñêèì ñîîáðàæåíèÿì [2], âûáåðåì

Ψ(I(t), 0) = b · ln(I(t) + 1), (2)

ãäå b � êîíñòàíòà, b > 0, t ∈ [0, T ].
Ðåøåíèå çàäà÷è Êîøè (1), (2) èìååò âèä:

I(t) =

exp(− 1
b

t∫
0

(R− U(s))ds+ 2R
b
t)

1 + R
b

t∫
0

exp(− 1
b

s∫
0

(R− U(ξ))dξ + 2R
b
s)ds

− 1, t ∈ [0, T ]. (3)

Äàííûé äîêëàä ïîñâÿùåí ïðèáëèæåííîìó îïèñàíèþ íåëèíåéíîé äèíà-
ìèêè äâóìÿ ïåðâûìè ÷ëåíàìè ðÿäà Âîëüòåððà íà ïðèìåðå òåñòîâîé ìàòå-
ìàòè÷åñêîé ìîäåëè âèäà (3). Èñïîëüçóåòñÿ ìåòîäèêà èäåíòèôèêàöèè ÿäåð
Âîëüòåððà [3], êîòîðàÿ îñíîâàíà íà çàäàíèè ñïåöèàëüíûõ ìíîãîïàðàìåòðè÷å-
ñêèõ ñåìåéñòâ êóñî÷íî-ïîñòîÿííûõ òåñòîâûõ âõîäíûõ ñèãíàëîâ. ×èñëåííûå
ýêñïåðèìåíòû ïðîâîäèëèñü ñ ó÷åòîì ðåçóëüòàòîâ [4].

1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé � 12-01-00722-à.
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ÄÈÐÈÕËÅ ÄËß ÓÐÀÂÍÅÍÈß ÃÅËÜÌÃÎËÜÖÀ1

MOSAIC-SKELETON METHOD FOR SOLVING THE
DIRICHLET'S PROBLEMS FOR THE HELMHOLTZ EQUATION

Òàëòûêèíà Ì.Þ.1, Êàøèðèí À.À.2

Âû÷èñëèòåëüíûé öåíòð Äàëüíåâîñòî÷íîãî îòäåëåíèÿ Ðîññèéñêîé
àêàäåìèè íàóê, Õàáàðîâñê, Ðîññèÿ;
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Çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà ÿâëÿþòñÿ êëàññè÷åñêèìè
çàäà÷àìè ìàòåìàòè÷åñêîé ôèçèêè. Àíàëèòè÷åñêèå ðåøåíèÿ òàêèõ çàäà÷ ìî-
ãóò áûòü íàéäåíû ëèøü â ñëó÷àå ïðîñòåéøèõ îáëàñòåé. Ïîýòîìó çàäà÷è Äè-
ðèõëå, â îñíîâíîì, ðåøàþòñÿ ÷èñëåííî. ×èñëåííîå ðåøåíèå ïðåäïîëàãàåò
ïðåäâàðèòåëüíîå ïîñòðîåíèå äèñêðåòíîãî àíàëîãà. Ñ âû÷èñëèòåëüíîé òî÷êè
çðåíèÿ íàèáîëåå ýôôåêòèâíîé ïðåäñòàâëÿåòñÿ äèñêðåòèçàöèÿ èñõîäíûõ çà-
äà÷, ñôîðìóëèðîâàííûõ â âèäå ýêâèâàëåíòíûõ èì ãðàíè÷íûõ èíòåãðàëüíûõ
óðàâíåíèé. Òîãäà òð¼õìåðíàÿ çàäà÷à â íåîãðàíè÷åííîé îáëàñòè ñâîäèòñÿ ê
äâóìåðíîé çàäà÷å íà ãðàíèöå îáëàñòè.

Â äàííîé ðàáîòå çàäà÷è Äèðèõëå ôîðìóëèðóþòñÿ â âèäå ñëàáî ñèíãó-
ëÿðíûõ ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ïåðâîãî ðîäà [1].
Äèñêðåòíûå àíàëîãè óêàçàííûõ óðàâíåíèé ìîãóò áûòü ïîñòðîåíû ðàçëè÷-
íûìè ñïîñîáàìè. Çäåñü äëÿ ýòèõ öåëåé èñïîëüçóåòñÿ ñîãëàñîâàííûé ñ øàãîì

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Äàëüíåâîñòî÷íîãî îòäåëåíèÿ ÐÀÍ (ïðîåêò
14-III-Â-01È-008)
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ñåòêè íà ãðàíèöå îáëàñòè ñïåöèàëüíûé ìåòîä îñðåäíåíèÿ ñëàáî ñèíãóëÿðíûõ
ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ [1].

Ìàòðèöû ïîëó÷àåìûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(ÑËÀÓ), àïïðîêñèìèðóþùèõ èíòåãðàëüíûå óðàâíåíèÿ, ÿâëÿþòñÿ ïëîòíî çà-
ïîëíåííûìè. Ïîýòîìó âû÷èñëèòåëüíàÿ ñëîæíîñòü ðåøåíèÿ ýòèõ ñèñòåì ïðÿ-
ìûìè ìåòîäàìè èìååò îöåíêó O(n3), ãäå n - ïîðÿäîê ñèñòåìû. Îäíàêî ñïåê-
òðàëüíûå ñâîéñòâà ìàòðèö òàêîâû, ÷òî èñïîëüçîâàíèå äëÿ ïîèñêà ïðèáëè-
æ¼ííûõ ðåøåíèé îáîáù¼ííîãî ìåòîäà ìèíèìàëüíûõ íåâÿçîê (GMRES) [2]
ïîçâîëÿåò ïîíèçèòü ýòó ñëîæíîñòü äî O(n2).

Â ïîñëåäíèå äåñÿòèëåòèÿ ðàçâèâàþòñÿ ìåòîäû áûñòðîãî ðåøåíèÿ ÑËÀÓ
ñ ïëîòíûìè ìàòðèöàìè. Íàçûâàÿ ìåòîä ¾áûñòðûì¿, îáû÷íî èìåþò â âèäó,
÷òî åãî ñëîæíîñòü ñîñòàâëÿåò o(n2), ïðè n→ ∞. Äëÿ ïðèáëèæ¼ííûõ ìåòîäîâ
÷àùå âñåãî îòäåëüíî âûäåëÿþò çàâèñèìîñòü ñëîæíîñòè îò ïàðàìåòðà òî÷íî-
ñòè, óêàçûâàÿ O(n loga n logb ε−1), a, b > 0. Îäíèì èç ¾áûñòðûõ¿ ìåòîäîâ
ÿâëÿåòñÿ ìîçàè÷íî-ñêåëåòîííûé ìåòîä [3]. Åãî ïðåèìóùåñòâà çàêëþ÷àþòñÿ â
òîì, ÷òî ðåàëèçàöèÿ òðåáóåò èçìåíåíèé òîëüêî íà ýòàïàõ ïîñòðîåíèå ìàòðè-
öû è ìàòðè÷íî-âåêòîðíîãî óìíîæåíèÿ. Çàìåòèì, ÷òî ìåòîä äèñêðåòèçàöèè
è ïðîöåäóðà âû÷èñëåíèÿ ýëåìåíòîâ èñõîäíîé ìàòðèöû îñòàþòñÿ ïðåæíèìè.
Èñõîäíàÿ ìàòðèöà ïîëíîñòüþ íå âû÷èñëÿåòñÿ è íå õðàíèòñÿ, à â ïðîöåäó-
ðå ìàòðè÷íî-âåêòîðíîãî óìíîæåíèÿ èñïîëüçóåòñÿ íåêîòîðîå å¼ ïðèáëèæå-
íèå. Ìîçàè÷íî-ñêåëåòîííûé ìåòîä ñîñòîèò èç òð¼õ ýòàïîâ: ïîñòðîåíèå äåðå-
âà êëàñòåðîâ, ïîñòðîåíèå ñïèñêà áëîêîâ è ïîñòðîåíèå ìàëîðàíãîâîé àïïðîê-
ñèìàöèè. Â êà÷åñòâå ìàëîðàíãîâîé àïïðîêñèìàöèè èñïîëüçóåòñÿ íåïîëíàÿ
êðåñòîâàÿ àïïðîêñèìàöèÿ [3].

Äëÿ ïðàêòè÷åñêîé îöåíêè ýôôåêòèâíîñòè ìåòîäà ðàññìàòðèâàëèñü âíóò-
ðåííèå è âíåøíèå çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ãåëüìãîëüöà â îáëàñòÿõ,
ãðàíèöàìè êîòîðûõ ÿâëÿþòñÿ ñôåðà è òðåõîñíûé ýëëèïñîèä [4]. Êîëè÷åñòâî
òî÷åê äèñêðåòèçàöèè âàðüèðîâàëîñü îò 1000 äî 128000, âîëíîâûå ÷èñëà âûáè-
ðàëèñü èç ïðîìåæóòêà îò 1 äî 30. Ðåçóëüòàòû ýêñïåðèìåíòîâ ïîêàçàëè, ÷òî
çà ñ÷¼ò ïðèìåíåíèÿ ìîçàè÷íî-ñêåëåòîííîãî ìåòîäà âðåìÿ ðàáîòû GMRES
ðàñòåò â 2-2,5 ðàçà ïðè óäâîåíèè êîëè÷åñòâà òî÷åê ñåòêè, òîãäà êàê áåç åãî
èñïîëüçîâàíèÿ � â 4. Â íåêîòîðûõ ýêñïåðèìåíòàõ âðåìÿ ðàñ÷¼òîâ ïðè èñ-
ïîëüçîâàíèè ìåòîäà óìåíüøèëîñü ïî÷òè â 100 ðàç. Ïðè ýòîì ïîãðåøíîñòè
âû÷èñëåíèÿ ðåøåíèé èíòåãðàëüíûõ óðàâíåíèé è çàäà÷ Äèðèõëå îñòàëèñü
ïðåæíèìè.
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Óñòàíîâèâøèéñÿ ïðîöåññ ñâîáîäíîé êîíâåêöèè âÿçêîé íåñæèìàåìîé æèä-
êîñòè ñ ó÷åòîì ðàäèàöèîííîãî è êîíäóêòèâíîãî òåïëîîáìåíà â îãðàíè÷åííîé
îáëàñòè Ω ⊂ R3 ìîäåëèðóåòñÿ â íîðìàëèçîâàííîì âèäå ñëåäóþùåé ñèñòåìîé,
ãäå èñïîëüçóåòñÿ P1 (äèôôóçèîííîå) ïðèáëèæåíèå äëÿ óðàâíåíèÿ ïåðåíîñà
èçëó÷åíèÿ.

−a∆θ + v · ∇θ + bκaθ
4 = bκaφ, −α∆φ+ κaφ = κaθ

4 (1)

−ν∆v+ (v · ∇)v+ βθg = −∇p, divv = 0, (2)

Çäåñü θ � íîðìàëèçîâàííàÿ òåìïåðàòóðà, φ � íîðìàëèçîâàííàÿ èíòåíñèâ-
íîñòü èçëó÷åíèÿ, óñðåäíåííàÿ ïî âñåì íàïðàâëåíèÿì, v � ñêîðîñòü, p � äàâ-
ëåíèå, g � âåêòîð óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ. ×åðåç a, ν, β îáîçíà÷åíû
ïîëîæèòåëüíûå ïîñòîÿííûå êîýôôèöèåíòû òåìïåðàòóðîïðîâîäíîñòè, êèíå-
ìàòè÷åñêîé âÿçêîñòè è òåïëîâîãî ðàñøèðåíèÿ. Ïàðàìåòðû α > 0, b > 0 è êî-
ýôôèöèåíò ïîãëîùåíèÿ κa îïèñûâàþò ðàäèàöèîííî�òåðìè÷åñêèå ñâîéñòâà

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-
äîâàíèé (� 14-01-00037)
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ñðåäû. Óðàâíåíèÿ (1),(2) äîïîëíÿþòñÿ êðàåâûìè óñëîâèÿìè íà ãðàíèöå Γ
îáëàñòè òå÷åíèÿ

θ|Γ = Θ0, α∂nφ+ γ(φ−Θ4
0)|Γ = 0, v|Γ = v0. (3)

Çäåñü ∂n � ïðîèçâîäíàÿ â íàïðàâëåíèè âíåøíåé íîðìàëè ê Γ. Ôóíêöèÿ Θ0 >
0, ôóíêöèÿ γ > 0, îïèñûâàþùàÿ îòðàæàþùèå ñâîéñòâà ãðàíèöû, è âåêòîð�
ôóíêöèÿ v0 ÿâëÿþòñÿ çàäàííûìè.

Èññëåäîâàíèå çàäà÷ ñëîæíîãî òåïëîîáìåíà â ðàññåèâàþùèõ ñðåäàõ ñ îò-
ðàæàþùèìè ãðàíèöàìè èìååò îñîáîå çíà÷åíèå â ñèëó ñâîåé ïðèêëàäíîé
çíà÷èìîñòè. Çíà÷èòåëüíîå âíèìàíèå óäåëÿåòñÿ ÷èñëåííîìó ìîäåëèðîâàíèþ
ïðîöåññîâ ðàäèàöèîííîãî, êîíäóêòèâíîãî è êîíâåêòèâíîãî ïåðåíîñà òåïëà â
ñïëîøíûõ ñðåäàõ. Â òî æå âðåìÿ íå òàê ìíîãî ðàáîò, ïîñâÿùåííûõ òåîðåòè÷å-
ñêîìó àíàëèçó ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷, êîòîðûé ïîçâîëÿåò îöåíèòü
àäåêâàòíîñòü ìîäåëåé ðàäèàöèîííîãî òåïëîîáìåíà.

Îñíîâíûå ðåçóëüòàòû äàííîé ðàáîòû ñîñòîÿò â ïîëó÷åíèè íîâûõ àïðèîð-
íûõ îöåíîê ïîëåé òåìïåðàòóðû è èíòåíñèâíîñòè èçëó÷åíèÿ, íà îñíîâå êîòî-
ðûõ äîêàçûâàåòñÿ ðàçðåøèìîñòü çàäà÷è (1)�(3). Ïîêàçàíî, ÷òî êëàññ ñëàáûõ
ðåøåíèé ãîìåîìîðôåí êîíå÷íîìåðíîìó êîìïàêòó, à ïðè äîñòàòî÷íî áîëüøèõ
çíà÷åíèÿõ âÿçêîñòè è òåìïåðàòóðîïðîâîäíîñòè ðåøåíèå åäèíñòâåííî. Êðîìå
òîãî, íàéäåíû óñëîâèÿ, ïðè êîòîðûõ ðåøåíèå ñòàöèîíàðíîé êðàåâîé çàäà÷è
(1)�(3) ÿâëÿåòñÿ óñòîé÷èâîé îñîáîé òî÷êîé ñîîòâåòñòâóþùåé ýâîëþöèîííîé
ñèñòåìû, îïèñûâàþùåé íåñòàöèîíàðíóþ òåïëîâóþ êîíâåêöèþ ñ ðàäèàöèîí-
íûì òåïëîîáìåíîì.
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Ìîðñêîé ëåäÿíîé ïîêðîâ (ÌËÏ) ÿâëÿåòñÿ âàæíîé ñîñòàâëÿþùåé ñèñòå-
ìû àòìîñôåðà-ñóøà-îêåàí-êðèîñôåðà. Äåòàëüíîå ÷èñëåííîå ìîäåëèðîâàíèå
ÀËÏ âîçìîæíî òîëüêî ïðè íàëè÷èè áîëüøîãî îáúåìà ðàçíîîáðàçíûõ ïî ñâî-
åé ïðèðîäå ýêñïåðèìåíòàëüíûõ äàííûõ. Äëÿ ôîðìèðîâàíèÿ ñîîòâåòñòâóþ-
ùåé ñòàòèñòè÷åñêîé âûáîðêè íåîáõîäèìî ó÷èòûâàòü òðóäíîñòè ïðîâåäåíèÿ
â óñëîâèÿõ Àðêòèêè ïîäîáíûõ ýêñïåðèìåíòîâ, îòñóòñòâèå äëèííûõ ðÿäîâ
äèíàìè÷åñêèõ ïåðåìåííûõ, èõ ïðîñòðàíñòâåííî-âðåìåííóþ íåðåãóëÿðíîñòü,
ñëîæíîñòè ñîãëàñîâàíèÿ ðàçíîðîäíûõ ìíîãîìåðíûõ äàííûõ, íàëè÷èå ïðîïó-
ùåííûõ çíà÷åíèé è ò.ä.[3]. Âñëåäñòâèå îòñóòñòâèÿ íà òåêóùèé ìîìåíò ñòîëü
ïîäðîáíûõ âûáîðîê äàííûõ, âàæíûì ÿâëÿþòñÿ çàäà÷è èçó÷åíèÿ ÀËÏ áåç
ó÷åòà äåòàëüíûõ ïðîñòðàíñòâåííî-âðåìåííûõ îñîáåííîñòåé åãî ñîñòàâëÿþ-
ùèõ. Ïîýòîìó ïðåäñòàâëÿåòñÿ àêòóàëüíûì ðàçðàáîòêà êðóïíîìàñøòàáíûõ
ìîäåëåé äèíàìèêè ÌËÏ, äëÿ âûïîëíåíèÿ êîòîðîãî òðåáóåòñÿ äîñòàòî÷íî
îãðàíè÷åííàÿ ñòàòèñòè÷åñêàÿ âûáîðêà.

Äëÿ ìîäåëèðîâàíèÿ êðóïíîìàñøòàáíîé äèíàìèêè ÌËÏ çäåñü èñïîëüçó-
þòñÿ ôîðìàëüíûå ïîëîæåíèÿ ñèñòåìû ðåñóðñ-ïîòðåáèòåëü: íà ñòàäèè ôîð-
ìèðîâàíèÿ ÌËÏ äîñòóïíûì äëÿ íåãî ðåñóðñîì ÿâëÿåòñÿ ìîðñêàÿ âîäà, à
íà ñòàäèè òàÿíèÿ ñîñòàâëÿþùèå ñèñòåìû èõ ïîçèöèè ¾ìåíÿþòñÿ¿ íà ïðî-
òèâîïîëîæíûå. Åñëè ðàññìàòðèâàþòñÿ òîëüêî óñðåäíåííûå õàðàêòåðèñòèêè
ïðîöåññîâ, òî åãî äèíàìèêà îïðåäåëÿòñÿ óðàâíåíèåì [4]

dA/dt = ψ(t) (A∗ −A)A, (1)

Ãäå ψ(t) õàðàêòåðèçóåò âíåøíåå âîçäåéñòâèå íà ÌËÏ; A∗ , A - åãî ìàê-
ñèìàëüíàÿ è òåêóùàÿ ïëîùàäè. Óðàâíåíèå (1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
óðàâíåíèÿ Áåðíóëëè, ðåøåíèå êîòîðîãî ëåãêî âûïèñûâàåòñÿ â êâàäðàòóðàõ

A (t) = A∗

{
1−

[
1 + Cexp(A∗

∫ t

0

ψ (τ) dτ)

]−1
}
, (2)

ãäå C = A0/(A
∗ − A0) è A0 ïëîùàäü ÌËÏ â íà÷àëüíûé ìîìåíò åãî ðàñ-

ñìîòðåíèÿ. Ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ (2) áûëà âûïîëíåíà íà îñíîâà-
íèè äîñòóïíîé äëÿ èñïîëüçîâàíèÿ âûáîðêè http://nsidc.org/data/search/.
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Âûïîëíåííûé íà îñíîâàíèè ìîäåëè (2) ïðîãíîç ñîñòîÿíèÿ Àðêòè÷åñêîãî
ëåäÿíîãî ïîêðîâà íà ïåðèîä 2013-2113 ãã. ïðåäñòàâëåí íà ðèñ 1.

Ðèñ 1. Ïðîãíîç ñîñòîÿíèÿ ïëîùàäè Àðêòè÷åñêîãî ëåäÿíîãî ïîêðîâà íà
ïåðèîä 2013-2113 ãîäû: a � ñðåäíåìåñÿ÷íîå ðàñïðåäåëåíèå, b � ñðåäíåãîäîâîå

ðàñïðåäåëåíèå.

Õàðàêòåð ðàñïðåäåëåíèÿ íà ðèñ.1a ïîêàçûâàåò, ÷òî åãî äèíàìèêó îïðå-
äåëÿåò ñóïåðïîçèöèÿ 3-õ ïðèðîäíûõ ðèòìîâ ðàçëè÷íîé ïåðèîäè÷íîñòè: âû-
ñîêî÷àñòîòíàÿ ñîñòàâëÿþùàÿ õàðàêòåðèçóåò âîçäåéñòâèå íà ÀËÏ áëèçêèõ ê
ñåçîííûì ôàêòîðîâ; ñîñòàâëÿþùàÿ ñ ïåðèîäè÷íîñòüþ â 1 ãîä � âðàùåíèå
Çåìëè âîêðóã Ñîëíöà; íèçêî÷àñòîòíàÿ 60-òè ëåòíÿÿ ñîñòàâëÿþùàÿ � àíîìà-
ëèè ñðåäíåãîäîâîé òåìïåðàòóðû âîçäóõà.

Àíàëèç ðàñïðåäåëåíèÿ íà ðèñ.1b ïîêàçûâàåò ñóùåñòâåííîå åãî ñóùåñòâåí-
íîå îòëè÷èå îò ïðîãíîçîâ ñîñòîÿíèÿ ÀËÏ, ðàñ÷åòû êîòîðûõ âûïîëíåíû íà
îñíîâàíèè ïðåäñòàâëåíèé î ðîñòå âûáðîñîâ â àòìîñôåðó ïàðíèêîâûõ ãàçîâ
è èõ âëèÿíèè íà ïîòåïëåíèå êëèìàòà [5,6]. Ñîãëàñíî ýòèì ìîäåëÿì ïëîùàäü
ìîðñêèõ ëüäîâ â Àðêòèêå â 21-ì âåêå áóäåò ñíèæàòüñÿ â ñâÿçè ñ ðîñòîì òåì-
ïåðàòóðû, êîòîðûé îáóñëîâëåí óâåëè÷åíèåì âûáðîñîâ â àòìîñôåðó ïàðíèêî-
âûõ ãàçîâ (ñîâðåìåííàÿ êîíöåíòðàöèÿ CO2 â àòìîñôåðå ñîñòàâëÿåò 0.03%)
[7]. Îäíàêî â íàñòîÿùåå âðåìÿ èìååò ìåñòî çíà÷èòåëüíîå ðàññîãëàñîâàíèå
ìåæäó ðîñòîì èõ âûáðîñà è ïîòåïëåíèåì òåìïåðàòóðû. Òàê ïðîãíîçèðóåìîå
íà îñíîâå ïàðíèêîâîãî ýôôåêòà ïîòåïëåíèå äîëæíî áûëî ñîñòàâëÿòü 0.28◦C
â 1985 ãîäó è 0.65◦C â 2000 ãîäó, òîãäà êàê ðåàëüíûå ïîòåïëåíèÿ ñîñòàâèëè
ñîîòâåòñòâåííî 0.12◦C è 0.28◦C [1]. Çàìå÷åíî òàêæå, ÷òî ñ 2002 ãîäà ïðè ðîñòå
â àòìîñôåðå êîíöåíòðàöèè CO2 íà Çåìëå ïðåêðàòèëñÿ ðîñò åå ñðåäíåé òåì-
ïåðàòóðû. Äîïîëíèòåëüíî ñëåäóåò çàìåòèòü îòñóòñòâèå ñòðîãîãî äîêàçàòåëü-
ñòâà êîððåëÿöèè ìåæäó êîíöåíòðàöèåé CO2 â àòìîñôåðå è åå òåìïåðàòóðîé.
Â ñâÿçè ñ ÷åì óáåäèòåëüíûì ïðåäñòàâëÿåòñÿ, ÷òî îñíîâíûì ôàêòîðîì êëèìà-
òè÷åñêèõ èçìåíåíèé ìàñøòàáà äåñÿòêîâ è ñîòåí ëåò ÿâëÿþòñÿ åñòåñòâåííûå
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êîëåáàíèÿ ïîëíîãî ïîòîêà ñîëíå÷íîé ýíåðãèè (ýëåêòðîìàãíèòíîé è êîðïóñ-
êóëÿðíîé), ïîñòóïàþùåé ê Çåìëå [2].

Ñîãëàñíî âûïîëíåííîìó íà îñíîâàíèè ìîäåëè (8) ïðîãíîçó ñðåäíåãîäîâîå
ñîñòîÿíèå ÀËÏ äî 2020 ãîäà îñòàíåòñÿ íà óðîâíå ñîâðåìåííîãî ñîñòîÿíèÿ (íà
óðîâíå 2013 ãîäà). Ìàêñèìóì åãî ïëîùàäè áóäåò ïðèõîäèòüñÿ ïðèìåðíî íà
2043 ãîä. Ýòîò ðåçóëüòàò ïðàêòè÷åñêè ñîâïàäàåò ñ âûïîëíåííûì â ÀÀÍÈÈ
ïðîãíîçîì. Ñîãëàñíî åìó ïîâûøåííàÿ ïëîùàäü ÀËÏ îæèäàåòñÿ c 2020 ïî
2040 ãîä, ñ äîñòèæåíèåì ìàêñèìóìà â ïåðèîä ñ 2030 ïî 2035 ãîä
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Ïðè ðàñ÷åòå ñòàöèîíàðíûõ òåìïåðàòóðíûõ ïîëåé íàðóæíûõ îãðàæäàþ-
ùèõ êîíñòðóêöèé ñ óãëîâûìè ýëåìåíòàìè è (èëè) ñ ñîñåäíèìè ìàòåðèàëàìè
ñ íåñîèçìåðèìûìè ðàçìåðàìè è òûñÿ÷åêðàòíûì ïåðåïàäîì çíà÷åíèé êîýô-
ôèöèåíòîâ òåïëîïðîâîäíîñòè íàáëþäàåòñÿ çàìåäëåíèå ñêîðîñòè ñõîäèìîñòè
èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ [1]. Ýôôåêòèâíûì ÷èñëåííûì ìåòîäîì ðå-
øåíèÿ ñèñòåì óðàâíåíèé, àïïðîêñèìèðóþùèõ äèôôåðåíöèàëüíûå è èíòå-
ãðàëüíûå óðàâíåíèÿ, ÿâëÿåòñÿ ìíîãîñåòî÷íûé ìåòîä, êîòîðûé âïåðâûå áûë
ïðåäëîæåí Ð.Ï.Ôåäîðåíêî [2]. Â äàííîé ðàáîòå ïðåäëîæåí ìíîãîñåòî÷íûé
ìåòîä ðåøåíèÿ òðåòüåé êðàåâîé çàäà÷è äëÿ äâóìåðíîãî óðàâíåíèÿ Ëàïëàñà:

∂

∂x

(
λ
∂U

∂x

)
+

∂

∂y

(
λ
∂U

∂y

)
= 0, (x, y) ∈ Ω,

λ
∂U

∂−→n
+ αñð(U − Tñð) = 0, (x, y) ∈ Γ.

Ïðèâîäÿòñÿ ðåçóëüòàòû è àíàëèç ÷èñëåííûõ ýêñïåðèìåíòîâ. Ðåçóëüòàòû
ïîêàçàëè âûñîêóþ ýôôåêòèâíîñòü ïðåäëîæåííîãî ìíîãîñåòî÷íîãî ìåòîäà.
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Êîýôôèöèåíòíûå îáðàòíûå çàäà÷è ãåîôèçèêè (ãåîýëåêòðèêè, ñåéñìèêè
è äð.) â ðåçóëüòàòå êîíå÷íîìåðíîé àïïðîêñèìàöèè èñõîäíîãî èíòåãðàëüíî-
ãî èëè äèôôåðåíöèàëüíîãî îïåðàòîðà ïðÿìîé çàäà÷è ñâîäÿòñÿ ê ðåøåíèþ
êîíå÷íîìåðíîãî íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ I ðîäà íà íåêîòîðîé
ñåòêå QN çàäà÷è:.

As = e, s ∈ S ⊂ RN , e ∈ RM , M > N, (1)

ãäå s = (s1 . . . , sN ) � èñêîìûé âåêòîð, îïðåäåëÿþùèé àïïðîêñèìàöèþ ôóíê-
öèè èñêîìîãî ôèçè÷åñêîãî ïàðàìåòðà íà ñåòêå QN , A � çàäàííûé ÷èñëåí-
íûé îïåðàòîð ïðÿìîé çàäà÷è, S � çàìêíóòîå îãðàíè÷åííîå ïîäìíîæåñòâî
â RN àïðèîðíûõ îãðàíè÷åíèé âèäà: sminn 6 sn 6 smaxn , n = 1, . . . , N ,
e = (e1, . . . , eM ) � âåêòîð âõîäíûõ äàííûõ. Çàäà÷à ðåøåíèÿ óðàâíåíèÿ (1)
â îáùåì ñëó÷àå ÿâëÿåòñÿ ïðàêòè÷åñêè íåóñòîé÷èâîé (ïëîõî îáóñëîâëåííîé).
Ñòåïåíü ïðàêòè÷åñêîé íåóñòîé÷èâîñòè çàäà÷è îïðåäåëÿåòñÿ ìîäóëåì íåïðå-
ðûâíîñòè îáðàòíîãî îïåðàòîðà äëÿ óðàâíåíèÿ (1). Àâòîðîì ïðåäëàãàåòñÿ
ìåòîä ðåãóëÿðèçàöèè çàäà÷è, îñíîâàííûé íà ïîñòðîåíèè ðåãóëÿðèçîâàííîé
ñåòêè îáðàòíîé çàäà÷è Q′

N , àäàïòèðîâàííîé ê ñâîéñòâàì îïåðàòîðà ïðÿìîé
çàäà÷è. Ìèíèìàëüíàÿ âåëè÷èíà ÿ÷ååê è ðàçìåðíîñòü N ðåãóëÿðèçîâàííîé
ñåòêè îïðåäåëÿåòñÿ èç óñëîâèÿ, ïðè êîòîðîì ðàñ÷åòíûå çíà÷åíèÿ ìîäóëÿ
íåïðåðûâíîñòè îáðàòíîãî îïåðàòîðà çàäà÷è íà ñåòêå Q′

N íå ïðåâûøàþò çà-
äàííîé âåëè÷èíû [1,2]. Îáðàòíàÿ çàäà÷à (1) íà ñåòêå Q′

N ÿâëÿåòñÿ ïðàêòè-
÷åñêè óñòîé÷èâîé è ëþáîå ïðèáëèæåííîå ðåøåíèå, ñîïîñòàâèìîå ïî òî÷íî-
ñòè ñ âõîäíûìè äàííûìè ìîæåò áûòü ïðèíÿòî çà ïðèáëèæåííîå. Â ðàáîòå
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ïðèìåíÿåòñÿ àïïðîêñèìàöèîííûé ïîäõîä, ïðè êîòîðîì ïðèáëèæåííîå ðåøå-
íèå (1) èùåòñÿ â âèäå çàäàííîé ôóíêöèè Ψ (íåéðîñåòè) îò âõîäíûõ äàííûõ
e = (e1, . . . , eM ) [3]: s ≈ Ψ(V,W, e), ãäå V,W - ìàòðèöû ñâîáîäíûõ êîýôôèöè-
åíòîâ íåéðîñåòè, äëÿ îïðåäåëåíèÿ êîòîðûõ ðåøàåòñÿ çàäà÷à îáó÷åíèÿ íåéðî-
ñåòè [3]. Åñëè ìàòðèöû êîýôôèöèåíòîâ íåéðîñåòè îïðåäåëåíû, òî ðåøåíèå
óðàâíåíèå ìîæåò áûòü ïîëó÷åíî â àíàëèòè÷åñêîì âèäå äëÿ ëþáûõ äàííûõ.
Òåîðåòè÷åñêîå îáîñíîâàíèå ïðèìåíåíèÿ íåéðîñåòåâûõ êîíñòðóêöèé äëÿ ïî-
ñòðîåíèÿ êîíå÷íîìåðíûõ îòîáðàæåíèé îïèðàåòñÿ íà òåîðåìû Êîëìîãîðîâà
[4] è Öûáåíêî [5]. Äëÿ íàéäåííîãî ïðèáëèæåííîãî íåéðîñåòåâîãî ðåøåíèÿ
óðàâíåíèÿ (1) âû÷èñëÿåòñÿ àïîñòåðèîðíàÿ îöåíêà ïîãðåøíîñòè.

Â ðàáîòå ïðåäñòàâëåíû ïðèìåðû ÷èñëåííûõ ðåøåíèé 2D è 3D îáðàòíûõ
çàäà÷ ãåîýëåêòðèêè äëÿ ìîäåëüíûõ äàííûõ.
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